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Preface

These Lectures on String Theory are an extended version of
lectures we gave at the Max-Planck-Institut fiir Physik und Astro-
physik in Munich in fall and winter 1987/88. They were meant to
be an introduction to the subject and this is also the intention of

these notes.

We have not attempted to give a complete list of references. In-
stead, at the end of each chapter we give a short list of the original
papers and some reviews we found helpful and were familiar with.
An indispensable general reference is the book by Green, Schwarz
and Witten: Superstring Theory, 2 Vols., Cambridge University
Press, 1987. It also contains a more complete set of references,
in particular for our chapters 2, 3, 5 and 7 — 9. Early reviews are
collected in Dual Resonance Theory, ed. M. Jacob, Physics Reports
Reprints Vol. I, North Holland, 1974.

We would like to thank our collaborators S. Ferrara, I.-G. Koh,
J. Lauer, W. Lerche, B. Schellekens and G. Zoupanos, from whom
we have learned much of the subject presented here. We also ac-
knowledge helpful discussions with many other people and thank
in particular L. Alvarez-Gaumé, W. Buchmiiller, L. Castellani, P.
Forgacs, F. Gieres, G. Horowitz, P. Howe, L. Ibafiez, T. Jacobsen, J.
Kubo, H. Nicolai, H.-P. Nilles, R. Rohm, M. Schmidt, J. Schnittger,
J. Schwarz, A. Shapere, M. Srednicki, R. Stora, N. Warner, P. West,
A. Wipf and R. Woodard. We thank P. Breitenlohner for supply-
ing his powerful TEX macro package and J. Paxon for her help in

preparing the manuscript.

CERN, Geneva, 1989 Dieter Liist
Stefan Theisen
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Chapter 1

Introduction

String theory is currently one of the main activities among high energy
theorists. It began at the end of the 1960’s as an attempt to explain the
spectrum of hadrons and their interactions. It was however discarded as a
theory of strong interactions, a development which was supported by the
rapid success of quantum chromodynamics. One problem was the existence
of a critical dimension, which is 26 for the bosonic string and 10 for the
fermionic string. Another obstacle in the interpretation of string theory as
the theory of strong interactions was the existence of a massless spin two

particle which is not present in the hadronic world.

In 1974 Scherk and Schwarz suggested to turn the existence of the mass-
less spin two particle into an advantage for string theory by interpreting this
particle as the graviton, the field quantum of gravitation. This implies that
the string tension has to be related to the characteristic mass scale of gravity,
namely the Planck mass Mp = \/gjd ~ 1019GeV. They also recognized
that at low energies this graviton interacts according to the covariance laws
of general relativity. In this way string theory could, at least in princi-
ple, achieve a unification of gravitation with all the other interactions in a

quantized theory.

At that time it was only known how to incorporate non-abelian gauge
symmetries in open string theories. Moreover, any open string theory with
local interactions which consist of splitting and joining of strings automat-

ically also contains closed strings with the massless spin two state in its
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spectrum. These theories are however plagued by gravitational and gauge

anomalies which were believed to be fatal.

The renewed interest in string theory started again in 1984 when Green
and Schwarz showed that the open superstring is anomaly free if and only if
the gauge group is SO(32). In addition they found that the ten-dimensional
supersymmetric Einstein-Yang-Mills field theory is anomaly free for the
gauge group SO(32) and also for the phenomenologically more interesting
group Eg X Eg, which is however excluded in the open string theory. This
puzzle was resolved soon after by Gross, Harvey, Martinec and Rohm with
the formulation of the heterotic string. It is a theory of closed strings only
and represents the most economical way of incorporating both gravitational
and gauge interactions. The allowed gauge symmetries Eg x Eg or SO(32)
arise in a way different from the open string due to the incorporation of the
so-called Kac-Moody algebras, which are infinite-dimensional extensions of

ordinary Lie algebras.

On the other hand, the heterotic string is formulated as a ten-dimen-
sional theory and obviously fails to reproduce an important experimen-
tally established fact, namely that we live in four-dimensional (almost) flat

Minkowski space-time.

The first approach to obtain four-dimensional string theories was along
the old ideas of Kaluza and Klein, namely to consider compactifications
of the ten-dimensional heterotic string theory. In this case, four string
coordinates are uncompactified, whereas the remaining six are curled up and
describe a tiny compact space whose size is of the order of the Planck length.
The internal space can however not be arbitrarily chosen; the requirement
of preserving conformal invariance puts severe constraints on it. Analyzing
these constraints it turns out that the internal six-dimensional space must
have vanishing Ricci-curvature. Examples are tori or the so-called Calabi-

Yau manifolds.



More recently, it was discovered how one can construct (heterotic) string
theories directly in four dimensions without ever referring to any compacti-
fication scheme. This opened a wide range of possibilities to obtain consis-
tent string theories in four dimensions. In the most general four-dimensional
string theories the part which refers to the extra dimensions (above four),
which is needed because of conformal invariance, is replaced by a general
conformal field theory. This internal conformal field theory has to obey
some additional consistency requirements (like modular invariance, as we
will discuss in some detail), but does however not need to admit an inter-
pretation as a compact six-dimensional space. Unfortunately there exists a
huge number of consistent internal conformal field theories, destroying the
once celebrated uniqueness of string theory. In addition there exists so far
no compelling principle which determines the number of space-time dimen-
sions to be four. All dimensions below ten seem to be on an equal footing.
However, the uniqueness in string theory could still be true in the sense that
all different models are just different ground states, i.e. different classical
solutions of an unique second quantized string theory. Then one specific
string vacuum with a specific (hopefully correct) choice of gauge group and
number (hopefully four) of flat space-time dimensions could be singled out
by an underlying dynamical principle. At the moment, this is however
wishful thinking and all ideas in this direction must be considered as pure
speculations. Nevertheless, many of the four-dimensional heterotic string
models exhibit promising aspects for phenomenology. However, within the
context of string theory the word phenomenology should not be taken too
seriously. At present one should only expect an explanation of generic fea-
tures of the observed world, such as the presence of chiral fermions, the

number of generations etc.

These lecture notes are intended to provide some of the tools which are

necessary for the construction of four-dimensional (heterotic) string theo-
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ries. Our main emphasis is on the relation to conformal field theory. One of
the constructions of four-dimensional heterotic strings, namely the covari-
ant lattice construction, will be discussed in detail. For an outline of the
topics covered we refer to the table of contents. The selection we made was

dictated by limitations of space and time and by our preferences.



Chapter 2

The Classical Bosonic String

Even though we will eventually be interested in understanding string theory
at the quantum level and want to be able to discuss the interaction of several
strings, it will turn out to be useful to start two steps back and treat the
free classical string. Doing this we will set up the Lagrangian formalism
which is essential for the path-integral quantization treated in Chapter 3
and solve the classical equations of motion of a single free string. These
solutions will be used for the quantization in terms of operators, which we

will discuss in detail in the next chapter.

2.1 The relativistic particle

Before treating the relativistic string, we will, as a warm up exercise, first

study the free relativistic particle of mass m moving in a d-dimensional

Minkowski space. Its action is simply the length of its world-line!

dT[-iﬁéﬁ’iﬂuu]l/z
dr dr

where 7 is an arbitrary parametrization of the world-line, whose em-

1

81
S =-m ds=—-m , (2.1)

30 70

bedding in d-dimensional Minkowski space is described by real functions
zh(r), p = 1,...,d (we use the metric 9y, = diag(— +---+)). The ac-
tion eq.(2.1) is invariant under 7-reparametrizations. Under infinitesimal

reparametrizations z# transforms like

1yt s easy to generalize the action to the case of a particle moving in a curved

background by simply replacing the Minkowski metric 77,, by a general metric gyy.
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Sk (1) = &(7)0rzH(7) . (2.2)

Invariance holds as long as £(7p) = (1) = 0. The momentum conjugate to
zH(T) is

oL TH
F = =
A r N 23)
where the dot denotes derivative with respect to 7 and % = NuTh LY.
Eq.(2.3) immediately leads to the following constraint equation
p=p*+m?=0. (2.4)

Constraints which, as the one above, follow from the definition of the conju-
gate momenta without the use of the equations of motion, are called primary
constraints. Their number is equal to the number of zero eigenvalues of the
matrix g—g’& = 5-53,%%7[, which, in the case of the free relativistic particle, is
just one, the corresponding eigenvector being z#. We note that the absence
of zero eigenvalues is necessary (via the inverse function theorem) to express
the “velocities” z# uniquely in terms of the “momenta” and “coordinates”,
p* and z#. Systems where the rank of 3——5~—- is not maximal, thus implying
the existence of primary constraints, are called singular. For these systems
the T-evolution is governed by the Hamiltonian H = Hcapn + Y cn¢n, where
H.,, is the canonical Hamiltonian, the ¢, an irreducible set of primary
constraints and the ¢, constants in the coordinates and momenta. This is
so since the canonical Hamiltonian is well defined only on the submanifold
of phase space defined by the primary constraints and can be arbitrarily
extended off that manifold. For the free relativistic particle we find that
Hean = B%i:“ — L vanishes identically and the dynamics is completely
determined by the constraint, eq.(2.4). The condition Hcan = 0 implies
the existence of a zero eigenvalue of W B%;Hcan. This is always
the case for systems with “time”-reparametrization invariance and follows
from the fact that the “time” evolution of an arbitrary function f(z,p),
given by %{:— = g-; + {f,H}p5., should also be valid for ¥ = 7(7) on the
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constrained phase-space; here {, }p 5. is the usual Poisson bracket defined

by {f,g9}r.B. =(g-£—g-%~%£g§>. From this we also see that a particular choice

of the constants ¢, corresponds to a particular gauge choice which, for the

relativistic particle, means a choice for the “time” variable 7. We write

. N 2 2
H= 5 (p” +m*) (2.5)
and find that

dz# N NzH

—_— = H = —pt =

from which follows that £2 = —N2. Thus, the choice N = 1 corresponds to

(2.6)

choosing as the parameter 7 the proper time.

At this point it is appropriate to introduce the concept of first and
second class constraints. If {¢;} is the collection of all constraints and if
{¢a,dr}p.p. = 0, Vk upon application of the constraints, we say that ¢q is
first class. Otherwise it is called second class. First class constraints are

associated with gauge conditions.

For the relativistic particle the constraint given in eq.(2.4) is trivially

first class and reflects 7 reparametrization invariance.

Classically we can describe the free relativistic particle by an alternative
action which has two advantages over eq.(2.1): (i) it does not contain a
square root and (ii) it allows the generalization to the massless case. This
is achieved by introducing an auxiliary variable e(r), which can be viewed

as an einbein on the world-line. The action then becomes

1 -2 dzH\2 2
52*2' o dTe<e (?‘.’7—'*) -—m). (27)
We derive the equations of motion
6
—(—5—5—:0 = 22 +e2m? =0,
53 q (2.8)
Y (e~ 1oy =
e 0 = dr(e ) =0.



Since the equation of motion for e is purely algebraic, we can solve it for e
and substitute it back into the action eq.(2.7) to obtain the action eq.(2.1),
thus showing their classical equivalence.?2 We note that since 53%’57 =
6"177/“’ has maximal rank we now do not have primary constraints. The
constraint equation p2 + m2 = 0 does not follow from the definition of
the conjugate momenta alone; in addition one has to use the equations of
motion. Constraints of this kind are called secondary constraints. But since
it is first class it implies a symmetry. Indeed, the action eq.(2.7) is invariant

under 7-reparametrizations under which
bzt = €0t
be = 6-(¢e)

and we can use T reparametrization invariance to go to the gauge e = 1/m.

(2.9)

If we then naively used the gauge fixed action to find the equations of motion
we would find Z# = 0, whose solutions are all straight lines in Minkowski
space, which we know to be incorrect. This simply means that we cannot
use the reparametrization freedom to fix e and then forget about it. We
rather have to use the gauge fixed equation of motion for e, which reads
T =32+1=0, as a constraint. This excludes all time-like and light-like
lines and identifies the parameter 7 in this particular gauge as the proper
time. (In the massless case we set e = 1 and have to supplement the
equation Z# = 0 by the constraint T = #2 = 0, which leaves only the light-
like world-lines.) Note that the equation of motion, ¥ = 0, does not imply
T = 0, but it implies that %; =0, i.e. T =0 is a constraint on the initial

data and is conserved.

214 is important to point out that classical equivalence does not necessarily imply

quantum equivalence.



2.2 The Nambu-Goto action

Let us now turn to the string. The generalization of eq.(2.1) to a one-
dimensional object is to take as its action the area of the world-sheet swept

out by the string, i.e.
Syg = T / dA

oXH3aXV 1/2
— 2
= T/d [ det ——— 50 B Bnny

= d%[(X LX) - X2x7

(2.10)
]1/2

= ~T/d2or ~I,

where 0@ = (o, 7) are the two parameters describing the world-sheet; the dot
denotes derivative with respect to 7 and the prime derivative with respect
too. X#(o,7), p=1,...,d, are maps of the world-sheet into d-dimensional
Minkowski space and T a constant of mass dimension two, the string tension.
L = %’QQT,?“V 1s the metric on the world-sheet inherited from the
underlying d-dimensional Minkowski space the string is movinginand I" < 0
is its determinant. The requirement that I' be negative means that at
each point the world-sheet has one time-like or light-like and one space-
like tangent vector. This is necessary for causal propagation of the string.
Requiring X* 4+ AX'# to be time-like and space-like when ) is varied gives
I' < 0. The action eq.(2.10) was first considered by Nambu [1] and Goto
[2], hence the subscript NG. Being the area of the world-sheet, the action

is invariant under reparametrizations:
bzt (o, 1) = %Ozt (0, T) (2.11)

as long as £* = 0 on the boundary. X* transforms as a scalar under

reparametrizations of the world-sheet.3

3A general tensor demsity of rank, say (1,1), and weight w transforms under
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We will choose the parameter o such that 0 < ¢ < & where & = 7
for open strings and & = 27 for closed strings. To derive the equations
of motion for the string we vary its trajectory, keeping initial and final
positions fixed; i.e. 6XH(7) = 0 = §X#(7) but at the ends of the open
string 6 X#(o, ) is arbitrary. We then get

0L, 0oL _
0T 9Xr  Jo OX'H
together with the edge condition for the open string
L
5oy =0
and the periodicity condition for the closed string

0 (2.12)
at o =0,7 (2.13)

XH(o +2m) = XH(0). (2.14)

Physically the edge condition means that no momentum flows off the ends
of an open string. This will become clear below. Due to the square root
in the action the equations of motion are rather complicated; the canonical

momentum 1is

e =95 _ 7 (X'X')X'”'(X,)zxf - (2.15)
0Xy, [(X' . X)z _ (X)z(X/)z] /

#?L _ _ 8
8XvoxXr 08XV ,
with the corresponding eigenvectors X# and X'#. The resulting primary

The matrix II,, has (for each value of o) two zero eigenvalues

constraints are

reparametrizations ¢% — %(0,7) of the world-sheet as

_18(o,7) (w857 8P 5
=15(e,7)| doe 355 7(7: ),

where the first factor is the Jacobian of the transformation. For infinitesimal trans-

t4(e,7) — B(o,7)

formations 6%(o,7) = 0% + £%(o, T), this gives
6180, 7) = B0, 7) — th(0,7) = (€705 — wBE )G + 50u€” — 105"

The generalization to tensors of arbitrary rank is obvious.

10



m*X, =0 (2.16)

and
m?+12Xx? <0 (2.17)

They are called Virasoro constraints and play an important role in string
G .

theory, as we will see later. The canonical Hamiltonian, H = / do(X-IT—

L), is easily seen to vanish identically and hence the dynamics is completely

determined by the constraints.

2.3 The Polyakov action and its symmetries

In the same way as we could express the action for the relativistic particle by
introducing a metric on the world-line, we can introduce a metric hyg(c, 7)

on the world-sheet and write

Sp= “% / d?0Vhh*P 9, X 85 X Ny
(2.18)

i

T
-5 [d2oVhh*Pr,g

where h = —det hog. This form of the string action is the starting point
of the path-integral quantization of Polyakov [3], hence the subscript P.
The action is easy to generalize to a string moving in a curved background
by replacing the Minkowski metric 7,, by a general metric gy (X). In
this general form the action constitutes a non-trivial quantum field theory,
a non-linear sigma model. We will always choose g,y = 7, which can
be considered as the first term of a perturbative expansion around a flat
background. This is of course a severe limitation and a complete theory
would determine its own background in which the string is propagating,
much in the same way as in general relativity where the metric of space-

time is determined by the matter content according to Einstein’s equations.
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We now define the two-dimensional energy-momentum tensor in the

usual way as the response of the system to changes in the metric under which

§S = ~T [ d20VhT,36h°P; i.e.
11 6S

Top =~ T sref (2.19)
Using 6h = —hqg(6h*P)h we find
Tog = %aaX#aﬂXp - -}haﬂm&a.,X#agXp (2.20)
and the equations of motion are
Tog =0 (2.21a)
L 0a(VERSPO X M) = 0 (2.21b)

vh
with the appropriate boundary or periodicity conditions. Energy-momen-
tum conservation, V®T,5 = 0, is also easily verified with the help of the
equation of motion for X#. V, is a covariant derivative with the usual
Christoffel connection Fgﬂ = %h"‘s(aahﬂg + Oghgs — Oshop). From the
vanishing of the energy-momentum tensor we derive det(9, X#095X,) =
%h(h"‘s&yX“agX #)2 which, when inserted into Sp, shows the classical

equivalence of the Polyakov and the Nambu-Goto action.

We can now check that the constraints, eqs.(2.16) and (2.17), which
were primary in the Nambu-Goto formulation, follow here only if we use
the equation of motion T,,g = 0, i.e. they are secondary. This is the same

situation we encountered in the case of the relativistic particle.

Before discussing the symmetries of the Polyakov action we want to
point out that the two metrics on the world-sheet, namely the one inherited
from the embedding space, [og = 0aX#93X* Ny, entering the Nambu-
Goto action and the intrinsic metric kg, entering the Polyakov action, are
a priori unrelated. The Polyakov action is not the area of the world-sheet

measured with the intrinsic metric, which would simply be fd?¢+v/h and

12



could be added to Sp as a cosmological term (cf. below). But, for any
real symmetric 2 x 2 matrix A we have the inequality (trd)? > 4detA
with equality for A < 1. Choosing A%g = h®7I g5 it follows that Sp >
Syg- Equality holds if and only if h,g o I'g, i-e. if the two metrics are
conformally related. This is the case if the equation of motion for kg is
satisfied.

We can now ask whether there are other terms one could add to Sp.
The only possibilities compatible with d-dimensional Poincaré invariance

and power counting renormalizability of the two-dimensional theory are?

Sy =\ /dza Vh (2.22)

which is the cosmological term mentioned above, and

S = i—; d%0c VhR (2.23)

where R is the curvature scalar for the metric h,g. S is the two-dimensional
Gauss-Bonnet term, i.e. the integrand is a total derivative and consequently
does not contribute to the classical equations of motion. Inclusion of the
cosmological term would lead to the equation of motion T,5 = ——%—‘%haﬂ,
from which we conclude that A;h%8 hop = 0. This is unacceptable unless
A; = 0. We will thus consider the action Sp, eq.(2.18), which is the action
of a collection of d massless real scalar fields (X*) coupled to gravity (h,g)

in two dimensions.
Let us now discuss the symmetries of the Polyakov action.
(i) global symmetries:

o Poincaré invariance:

4For the open string there are in fact further possible terms besides S1 and S2, which
are defined on the boundary of the world-sheet. It turns out that they can also be

discarded and we will not discuss them here.
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6XH = ahu XY + b (au = —ayy)

Shog =0 (224)
(i) local symmetries:
e reparametrization invariance
SXH =%, X*
Ohap = ET0yhog + 0ol hyg + O hay (2.25)
= Valg + Vgla
§Vh = 84 (€*VR)
o Weyl rescaling
#

Here {* and A are arbitrary (infinitesimal) functions of (o, 7) and ay, and
by are constants. From eq.(2.24) we see that X# is a Minkowski space
vector whereas h,g is a scalar. Under reparametrizations of the world-
sheet, eq.(2.25), the X* are world-sheet scalars, hop a world-sheet tensor
and VA a scalar density of weight —1. The scale transformation of the
world-sheet metric, eq.(2.26), is the infinitesimal version of hag(o,7) —
2%(o, T)hep(o, ) for (o, 7) = 2HoT) 11 4 2A(0, 7).

One immediate important consequence of Weyl invariance of the action

is the tracelessness of the energy-momentum tensor:
h*P T, =0 (2.27)

which is satisfied by the expression eq.(2.20) without invoking the equations
of motion. It is not difficult to see that this has to be so. Consider an action
which depends on a metric and a collection of fields ¢; which transform
under Weyl rescaling as h,g — ezAhaﬁ and ¢; — e%4g,. If the action is
scale invariant, i.e. if S[ezAhaﬁlediAqb] = S[hog, ], then

14



6S

0=6S = /d2a{—2———h°‘ﬂe“2/1 1y

oy gbied‘A}(SA. (2.28)

§heB
If we now use the equations of motion for ¢;, tracelessness of the energy-
momentum tensor is immediate. We note that it follows without the use of
the equations of motion if and only if d; = 0, V7. This is for instance the
case for the Polyakov action of the bosonic string but will not be satisfied

for the fermionic string action in Chapter 7.

The local invariances allow for a convenient gauge choice for the world-
sheet metric h,g, called conformal (also orthonormal) gauge. Reparame-
trization invariance is used to choose coordinates such that locally kg =
92(0, T)Nag> With 743 being the two-dimensional Minkowski metric defined
by ds?2 = —dr? + do?. It is not hard to show that this can always be
done. Indeed, for any two-dimensional Lorentzian metric hyg, consider two
null vectors at each point. In this way we get two vector fields and their
integral curves which we label by ¢ and o~. Then, ds? = —22dotdo;
hy. = h__ = 0 since the curves are null. Now let 0 = 7 4 o from which it
follows that ds? = 2%(—d7%+do?). A choice of coordinate system in which

the two dimensional Lorentzian metric is conformally flat, i.e. in which
ds? = 2%(—dr? +do?) = -dotdo™ (2.29)

is called a conformal gauge. The world-sheet coordinates ¢* introduced
above are called light-cone, isothermal or conformal coordinates. We can
now use Weyl invariance to set hog = 1,45. The components of the metric
arethenny_ =7_4y =%, 07" =0t ==, n=qn_=n"t=n""=0.
Also, 04 = %(8«,— + 8,) and indices are raised and lowered according to
vt = —~2v_ and v~ = —2v,.

It is now important to note that reparametrizations satisfying Vafg +
Vgla « hog can be compensated by a Weyl rescaling. Expressed in light-

cone coordinates the conformal gauge preserving diffecomorphisms are those

15



which satisfy 0,6~ = 06" =0, i.e. £ = ¢¥(¢%).5 (Here we have used
that V £, = h, V€™ = h;_0,£" since the only non-vanishing Christoffel

symbols in conformal gauge are Iy, = 20, A and I'"_ = 20_A.) Indeed,

instead of o* we could as well have chosen 6* = 6*(o*), or, in infinitesimal

form, 6* = o* + {*(0*). Note that the transformation o* — 5%(c%)

g

— (f) = —%[&+(T+a) +67(r —o)}; i.e. any 7 satisfying

c

corresponds to (;)
the two-dimensional wave equation will do the job. (This will allow us to

go to the so-called light cone gauge (cf. Chapter 3 below).)

It is easy to see that the conformal gauge is unique to two dimensions. In
d > 0 dimensions a metric h,g, being symmetric, has %d(d+ 1) independent
components. Reparametrization invariance allows to fix d of them, leaving
%d(d —1) components. In two dimensions this is enough to go to conformal
gauge. We then still have an extra local symmetry, namely Weyl trans-
formations, which allows us to eliminate the remaining metric component.
This also shows that gravity in two dimensions is trivial in the sense that
the graviton can be gauged away completely. For d > 2, Weyl invariance,

even if present as for instance in conformal gravity, won’t suffice.f

The argument given above that conformal gauge is always possible was
a local statement. We will now set up a global criterion and consider the

general case with gauge condition
hapg = €*%hyg. (2.30)

In conformal gauge izag = 18- Under reparametrizations and Weyl rescal-

ing the metric changes as

SWhen we go to Euclidean coordinates on the world-sheet this corresponds to the

conformal transformations. More about this later.

6Note that the action for the relativistic particle was not Weyl invariant; there
reparametrization invariance was sufficient to eliminate the one metric degree of

freedom.
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ing the metric changes as
bhag = Valg + Vgla +24hyg
= (Pf)aﬂ + 2/ihaﬂ

where the operator P maps vectors into symmetric traceless tensors accord-

(2.31)

ing to
(P€)ap = Vala + Vo — (V4&7 ) hog, (2.32)
and we have defined 24 = 24 + V4£7. The decomposition into symmet-
ric traceless and trace part is orthogonal with respect to the inner product
(6hV|8hP) = [ d2o VARTRPOSR! )8R} The trace part of Shag can al-
ways be cancelled by a suitable choice of A. It then follows that for the
gauge eq.(2.30) to be possible globally, there must exist a globally defined
vector field £€¢ such that
(P)ap =tap (2.33)
for arbitrary symmetric traceless ¢,g. If the operator P has zero modes, i.e.
if there exist vector fields &, such that P&, = 0, then for any solution ¢ we
also have the solution £ + &. In this case the gauge fixing is not complete
and those reparametrizations which can be absorbed by a Weyl rescaling

are still allowed, as we have already seen above. The equation
(P€)op = Valg + Vgla = hogV,&T =0

is the conformal Killing equation and its solutions are called conformal
Killing vectors. The adjoint of P, P!, maps traceless symmetric tensors to

vectors via

(Pt)a = —2VP14p. (2.34)
Now, zero modes of pt correspond to symmetric traceless tensors which can-
not be written as (P£),g for any vector field . Indeed, if (PTto)a =0, then
for all £%, (&, Plty) = —(P¢,ty) = 0. This means that zero modes of Pt cor-
respond to metric deformations which cannot be absorbed by reparametriza-

tions and Weyl rescaling. If they do not exist, the gauge is possible globally.
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This applies in particular to the conformal gauge; here the condition is that
the equations 8_t,, = 0 and 0,t__ = 0 have no globally defined solutions.

We will further discuss the solutions of these equations in Chapter 6.

In conformal gauge the Polyakov action simplifies to

Sp =——72: / d%0 %P 0, X P05 X,
= T2 x2_ x» 2.35
= 2/d s (X2 - X' (235)

= 9T / 4208, X0_X .

Varying with respect to X# such that 6 X#(ry) = 0 = §XH(n), 6XH(o =
0,5) arbitrary (open string) and 6 X#(o +27) = § X# (o) (closed string), we
obtain

§Sp =T / 20 6XH(0% — 03X, — T / Yar XL6XHTTT (236)
70 -

where the surface term is absent for the closed string. We then get the

following equations of motion:

(82 — 92)XH =48,0_X+ =0 (2.37a)
with
XH(o +27) = XH(0), (closed string)
X;\Uzw =0. (open string) (2.370)

In both cases the equation of motion is the two-dimensional massless wave

equation with the general solution
XH(o,7) = Xg(07) + X (o) (2.38)

where X E  are arbitrary functions of their respective arguments, subject
1

only to periodicity or boundary conditions. They describe the “right”- and

“left”-moving modes of the string respectively. In the case of the closed

string the left- and right-moving components are completely independent
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for the unconstrained system, an observation which is crucial for the for-
mulation of the heterotic string. This 1s however not the case for the open
string where the boundary condition mixes left- with right-movers through

reflection at the ends of the string.

We still have to impose on the solutions of the equations of motion
the constraints resulting from the gauge fixed equations of motion for the

metric: we have to require that the energy momentum tensor vanishes; i.e.

To1 = Tyo = %(X XY =0 (2.39a)
Too = Ti1 = i—(Xz +X?%) =0 (2.39b)
which can be alternatively expressed as

(X Ex=0 (2.40)

In light-cone coordinates the constraints become
T, = -;-a+x 0, X =0 (2.41a)
T = -;-a_x 0. X =0 (2.415)
Ty.=T_4=0 (2.41¢)
where T, = %(Too +T0n), T-- = %(Too — To1); eq.(2.41c) expresses the

tracelessness of the energy momentum tensor. In terms of the left- and
right-movers the constraints eq.(2.41a,b) become Xlzz = X% = 0. Energy

momentum conservation, i.e. V¥T,g = 0, becomes

6_T++ + (9+T._.+ = 0

(2.42)
6+T__._. + 6...T+.. = 0
which, using eq.(2.41c) simply states that
0_ Ty, =0
o (2.43)
6+T._,_ = 0
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ie.
Ty =Ty (6") and T._=T__(o7). (2.44)
From eq.(2.39b), together with the condition that 9, X# = 0 at the end of
an open string, we learn that the ends of an open string move at the speed
of light.
The conservation equations (2.43) imply the existence of an infinite
number of conserved charges. In fact, for any function f(ot) we have

8_(f(¢7)T4++) = 0 and the corresponding conserved charges are
G
Ly=2T /O do f(o*) s (0™) (2.45)

and likewise for the right-movers.

The Hamiltonian for the string in conformal gauge is
H = /Oadcf(X-H—L)

=T [ a2 4 x7) (240

=T [ a0((0,X)? + (0-X)?)

where, as before, the canonical momentum is IT# = 8L/8X, = TXH*. We
note that the Hamiltonian is just one of the constraints. This was to be
expected from our discussion of constrained systems in the context of the
relativistic particle. Indeed, we saw that the canonical Hamiltonian derived
from the Nambu-Goto action vanishes identically and the 7-evolution is

completely governed by the constraints, i.e.
4 / 2, 22
H=/O do{Ny(o,7)IT - X' + Ny(o, 7)(IT2 + T2X'2)} (2.47)

where N; and N; are arbitrary functions of o and 7. Using the basic equal

7 Poisson brackets

{XIJ-(O-, T):XV(OJ)T)}P-E = {H#(U) T))HV(OJy 7')}P.B. =0
(2.48)
{XH(o,7), I"(',7)}pp. = n*"é(0 = &)
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we find
XH* = N, X'¥ + 2N, IT* (2.49)

and

IT* = 8y (N1 ITH + 2T2 N, X'H). (2.50)
If we chose N} =0 and N; = flT’ eqs.(2.49) and (2.50) lead to the equation
of motion (82 ~ 82)X* = 0 which we have obtained previously from the
action in conformal gauge. This means that choosing Ny = 0 and N, = 2'1’_7"
corresponds to fixing the conformal gauge. With this choice for the functions
N; and N; we also get the Hamiltonian eq.(2.46).

In conformal gauge the Poisson brackets are

{XIJ’(a’T)’XV(OJaT)}P.B. = {X#(U,T),XV(O',,T)}RB_ =0
(2.51)

{XH(o,7),X"(¢',7)}p5. = 51;7}’“'5(0' -d).

Using them and the explicit expression for 7', we can readily show that
the charges L of eq.(2.45) generate transformations o+ — o* + f(o¥), i.e.

those reparametrizations which do not lead out of conformal gauge. Indeed,
(Lp X(0)}es. = — F(0*)0:.X (o). (2.52)

So far we have only discussed issues connected with world-sheet symme-
tries. However, invariance under d-dimensional global Poincaré transforma-
tions, eq.(2.24), leads, via the Noether theorem, to two conserved currents;

invariance under translations gives the energy momentum current
PY = -TVhh*Fd4X,,, (2.53)

whereas invariance under Lorentz rotations gives the angular momentum

current
J;I.Il/ = —T\/Ehaﬂ(XyaﬁXu - XuaﬁXp,) = X#P:,I - XyP:. (2.54)

Using the equations of motion it is easy to check the conservation of P and

Jy- The total conserved charges (momentum and angular momentum) are
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obtained by integrating the currents over a space-like section of the world-

sheet, say 7 = 0. Then the total momentum in conformal gauge is
c c
P, = /0 do P] = T/O do 8- X, (o) (2.55)
and the total angular momentum is

a o
Ty = /0 doJT, =T /0 do(X 0 Xy — X,0- X ). (2.56)

o
It is easy to see that P, and J,, are conserved. Indeed, %};E = /0 do (9$X# =

/Oadcr 02X, = 8, Xu(c =) — 0;Xu(0 = 0) which vanishes for the closed
string by periodicity and for the open string because of the boundary condi-
tion. Hence our earlier statement that the open string boundary conditions
have the physical interpretation that no momentum flows off the ends of the

string. Conservation of the total angular momentum is also easy to check.
With the help of the Poisson brackets eq.(2.51) it is straightforward to
verify that P* and J#¥ generate the Poincaré algebra:
{P¥,P'}pp. =0,
{PH,JP7}pp. = "7 PP — nHPP7, (2.57)
(JHY, TP pp. = PP TV 7 JHP — PP JHT _ o JVP.

2.4 Oscillator expansions

Let us now solve the equations of motion, taking into account the boundary
conditions. We will do this for the unconstrained system. The constraints
then have to be imposed on the solutions. We have to distinguish between

the closed and the open string and will treat them in turn.
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(1) closed string
The general solution of the two-dimensional wave equation compatible with

the periodicity condition X#(o,7) = X#(o + 27,7) is (cf. eq.(2.38))

XH(o,7) = XR(r — o)+ X[ (1 +0) (2.58)
where
X“(T _ 0.) — 1‘.33# + ——];—pu(T - g-) ‘ —l—a/"‘e—‘in(‘rvg) (2 58(1)
R 2 T aaT \/47r '

XP(r+0)= l9:“ + — - K(r + o) Z a“ —in(r+7) (2 58p)

2 4T

\/Zvr_

with arbitrary Fourier modes ab and &,. Our notation is such that the o
are positive frequency modes for n < 0 and negative frequency modes for
n > 0. The normalizations have been chosen for later convenience. The
requirement that X#(o,7) be a real function implies that z* and p# are
real and that

ol = (a#)f and &', = (&#)T. (2.59)

If we define o = &h = ‘/Zl;r—fp“, we can write
O_Xp = XZ . +zo:o alte= (7 —9) (2.60a)

VarT ne—oo

8, X" — Z altein{7+0) (2.60b)
L n——oo
from which we find that
27 .
Pt = T/O do XH(o) = p# (2.61)
i.e. p* is the center of mass momentum of the string. From

2
-1—/ "do XH(o,T = 0) = o (2.62)
™ J0

we learn that z# is the center of mass position of the string at 7 = 0. Also,

using the expression for the total angular momentum, we find
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2 . .
JW =T /0 "do(XPXY — XVXP) = 1M 4 B 4 BWY (2.63)
with
I = ghp” — ¥ pH (2.63a)

and

S

o o]
EW = —i 3 —(a” oh — o ab) (2.63b)
n=1

with a similar expression for £#¥. From the Poisson brackets eq.(2.51) we

easily derive the brackets for the o}, &, z* and p*:

{ok, 0} pp. = {ak, 85} pp. = —imm 0™’ (2.64a)
{af, ontps. =0 (2.64b)
{z¢,p"}ps. =7" (2.64c)

where we have introduced the notation é,;, = 6. z* and p*, the center of
mass position and momentum, are canonically conjugate. The Hamiltonian,

expressed in terms of oscillators, is

1 +00
H = ‘2‘ Z (a_-n . an + &.—n i &n). (2.65)
n=—0o0

We have seen above that the Virasoro constraints in conformal gauge
are simply 7., = 0 and 7__ = 0 and that the conservation of energy-
momentum gives rise to an infinite number of conserved charges eq.(2.45)
with a similar expression for the right-movers. We now choose for the func-
tions f(oc¥) a complete set satisfying the periodicity condition appropriate
*)

for the closed string: fm(o®) = exp(imo®) for all integers m. We then

define the Virasoro operators as the corresponding charges at 7 = 07:

7Since the constraints are first class and Hcan = 0, it is clear that they are constant

in 7 (up to the constraints); this is indeed easily verified.
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2w .
L, =2T /0 do e=imoT
2m —imo 2
= T/O do e (0-X)
1
=5 2. Qm-n"Cn, (2.66a)
n
7 2w +imao
Lm=2T/O do etimor,
2m +ime 2
=T /0 do eT™9(3, X)

1
n
They satisfy the reality condition
Ln=L1, | L,=1I!. (2.67)
Comparing with eq.(2.65) we find that the Hamiltonian is simply

The general T evolution operator would have been H = ¥,,(cnLn + énLn);
the choice implied by eq.(2.68), ¢, = &, = 6, corresponds to the conformal
gauge. Using the basic Poisson brackets it is easy to show that the constraint
T/()27rdaX-X’ = (Lo~ Lo) generates rigid o-translations. (This can already
be seen from eqs.(2.47), (2.49) and (2.50).) Since on a closed string no point
is special, we need to require that Ly — Ly = 0. It is through this condition
that the left-movers know about the right-movers. The Virasoro operators

satisfy an algebra called the Virasoro algebra:
{Lm,Ln}ps. = —i(m —n)Lmin,
{Lm,Ln}ps. = —i(m — n)Lmin, (2.69)
{Lm,Ln}ps. =0.

It is straightforward to verify. This algebra is nothing but the Fourier

decomposition of the (equal 7) algebra of the Virasoro constraints:
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{T-—(0),T--(¢")}r5. = {T~— o) +T-_(0')}0eb(0 — o'),
{T++( Ty (o ’)}P.B.= {T++ o)+ Tyy(o ’)}305(0—01), (2.70)

{T++ ), T-—(o ’)}P.B-Z 0.

It is useful to recognize that if we replace the Poisson brackets by Lie brack-
ets, a realization of the Virasoro algebra is given by the vector fields L, =
eino” 8y and Ly, = ™ H_. They are the generators of the reparametriza-
tions o — o* + fn(c*). It we define the variable z = ¢! € S, we get

Ln = iz"t18,, which are reparametrizations of the circle S?.

(i1) open string
Here we have to impose the boundary condition X’# = 0 at the ends of the
string, i.e. at o = 0 and o = 7. The general solution of the wave equation,

subject to these boundary conditions, is

1
XHt(o, 1) =2+ —fp“r + \/__ Z a“e T cosno (2.71)

from which we get

BeXP = L(XH £ XY = n(r+o) (2.72)

2

n——oo

where we have defined of = \/ZTTP#' As in the case of the closed string we
easily show that z# and p* are the center of mass position and momentum

of the open string. The total angular momentum is given by
JH = + BV (2.73)
with ¥ and E*Y as in eqs.(2.63a) and (2.63b). We again find

{a#, a#}P.B. = —'imém-}-n’]#u 3
(2.74)

{z*,p"}pp. ="
In terms of the oscillators the Hamiltonian for the open string is
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1 400
H=3 > o—n-on. (2.75)

n=-—0oo

The open string boundary conditions mix left- with right-movers and con-
sequently T with T__. We define the Virasoro operators for the open

string as
m . .
L, =2T /O do (¢™7Ty, + e~ mIT_ )

T . . : .
= [ do(emo(X# 4+ XY 4 eI (XH - X2
L (2.76)
o doe'™7 (XH 4 X'H#)?

T4
= 5 Z Gm—n - On.
— 00

Note that in the third line we have extended the integration region from
0 < o < 7 to the interval —7 < o < 47 on which the functions '™
are periodic. This is possible since X'#(¢) = —X'¥(—0). The L, are
a complete set of conserved charges respecting the open string boundary

conditions. Comparison with eq.(2.75) gives
H =1L, (2.77)

which, as in the closed string case, reflects the fact that we are in conformal

gauge. The L,, satisfy the Virasoro algebra

{Lm> Ln}P.B. = _i(m - n)Lm+n- (2'78)

2.5 Examples of classical string solutions

At the end of this chapter let us try to get some understanding for the solu-

tions of the classical string equations of motion subject to the constraints.
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Since in conformal gauge the coordinate functions X* satisfy the wave equa-
tion, we can use the remaining gauge freedom to set X° =t = k7 for some

constant <. The Xi, 1=1,...,d — 1 then satisfy
(82 — 82)X* =0 (2.79)

with solution

X" o,7) = a* (0 + 1) + }bi(0 — 7). (2.80)
The constraint X - X' = —X°X" 4+ XiX" = 0 leads to o'> = #'2 and
X2+ X2 =0to %(a"2 +b'2) = k2. Combined this gives

a2 = b = 52, (2.81)

The simplest example of an open string is given by (0 < o < 7)

X' = LcosocosT X'=t=1Lr

X? = LcososinT (2.82)

X'=0, i=3,....d-1
which clearly satisfies the constraints and the edge condition. It describes
a straight string of length 2L rotating around its midpoint in the (X, X?)-
plane. Its total (spatial) momentum vanishes and its energy is E = P° =
LxT from which we derive the mass M? = —PHEP, = (LwT)2. The angular
momentum is J = Jyp; = %L27rT and we find that J = §'7%TM2 = o/ M2,
This is a straight line in the (M?,J) plane with slope o/ = (27T)~!, called
a Regge trajectory. It can actually be shown that for any classical open
string solution J < o/ M?2. (In the gauge chosen here and in the center of
mass frame JZ = %JijJij, Lwj=1,...,d-1)

For the closed string (0 < o < 27) the periodicity requirement leads
to a(c + 27) = a(o) and b(0 + 27) = b(o). From X(o + 7,7 + 7) =
%a(a + 7+ 2m) + %b(a —-7) = %a(a +7)+ %b(a — 1) we find that the period
of a closed string is w. For an initially static closed string configuration, i.e.

one that satisfies X (0,7 = 0) = 0, we find X(o,7) = %(a(a—}-r) +a(o—T)).
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After half a period, ie. at 7 = 5, X (o,

U

) = X(0 4+, %), the loop doubles

]

up and goes around itself twice: X(o) = X (o + ). A simple closed string

configuration is
X! = %R(cos(a + 7) + cos(o — 7-)) = RcosocosT,
X% = %R(sin(a + ) + sin(o — 7')) = RsinocosT, (2.83)
t=Rr.

At t = 0 it represents a circular string of radius R in the (X, X?)-plane,
centered around the origin. Its energy is £ = 2nRT. Linear and angular
momentum vanish. At 7 = 7 it has collapsed to a point and at ¢ = it
has expanded again to its original size. Similar to the open string case,
one can show that a general classical closed string configuration satisfies
J < 3o/ M2

The slope parameter o’ or, equivalently, the string tension T' are the
only dimensionful parameters in the theory. To simplify notation we will
choose a system of units where o/ = % or, equivalently, T' = ;1‘,— for the
open string and o = 2 or T = 417; for the closed string. We can then,

if necessary, reintroduce unambiguously powers of o to get dimensionally

correct expressions.
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Chapter 3

The Quantized Bosonic String

The quantization of the bosonic string, which is the subject of this chapter,
will lead us to the notion of the critical dimension (d = 26). Its discov-
ery was of great importance for the further development of string theory.
The first indication that d = 26 plays a special role appeared in a paper by
Lovelace [1]. Goddard, Goldstone, Rebbi and Thorn (2] quantized the string
in light-cone gauge and showed that the quantum theory is Lorentz invari-
ant only for d = 26. The decoupling of negative norm states (ghosts) in the
critical dimension was shown in two different proofs of the no-ghost theo-
rem by Brower [3] and Goddard and Thorn [4]. The modern path integral
quantization started with the paper by Polyakov [5].

3.1 Canonical quantization of the bosonic string

In this section we will discuss the first quantization of the bosonic string
in terms of operators, i.e. we will consider the functions X#(o,7) as quan-
tum mechanical operators. This is equivalent to the transition from clas-
sical mechanics to quantum mechanics in first quantization via canonical
commutation relations for the coordinates and their canonically conjugate

momenta. We replace Poisson brackets by commutators according to

{ . }P.B.—*%[ ] (3.1)

In this way we obtain!

L Our notation is the same for quantum as for classical quantities. Only when confu-
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[XH(o,7),X"(d,7)] = %77’“’6(0 ~-d'),
' . (3.2)
[XH#(o,7), X¥ (o', 7)] = [XH(0,7), X" (', 7)] = 0.

The Fourier expansion coefficients in eqs.(2.58) and (2.71) are now operators

for which the following commutation relations hold:
[z#,p"] = i
[y o] = 6, @] = Myt (3.3)

(@7, 0] = 0.

For the open string the &/, are of course absent. The hermiticity condi-
tion (2.59) is still valid, now following from the hermiticity of the operators
XH(o,7). If we rescale the ady’s and define af, = ——\}-—a—a”m, ai# = 71—7-n—a’im
(m > 0), then the ab, satisfy the usual harmonic oscillator commutation
relations [afn,aZT] = Sman*’. From (0em@m)oim = 0im(0omQm F m)
we find that the negative frequency modes a,,, m > 0 are lowering op-
erators and the positive frequency modes o,,, m < 0 are raising opera-
tors. The corresponding number operator for the m'th mode (m > 0) is
Np =:0m Q= Q_,,Qy where the normal ordering symbol means that we
put negative frequency modes to the right of positive frequency modes. One
now defines the oscillator ground state as the state which is annihilated by
all the lowering operators. This does not, however, completely specify the

state; we can choose it to be an eigenstate of the center of mass momentum

operator with eigenvalue p#. If we denote this state by |0; p*), we have
of [0, p#) =0 form >0

But we do have a problem now. Since the Minkowski metric 7*¥ has

(3.4)

7% = —1, we get [, &) = [ad,, a%] = —m and states of the form

sions are possible do we denote operators by hatted symbols.
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o® ,10) with m > 0 satisfy (0}ad, a%,,|0) = —m(0]0) < 0; i.e. these states
have negative norm. They are called ghosts®. Negative norm states are
bad news since they are in conflict with the probabilistic interpretation of
quantum mechanics. However, just as we had to impose the constraints
on the solutions of the classical equations of motion, we have to impose
them, now as operators, as subsidiary conditions on the states. We then
hope that the ghosts decouple from the physical Hilbert space. Indeed, one
can prove a no-ghost theorem which states that the ghosts decouple in 26
dimensions (i.e. d = 26) if the normal ordering constant to be discussed
below is —1. We will not prove this theorem here, but instead arrive at the

same consistency conditions by different means (c.f. below and Chapter 5).

Let us now determine the propagators for the fields X#(o, 7). As usual,

we define them as

(XH(o,7)X"(o', 7)) = T[XH(o,7) XY (¢, 7")] = N[XH(c,7) X" (', 7))
(3.5)
where T' denotes time-ordering and N normal ordering. Zero modes need
special care. We define : p¥z# := z#p¥. This corresponds to the choice of

a translationally invariant in-vacuum p*|0) = 0. If we define the variables
(2,2) = (i(779)  €i(7+9)) € 1 % S we find for the closed string (7 > 7')3

(X[ (o, 7) X} (', ")) = ia'n’“’ Inz— %a'n’“’ln(i —-Zz')  (3.6a)
(X5 (o, 7)XR(d, ™)) = %a'q’“’ Inz— %a'n’“’ In(z —2')  (3.6b)

1
(Xk(o,7)XE (o', 7)) = -5/ Inz (3.6¢)

2 These ghosts are not to be confused with the Faddeev-Popov ghosts of Section 3.4.

3n Chapter 4 we will make a Wick rotation to a Euclidean world-sheet and z and

will be complex conjugates of each other.
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(XE(o, )XY, 7)) = —;11-0/77’”’ In (3.6d)
and

(XH(o,7) X" (0", 7)) = —%a'n’“’ (ln(z ~2') +In(z - Z')). (3.7)
The non-vanishing of egs.(3.6.c,d) is due to the fact that X; and Xp have
common zero mode operators. If we define fields

Xg(z) =zl —ipplnz + oscillators

(3.8)
Xg(i) = x% - ip’L‘ InZ + oscillators
where
=%, pt] = [z, 2] = i (3.9a)
but
[x%%pgﬂ = [:C'L;Z,pi] =0 (3.9%)
we find
(XE(o,m) XL (o, 7)) = =" In(z - 2')
(3.10)

(XE(o,7)X5(0", 7)) = = In(z - 2)

and vanishing cross terms. Here we have set o/ = 2. We note that the
propagators for Xy + Xp are the same in both cases. Treating left-and
right-movers as completely independent fields will be the key ingredient for
the construction of the heterotic string, which we will discuss in Chapter

10. Finally, for the open string propagator we find
(XH(o, T)X¥(o" 7)) = —%a’{ln(z ~)(z-2)+In(z—#)(z-2)}. (3.11)

Let us now turn to the constraints. In the classical theory they were
shown to correspond to T, = T__ = 0 or, expressed through the Fourier
components, Ly, = Lm = 0 (in the open string case the L,’s are absent).
However, in the quantum theory any expression containing non-commuting

operators is ill-defined without specifying an operator ordering prescription.
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This applies in particular to Ly. (The other L,,’s are safe.) Classically it

1 +00
was given by Lo = 5 Z &—n0p. In the quantum theory we define the
n=—-—00

Ly,’s by their normal ordered expressions, i.e.

1 +o0
Ly = 5 Z (Om—m Qg (3.12)
n=—0oo
and, in particular
1, &
n=1

We then include an as yet undetermined normal ordering constant a in all
formulas containing L, i.e. we replace Ly by (Lo — a). We now have to
determine the algebra of the L,’s. Due to normal ordering the calculation
has to be done with great care; the details can be found in the appendix to

this chapter. We find the Virasoro algebra

(L, Ln] = (m — 1) Lman + 1—C2~m(m2 — 1)6mtn. (3.14)
cis called the central charge. The term proportional to c arises as a quantum
effect. Here, ¢ = n#, = d is the dimension of the embedding space, i.e. the
number of free scalar fields (on the world sheet). This means that each free
scalar field contributes one unit to the central charge. In later chapters we
will derive the contribution of other fields, such as free world-sheet fermions

and Faddeev-Popov ghosts, to the central charge.

Note that the term in the anomaly linear in m can be changed by
redefining L, — Lm — @by which leads to an anomaly (—l%mS + (2a ~
T%)m)ém_m. This shift also changes the normal ordering constant to a —
a — a. Only the relation between the normal ordering constant and the
linear term in the anomaly has an invariant meaning. The quantum version

of the Virasoro algebra in the form of eq.(2.70) is (for o = 2)
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Tre(0), Tar (o) = 20i{ Tus(0) + Ty (o) }058(0 — o) - i’g—cags(a ~ o)

[T-_(0), T-_(c")] = —27ri{T.__(a) + T__(a')}a,,&(a —d)+ 166-335(0 -4
Ty (@), T ()] = 0

(3.15)
which corresponds to the choice o = z7. It is now easy to see that even
though in the classical theory the constraints are L,, = 0, ¥V m, this cannot

be implemented on quantum mechanical states |¢) since

(Bl{Lm, Lomll$) = (B12mLolg) + -Sm(m? — 1)(6]¢)

i.e. we cannot require L,,|¢) = 0, Ym. The most we can do is to demand
that on physical states

Ly |phys) =0 m>0 (3.16a)

(Ly — a)|phys) =0 (3.16b)

i.e. the positive frequency components annihilate physical states. This

is consistent since the L,, for m > 0 form a closed subalgebra, and the

requirement L,,|phys) = 0, for m > 0 only, effectively incorporates all

constraints since with L,, = Lf_m we find that?
(phys'|L.|phys) =0 Vn#0. (3.17)

For the closed string we have in addition the L,,’s. They also satisfy a
Virasoro algebra and commute with the L;,’s. We impose the conditions
eq.(3.16) also for the Ly,’s and in addition

(Lo — Ly)|phys) = 0. (3.18)

4Note that the situation is very similar to the one in the quantization of electro-
magnetism. There we can only impose the positive frequency part of the gauge
condition 8- A = 0 on physical states which suffices to get (phys'|d- A|phys) = 0. In
this restricted Hilbert space longitudinal and scalar photons decouple.
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The reason for this constraint 1s that the unitary operator
Us = e*9(Lo—Lo) (3.19)

satisfies

Ul XHo,7)Us = X*(o +6,7) (3.20)

as is straightforward to show; i.e. 1t generates rigid o translations. This
already follows from our discussion in Chapter 2 of the motions generated
by the constraints. Since no point on a closed string should be distinct,
we have to impose eq.(3.18). (This also follows from eq.(3.16b) and the
equivalent condition for Lo if a = @.)

For the open string Lo = j:o:la‘_fn ob + alp/"p“ and p“py = —m2.

Then the condition (Lo — a)|phys) = 0 implies that (352 0_n - an —
a)|phys) = o'm?|phys); hence condition (3.16b) is called the mass-shell

condition and the mass operator for the open string is
o'm? = (N —a) (3.21)
where we have defined the level number NV as

N=)Y Np= > a_m am. (3.22)
m>0 m>0

0 /
For closed strings we find from Ly = Z o of 4+ %pz and the correspond-

_ n=1
ing expression for Ly
m? = —pl'p, = m% + m%z (3.23)
where _
a'm% =2(N — a) (3.24)
o'm% =2(N — a) '
and
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as a consequence of Ly — Lo = 0. We see that in both cases the mass of the

ground state (N = N) is determined by the normal ordering constant.

We want to note that the normal ordering constants in the expressions
for the angular momentum operators drop out and one easily verifies the
Poincaré algebra (2.57) as an operator algebra, after replacing the Poisson

brackets by commutators.

3.2 Light cone quantization of the bosonic string

It is now possible to choose a gauge, called the light cone gauge, in which
the Virasoro constraint equations can be solved explicitly and the theory
can be described in terms of physical degrees of freedom only. However,
light cone gauge is a non-covariant gauge. But, since the formulation in
light cone gauge is obtained from a manifestly Lorentz invariant theory
via gauge fixing, one might expect that d-dimensional Lorentz invariance is
automatic (though not manifest). However, as we will see shortly, this is

true in the quantum theory only if d = 26 and a = 1.

In going to light cone gauge we use the residual gauge freedom that was
left after fixing the conformal gauge by choosing 7 « X*. The constant
of proportionality will be determined shortly. The light cone coordinates
are defined to be X* = %(XO + Xd"'l) and X* ¢ =1,...,d — 2. The

X' are the transverse coordinates. The scalar product in terms of light
cone components is V - W = V'W*' — V¥*W~ — V-W+ and indices are
raised and lowered according to Vt = ~V_, V- = -V, and Vit =V, To
go to light cone gauge is possible since the X# satisfy the wave equation.
(Cf. the discussion in Section 2.3.) Let us now determine the constant of
proportionality. From eq.(2.55) we find

X+ = { a'g:’“r (closed st.ring), (3.25)

2a'pTr  (open string).
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This means that of = at = \/%ierén for the closed string and of =
V2d/ptéy, for the open string. With this identification the constraint equa-
tions (X* 4 X'*)2 = 0 become

(X2 (closed string),

8:txY_ = (326)

5;,1;;:(8:&Xi)2 (open string);

i.e. we can solve the X~ in terms of the X so that in light cone gauge
both X* and X~ are eliminated, leaving only the transverse components
X* as independent variables. We can now express o;; in terms of the of,.
Expanding eq.(3.26) in Fourier modes we find

1 +00

- _ . i
Qy = ,—._2alp+ (m___z_oo RS 2PN & ) 2a6n) -
1 400 ; ) ( ' )
— .= =1 .
&, = N <m=§___;oo GO 2a5n)
for the closed string and
_ 1 +o00 ; ;
o, = ST w(mgw DO, —2a6n) (3.28)

for the open string. Here we have again introduced a normal ordering
2= (2p*p™ —p'p') by

use of the relation between p* and ol and the expression for ag in terms

constant. The mass operator is now obtained from m

of the transverse oscillators. We obtain

m? = 2L 5" (af o + 60,60 - 20) (3.29)

m? = 57{ > ainaﬁl - a} (3.30)
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for the open string. This also follows directly from the covariant expressions
since in light cone gauge o} = & = 0 for n # 0. The normal ordering
constants in egs.(3.27) and (3.28) are the same as the ones in egs.(3.21) and
(3.24).

The action in light cone gauge is simply the restriction of the covariant

action eq.(2.35) to the independent physical (transverse) degrees of freedom:

S = 5; / d?o ((X*)? - (X")?). (3.31)

The canonical Hamiltonian following from the light cone action is
1 T . .
H=§ Y :al,oh:i-a
n=-oe (3.32)

1 -
= “2‘(101)2 +N-a
for the open string, and
1 T . .
=3 Yo i (dlpon +a,ah) ~2a
n=—oco (3.33)

=) +N+N-2a
for the closed string. Note that these expressions do not follow by substitut-
ing (3.27) and (3.28) into eqs.(2.65) and (2.75). This would give vanishing
results since the covariant Hamiltonian is just one of the constraints and

egs.(3.27) and (3.28) solutions of them.

3.3 Spectrum of the bosonic string

Next let us look at the spectrum of the theory. The states are generated
by acting with the transverse oscillators on the oscillator ground state. We
have to distinguish between open and closed strings and will discuss them

In turn.
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open string spectrum

The ground state IO,pi) is unique up to Lorentz boosts. Its mass is given by
its eigenvalue of the mass operator o/m?2|0,p*) = —a|0, p*). The first excited
state is o ;|0,p’); it is a d — 2 dimensional vector of the transverse rotation
group SO(d — 2). Lorentz invariance requires that physical states fall into
representations of the little group of the Lorentz group SO(d — 1,1), which
is SO(d — 1) for massive particles and SO(d — 2) for massless particles.
Above state is a vector of SO(d — 2), i.e. it must be massless. Acting on it

with the mass operator we get
0= o'm? (aillO,pj)) = (1 - a)a*,]0,p7) (3.34)

i.e. space-time Lorentz invariance requires that the normal ordering con-
stant be ¢ = 1. Recall that it arose from normal ordering the expression

> o' o} appearing in o . We write

n#0
. . . . w
Z o' an = Z calan t+(d—2) Z n
n#£0 n#£0 n=1

(3.35)

= i 4 ,4-2
= 2{ Z a0y +———2—— Z n}
n=1 n=1

The last sum in this expression is however undefined and must be regu-
larized. We do this using ¢-function regularization. It can be shown that this

regularization respects modular invariance, an important consistency condi-

0

tion to be introduced in Chapter 6. Consider the sum »  n™° = {(s), where
n=1

¢(s) is Riemann’s zeta function. It converges for s > 1 and has a unique

analytic continuation at s = —1 where it has the value {(-1) = —1/12,
1e. a = _‘42—22' From Lorentz invariance we have found above that a =1,
which tei; us that d = 26. To summarize, Lorentz invariance of the quan-
tized bosonic string theory requires @ = 1 and d = 26. A more rigorous

argument, which also relies on Lorentz invariance, is to check the closure
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Table 3.1: The five lowest mass levels of the oriented open bosonic string

level | &’(mass)? states and their little {representation contents
S50(24) representation contents group with respect to the
Little group
0 .
0 -1 . 50(25)
(1 (1)
ol ]0)
1 0 O SO(24) 2D
(24) (24)
oalyl0) alial,(0)
2 +1 O I+ S0O(25) EE
(24)  (299) +(1) (324)
alalo)  eliali0)  olial ok o)
111
3| 42 O H+oo+ . CO+0(S0@) | oo+ oty
(24)  (276) +(299) + (1)  (2576) + (24)
ai_4|0) a'_saj_l |0) ai_zaizlo)
oo |
U ED+B+’ [Ll+e (20150) T (5175)
(24)  (299) + (276) + (1) (299) + (1)
4 +3 50(25)
a‘__za'7_1a’11|0) oz"_la{_la’ila'__1|0) am
2xO+I0+H  CCED+ M+ + et
2 x (24) + (2576) + (4576)  (17250) + (299) + (1)

of the Lorentz algebra; the commutator [M = M7 7] is critical. In contrast

to the Lorentz generators in covariant gauge, M'™ contains normal ordered

expressions due to the appearance of o, . The actual calculation of the

commutator is quite tedious and will not be presented here. A simple con-
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sequence of a = 1 is that the ground state satisfies &'m? = —1, i.e. it is

a tachyon. The presence of a tachyon is not necessarily a fatal problem
for the theory. It means that the ground state is unstable and some other,
stable ground state might exist. Amnother way to get rid of the tachyon
is to introduce anticommuting degrees of freedom whose normal ordering
constant cancels that of the commuting degrees of freedom of the bosonic
string. This is indeed what is done in the superstring theory. In table 3.1
we have collected the light cone states of the open bosonic string up to the
fourth level. It is demonstrated how, for the massive states, the light cone
states, which are tensors of SO(24), combine uniquely into representations
of SO(25). It can be shown that this occurs at all mass levels and to de-
pend crucially on the choice ¢ = 1 and d = 26. Since at level n with mass
o/m? = (n — 1) we always have a state described by a symmetric tensor of
rank n we find that the maximal spin at each level is jmax = n = o/m?+1.
In general the states will satisfy j < o/m? + 1 and, since j and m? are
quantized, all states lie on Regge trajectories, with the tachyon lying on the

leading trajectory.

closed string spectrum

Since in the case of the closed string we can excite both left- and right-
moving degrees of freedom, its states are simply tensor products of the

open string states, subject to the constraint Lo — Lq = 0.

This simply means that the excitation level in both sectors has to be
the same. The ground state is again a scalar tachyon |0) with mass o/m? =
—4a. The first excited state is ai_lo”z];1|0) with mass o/m? = 4(1 — a). We
can decompose this state into irreducible representations of the transverse
rotation group SO(d—2), the little group for massless states in d dimensions,

as follows:
CYi~1c’7];1|0) = O411541 1}0> + [0‘(11541 1 _1. 5ijak1&k1”0)

) 6” = 1{0) (3.36)
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Table 3.2: The three lowest mass levels of the oriented closed bosonic string

level | o’ (mass)? states and their little representation contents with
S50(24) representation contents group respect to the little group
0 .
0 -4 . 50(25) "
) (
Lyal,00)
1 0 OxOd S50(24) E;S X E X *
1) (28 (299) " (276) " (1)
wLadlal0)  olieliatiaL 0 suliisulissns
DxD (L4 e) x CL+e) 324) * (324) = (20150) T
(24) (24) (299) + (1) (299) + (1) (324) ~ (324)  (20150) ~ (32175)
2 +4 ‘ 50(25)
af yal ek 10) ol ol &k, )0)
2619 1919, Il B N
I+ T+
Ox (D+e)  (Ll+e) <0 +s2026) T 329) T (300) T (1)

(24) (299) + (1) (299) + (1) (24)

where indices in parentheses and brackets are symmetrized and anti-sym-
metrized, respectively. As for the open string we conclude that a = 1
and d = 26. Then these states describe a massless spin two particle, an
antisymmetric tensor and a massless scalar. The spectrum for the first
three levels is displayed in table 3.2. Again, the massive states combine
into representations of the little group SO(25). The relation between the
maximal spin and the mass is Now jmax = %a’m2 + 2.

One can now distinguish between orientable and unorientable strings.
The concept of orientability can be made precise by defining an unitary

operator T which reverses the orientation of a string, i.e.
Tt XHo,7)T = X*(5 — 0,7). (3.37)

(Recall that the parameter o was defined to be in the range 0 < ¢ < G.)
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Expressed in terms of oscillators this means
TTalT = (1) (open string)

(3.38)
THabT = ak (closed string).

States of unoriented strings must be invariant under 7'; this means that the
spectrum of an unoriented open string consists of states with even mode
number only, and the spectrum of unoriented closed strings of states sym-
metric under the interchange of left- and right-moving oscillators. This
means for the open string that the odd levels are absent and especially that
the unoriented open string has no massless states. For the closed string
only the symmetric and singlet piece of the massless states survive. For his-
torical reason the closed oriented bosonic string theory is referred to as the
extended Shapiro-Virasoro model, whereas the unoriented theory is called
the restricted Shapiro-Virasoro model. From here on we will only consider

oriented strings.

Let us now try to interpret the mass spectra. As mentioned in the intro-
duction, any interacting string theory with local interactions has to contain
closed strings. Looking at the closed string spectrum we see that a massless
spin two particle will always be present. It is very suggestive to identify
it with the graviton, 1.e. the gauge particle of the ubiquitous gravitational
interaction. If we do this we have to relate the string scale set by the slope
parameter to the Planck scale, i.e. o ~ G where G = Ml?z is Newtons
constant and Mp the Planck mass. It is of course one of the attractive and
encouraging features of string theory that it necessarily contains gravity.?
This however also means that the massive states, since their mass is now
an integer multiple of the Planck mass, cannot be identified with known

particles or hadronic resonances as was the original motivation for string

5The presence of a massless spin two particle is a priori not sufficient to have gravity.
We will however show in the last chapter that at low energies it couples to matter

and to itself like the graviton of general relativity.
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theory. But this is all right since the higher mass and spin resonances of
hadronic physics have by now found an adequate description by QC D and
the prospect of having a consistent quantum theory including gravity has
lead to a shift in the interpretation of string theory from the hadronic scale
(100 MeV) to the Planck scale (101%GeV). The other massless states of
the closed string, the singlet and the antisymmetric tensor piece of eq.(3.36)
can be interpreted as a dilaton and an antisymmetric tensor particle, both
well know from e.g. Kaluza-Klein theory. What about the states of the
open string? The massless vector could be interpreted as a gauge boson if
we can associate a non-abelian charge in the adjoint representation of the
gauge group to the open string. This can indeed be done if we attach to one
end of the string the charge of the fundamental representation and to the
other end the charge of its complex conjugate representation. This is the
method of Chan and Paton. However, consistency of the interacting theory
restricts the possible gauge groups to only one, namely SO(32). We will
not go into details of the Chan-Paton method and why SO(32) is singled
out. In Chapter 10 we will learn how to get non-abelian gauge symmetries

in a theory of only closed strings.

At the end of this discussion of a possible contact of string theory with
known physics we have to say a word of caution. The suggested interpre-
tation of the massless particles can of course only hold if they have the
interactions appropriate to gravitons, gauge bosons etc. This means that
the theory has to be gauge invariant and especially generally coordinate
invariant as a 26 dimensional theory. This is not a priori obvious and will
be demonstrated in Chapter 15. Also, we still have to find a way to go from
26 to 4 dimensions. We will address this important question in Chapter 14.
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3.4 Covariant path integral quantization

Path integral quantization has proven useful for theories with local sym-
metries, e.g. gauge theories. As such it is also applicable in string theory
and an alternative to the non-covariant light-cone gauge quantization. The
starting point is the Polyakov action, eq.(2.18). As discussed in Chapter 2,
the induced metric [,53 = 8o X#83X,, and the intrinsic world-sheet metric
hqp are related only through the classical equations of motion, Top = 0.
Quantum mechanically this does not need to be so. In fact, just as we in-
tegrate in the Feynman path integral approach to quantum mechanics over
all paths, not just the classical ones, we have to integrate over h,g and
the embeddings X#. One must however find a measure for the functional
integrations which respects the symmetries of the classical theory, which
are reparametrizations and Weyl rescaling. If this cannot be achieved, the
quantum theory will have extra degrees of freedom. One then fixes the
gauge using the Faddeev-Popov procedure. Indeed, the measures for the
integrations over the metrics and the embeddings are both not conformally
invariant. However, Polyakov has shown that the conformal anomalies can-
cel in 26 dimensions. So it is necessary to go to the critical dimension for the
scale factor to decouple. We will not present Polyakov’s analysis here but
will derive the critical dimension by the requirement that the central term
in the Virasoro algebra cancels when the contributions from the Faddeev-
Popov ghosts are included. Cancellation of the central charge is equivalent
to conformal invariance. We will assume in the following discussion that we
are in the critical dimension in which the combined integration measure is

conformally invariant.

Consider the vacuum to vacuum amplitude or partition function®

6L ater we will calculate scattering amplitudes as correlation functions with this par-

tition function.
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Z = /Dh(a, YDXH (o, )eoPhX], (3.39)
The integration measures in eq.(3.39) are defined by means of the norms

|6k = / %0 VEROP R 5h oy 6h g a0
3.4
16X = / 20 VR6X#6X,,

in the same way as for finite dimensional spaces the metric ds? = gijdzidmj
leads to the volume element /g d"z. We see that neither measure is in-
variant under rescaling of h,g. The measure in eq.(3.39) is not complete.
Factors involving the volume of the symmetry group will be discussed below

and in Chapter 6.

As described in Chapter 2, we can use conformal reparametrizations to
go to a gauge in which the metric is equivalent to a fixed reference metric

hagi 1.e. our gauge condition is
haﬂ = 62¢iLalg. (341)

We have also seen that under reparametrizations and Weyl rescaling the

changes in the metric can be decomposed as
Shog = (PE€)ag + 24hag (3.42)

where the operator P maps vectors into symmetric traceless tensors. The
covariant derivatives in above expressions are with respect to the metric
hog = 62¢iLaﬂ which is also used to raise and lower indices. The integration

measure can now be written as

< B(PE,/i)
Dh =D(PE)DA = DEDA|———~ 3.43
(P = DDA e (3.43)
The Jacobian is easy to evaluate formally:
8(P¢, A) (P 0) t\1/2
'6({,/1)! ’de .1 | det P| = (det PPT) (3.44)
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where * is some operator which does not enter the determinant. The inte-
gral over reparametrizations simply gives the volume of the diffeomorphism
group (more precisely, the volume of the component connected to the iden-
tity). This volume does depend on the Weyl degree of freedom as the mea-
sure D¢ does. We do however assume that all dependence on the conformal
factor will eventually drop out in the critical dimension. We thus ignore it

and drop the integral over A. We then have
7z = / DXH(det PP1)1/2¢iSple hag X*], (3.45)

The last step of the Faddeev-Popov procedure is to rewrite the determi-
nant by introducing anticommuting ghost fields ¢* and b,g, where byg is

symmetric and traceless. We then get
(det PP1/2 = / DeDb exp(—5- / do?VEhPhg, Vadl)  (3.46)

where hog = ez"sizaﬁ is the gauge fixed metric. Both b and ¢ are hermitian.
Note that the c¢* corresponds to infinitesimal reparametrizations and b,4
to variations perpendicular to the gauge slice. One often refers to b,g as

the antighost. If we insert eq.(3.46) in the partition function we get
Z = / DXH(0,7)De(0, 7)Db(, 1) S hbsd (3.47)
where
S = —é% / o hhB (8, XF05 X, + 4ibg, Vac?}. (3.48)
If we now choose izaﬂ = 1)o8, 1.6. go to conformal gauge, we find
S = S[X] + Sghost [, ]

where 1
SIX] = = [ d% 9,X*0_X,,
. (3.49)
t 2 + -
Sghost[brc] = ;/d 0 (¢TObyy +cByb__).
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Since byg is traceless symmetric its only non-vanishing components are b, ,
and b__.

We have to point out that our treatment above left unmentioned some
subtle points. One, having to do with the conformal anomaly, was already
touched upon and will be taken up shortly. Another issue has to do with
reparametrizations which satisfy (P{),g = 0, i.e. with the possible exis-
tence of conformal Killing fields. The equation of motion for the ¢ ghosts is
just the conformal Killing equation so that the ¢ zero modes correspond to
diffeomorphisms which can be absorbed by a Weyl rescaling. In the func-
tional integration we are to integrate over each metric deviation only once.
Since the ones corresponding to conformal Killing vectors are already taken
care of by the integration over the conformal factor, we have to omit the

zero modes from the integration over c.

Another problem has to do with the question whether all symmetric
traceless metric deformations can be generated by reparametrizations. As
we know from Chapter 2, this is not the case if P! has zero modes; they
correspond to zero modes of the b ghosts. If present, they have to be treated
separately to get a non-vanishing result, since fdf 1 = 0 for § a Grassmann

variable. We will come back to the issue of ghost zero modes in Chapter 6.

The energy momentum tensor of the ghosts fields can be derived from

eq.(3.48) using eq.(2.19). Dropping hats from now on, we find
Tog = i(bay VcT +bay Vac? — "Vabag — hagbys V7). (3.50)

The last term vanishes on-shell, as does the trace T'*,. In the derivation
one also has to vary the metric dependence of the covariant derivatives
and has to take into account the tracelessness of b,3. One can verify that
VT, = 0 if one uses the equations of motion. In light-cone gauge, the

non-vanishing components are
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T++ = i(2b++(9+c+ + (8+b++)c+)

(3.51)
T._=i(2b-8.c™ +(0-b__)c")
and energy-momentum conservation is
8_T++ - 8+T.._ - O (352)
The equations of motion are
8._b++ = 8+b__ = O
(3.53)

8+C_ = 8_C+ = O

They have to be supplemented by periodicity (closed string ) and boundary
conditions (open string). The periodicity condition is simply b(c + 27) =
b(c) and likewise for c¢. In the closed string case the equations of motion
imply that b, ;. and ¢ are purely left-moving whereas b__ and ¢~ are purely
right-moving. Left- and right-movers know about each other only through
the constraints. For the open string, the boundary terms which arise in the
derivation of the equations of motion vanish if we require by, = b__ and

¢t = ¢ at the ends of the string.
The ghost system, being anti-commuting, is quantized by the following
canonical anti-commutation relations:
{byi(o,7),c (0", 7)} = 276(c — &)

, , (3.54)
{b__(o,7),c (0',7)} = 2n6(c — ')

with all others vanishing.

We can now solve the equations of motion and express the canonical
brackets in terms of the Fourier modes. We then define the Virasoro oper-
ators of the b, c system as the moments of the constraints 7', , = 7__ = 0.

We will do this only for the closed string.

The solutions to the equations of motion, periodic in ¢ with period 2«

are
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+00 )
cHoyr)= > ene (7 +9)

n=—00
+00 )

¢ (o,7) = Z Cne-m(T_U)
n=—00

and

+oo .
biy(o,T) = Z bne—m(‘r—f-o)
n=-—00

+00 .
bo_(o,7)= 3 bpe”7=9)
n=-—oo

and the canonical anti-commutators become
{bmacn} = 6m+n
{bma bn} = {Cm7 Cn} =0

(3.55)

(3.56)

(3.57)

and likewise for the barred oscillators. Left-moving modes anticommute

with right-moving modes. The Virasoro operators are defined as in eq.(2.66)

and we get
+00

Lm= )Y, (m—n):bpincn:

n=--00
+00

Lm= ), (m=n):bntni_n:

n=-—0oo

Hermiticity of b and c entails

from which we get
Lm = Li_._m

with identical relations for the left-movers.

(3.58)

(3.59)

(3.60)

Again, Ly and L, are ambiguous due to operator ordering. We have

defined them as normal ordered expressions.

We can now compute the commutator of the Virasoro operators and

find the algebra they satisfy. In the same way as it was done in the previous

chapter, we obtain
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where the anomaly is

AOn):=é(—1&n3+4n) (3.62)

Let us now look at the combined matter-ghost system. We define the Vira-
soro operators as the sum of the Virasoro operators for the X* fields and

the conformal ghost system
m =LA + LI — b, (3.63)

where the last term accounts for the normal ordering constant in L& and
Lgh. We then get

with
d 2 1 3
A(m) = —1—-2—m(m -1)+ g(m —13m?°) + 2am. (3.65)

The first term is due to the X* fields (p = 1,...,d), the second is due
to the ghosts and the last arises from the shift in Ly. A(m) vanishes if
and only if d = 26 and a = 1. These are precisely the values we got from
requiring Lorentz invariance of the theory quantized in light cone gauge.
Here they arose from requiring that the total (ghost plus matter) anomaly
of the Virasoro algebra vanishes. This in turn is the condition for conformal
symmetry to be preserved in the transition from the classical theory to the
quantum theory.

Recall that the anomaly in light-cone gauge was 24, the number of
transverse dimensions. Even though light-cone quantization is completely
consistent we cannot expect the anomaly to vanish since in making this
gauge choice we have completely fixed the gauge and the light cone action

is no longer invariant under the transformations generated by Ty and T__.
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Appendix A. The Virasoro algebra

In this appendix we want to derive the algebra satisfied by the Virasoro
operators. The fact that in the quantum theory the L,’s are normal ordered

expressions requires some care.

The following commutator will be useful:

. 1 +oo
[ Ln] = Z [O‘m" O‘ :] . (A1)

P_—'OO

Here we can drop the normal ordering symbol since ain commutes with

c-numbers. Using [4, BC| = [4, B]C + B[A, C] we get

. 1 t> ; o oy :
[a:‘na = 5 {[Olm, a;]a'r‘,t—p + O(%[Olm, a.r‘,z,——p]}
=—00
p=—0
Next we write
1 + o0
[Lm;Ln] Z [ a am—p * ]1 (A3)
p'——oo
break up the sum to eliminate normal ordering and use eq.(A.2):
1 0 ; 1 +o00
[Lm, Ln 5 Z [« am—paLn] + 5 Z [O‘m —p pv L)
p=—00 P—-—
1 0 . . .
= E Z { ain-&-n—-p + pa:z+pa1+n——p} (A4)

1 oo . , .
*ty Z{ (m~p O‘m+n-—P°‘;7 +p°‘in——17°‘:t+z7}'

Now change the summation variable in the second and fourth term to ¢ =

p +n and get
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1 0 . n .o
L Ll = 5{ 3 (m = p)haimin-p+ D (4= n)ahainin_g

p=-o0 q*—w
+o0 . .
+Z(m_p)a:n+n-—p p+ Z q_nam+n —q q}
p=1 g=n+1
(A.5)
Let us now assume that n > 0 (the case n < 0 is treated similarly). We
then get
1 0 . n .
T 1
[Lm, Ln] = E{ Z (m— n)aqam+n-q + Z(q - n)o‘zafn-*—n-—q
¢=—00 9=1
+ Z m-—=n O‘m+n qaq+ Z(m Q)O‘m+n —q q}
g=n+1 q=1

(A.6)
We now notice that except for the second term all terms are already normal
ordered (the only critical case is when m + n = 0). The second term can be

rewritten as

n

Z(q—'n) O‘m+n q= Z(Q'—nam—{—n q q+2(9"nqd6m+n
g=1 g=1 g=1

where d = 6: Using this we get

1 +o0 i i 1 n 9
Lmy Lol =5 30 (m=n): gohin—g:+3d 3 (@ = n9)8min. (AT)
If we now use
n 2 1 L 1
> q = gn n(n+1)(2n+1)  and dg= ~2~n(n +1) (A.8)
g=1 =1
we finally get the Virasoro algebra
d

In Chapter 4 we will see how conformal field theory provides a simple

tool to rederive this algebra.
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Chapter 4

Introduction to Conformal Field Theory

This chapter is an introduction to conformal field theory. The basic ref-
erence on two-dimensional conformal field theory is the work by Belavin,
Polyakov and Zamolodchikov [1]. Some review articles which were used for

the preparation of this chapter are refs. [2, 3, 4].

4.1 General introduction

In distinction to higher dimensions the conformal group! in two dimen-
sions is infinite dimensional: it is the group generated by analytic and anti-
analytic vector fields. Associated with the infinity of generators is an infinity
of conserved charges. That imposes important restrictions on the structure

of two dimensional conformally invariant theories.

One class of physical systems which are described by conformal field
theory are two dimensional statistical systems at the critical point (i.e. at
T = T¢) where they are conformally invariant. The representation theory
of the conformal group places constraints on the critical exponents. We will
however not have much to say about these systems.

The second important application of conformal field theory is to string

theory. We have already seen in Chapter 2 that the string action in con-

formal gauge is still invariant under conformal transformations with the

1The conformal group is the subgroup of those general coordinate transformations
which preserve the angle between any two vectors. They leave the metric invariant

up to a scale transformation.
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associated infinite dimensional Virasoro algebra. The classical solutions of
string theory are conformally invariant two-dimensional field theories. A
particular choice corresponds to a particular vacuum which determines e.g.
the number of space-time dimensions, the gauge group etc. There are of
course constraints that a conformal field theory has to satisfy in order to be
an acceptable string vacuum. One obvious condition that we have already
encountered is the vanishing of the conformal anomaly. Others, coming
from modular invariance, spin-statistics etc. will be discussed in subsequent
chapters. We can then use methods of conformal field theory to determined

the string spectrum and to compute string scattering amplitudes.

In order for conformal field theory to be applicable to string theory we
have to continue the signature of the world-sheet metric from Minkowskian
to Euclidean. Consider the world-sheet of a closed string — the cylinder -
parametrized by o € [0,27] and 7 € [—o00,+0]. We now make a Wick

rotation, i.e. go to imaginary 7: 7 — —iT OrI

ot =r+o— —i(r +i0). (4.1)

We then define complex coordinates on the cylinder

! .
zZ =T—10

(4.2)

7 =7 +i0.

We can now map the cylinder to the complex plane via the conformal trans-

formation

L (43)

This is illustrated in figure 4.1.

The conformal map from the cylinder to the plane will not change the
theory if it is conformally invariant. This will be the case for string theory

in the critical dimension.
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Fig.4.1. Conformal map from the cylinder to the complex plane

Having defined the theory on the complex plane we can now use all the
powerful techniques of complex analysis. Lines of equal time r are mapped
into circles around the origin. Integrals over ¢ will be replaced by contour
integrals around the origin. The infinite past becomes z = 0 and the infinite
future z = co. o translations become rotations: ¢ — o + 60 = z — ez
and time translations become dilatations: 7 — 7 4+a = z — e%. In
the quantized theory the generator of dilatations will take the role of the
Hamiltonian and time ordering will be replaced by radial ordering. Equal
time commutators will be equal radius commutators. This is known as
radial quantization. Products of fields are only defined if we put them in
radial order. Radial order is defined in analogy with time order in ordinary

field theory:
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$1(2)d2(w) for |z| > |w|
p2(w)di(z)  for |w]| > |z|.

There will be a relative minus sign for the case of two anticommuting fields.

R($1(2)¢a(w)) = { (4.4)

Products of operators will always be assumed to be R-ordered and we drop
the ordering symbol. The necessity to put operators in radial order will be

illustrated below. The equal radius commutator is then defined by

81(2), $2(0) e = ] (81(2)82)) o= (B2(0)81(2) Lo

(4.5)
After Wick rotation eq.(4.1) and the map eq.(4.3) right- and left-moving
is replaced by holomorphic in z and Z respectively. We will use both ter-
minologies interchangeably. Also, we will call fields holomorphic in Z anti-
holomorphic. Most expressions of Chapters 2 and 3 which were expressed
in isothermal coordinates are unchanged if we replace ¢~ by z and ¢* by 2
and include the Jacobian factors from the map eq.(4.3). For instance, the
nonvanishing components of the energy momentum tensor are now T3, and
T3z.

The basic objects of a conformal field theory are the conformal fields
(also called primary fields) ¢(z,Z). Consider a conformal transformation
z — 2/ = f(z), Z = Z’ = f(Z). Primary fields transform as tensors under
conformal transformations:

! e
é(z,%) — ¢'(2,2) = (%’;—)"(%52-)’%(5(.7,),2’(2)). (4.6)
In this chapter we will only consider single-valued fields, which requires

h = h € Z. Under infinitesimal transformations
7 =z4+¢6(2) 7 =z4€2) (4.7)

we get
¢'(z,2) = ¢(2,2) + 6£’£—¢(z, zZ) (4.8)
with
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b¢,g8(2,2) = (hOE + ROE + €0+ E8) ¢(2, %) (49)

where we have introduced the notation 0 = 565 and 0 = 565 h and h are
called the conformal weights of ¢ under analytic and anti-analytic trans-
formations. Holomorphic and anti-holomorphic tensors have A = 0 and
h = 0 respectively. (h does not denote the complex conjugate of h.) Purely
left- or right-moving fields are called chiral. Under a rescaling (dilatation)
z — Az, A real we have ¢ — /\h+E¢ and h + k is called the scaling dimen-
sion. The generator of dilatations plays the role of the Hamiltonian and the
scaling dimension is related to the energy. Under rotations z — e~ 02 we

get ¢ — e—i(h"r‘)eqb; hence h — h is referred to as the conformal spin.

Consider the map eq.(4.3) from the cylinder to the complex plane. Ap-
plying eq.(4.6), the fields on the cylinder and plane are related as follows

(' =Inz):
¢(z)pla.ne = (%)hd)(z,(z))cylinder- (4.10)

If d)(z’)cyﬁnder has a mode expansion

, —
¢(= cyhnder = Z pne” " = Z¢n2 n (4.11)
neZ n
then the mode expansion on the complex plane is
¢pla.ne Z 27" hd’n (4.12)
neZ

with the same coefficients ¢,. From now on, unless stated otherwise, all

fields will be on the complex plane. The inverse of eq.(4.12) is

n+h-1
bn = 720 = ¢(z)z (4.13)

where the integration is counterclockwise around the origin. The value of
the integral is independent of the contour around the origin. For fields
single valued on the complex plane the mode numbers n have to be such

that n+h € Z. They will however always be integer spaced. Note that single
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valuedness on the plane does not mean single valuedness on the cylinder due

to the Jacobian factor of the map eq.(4.3).
We already know from Chapter 2 that in a conformally invariant the-

ory the energy momentum tensor is traceless, i.e. TS = 0. Expressed in

conformal coordinates it reads:
T,z =0. (4.14)
This, together with energy-momentum conservation
0:T:: +0;T:: =0 0.T3z + 0313, =0 (4.15)
shows that in a conformally invariant theory we have
0:T;, =0, 0,T3z = 0. (4.16)

The two non-vanishing components of the energy-momentum tensor of a
conformally invariant theory are analytic and anti-analytic functions respec-
tively. We will use the notation T'(z) = T;;(z) and T(2) = Tzz(z). From
the conservation law eq.(4.16) we immediately find that if T'(z) is conserved
so is £(2)T(z) if £ depends only analytically on its argument. This infinity
of conserved currents is equivalent to our statement at the beginning of this
chapter that the conformal group in two dimensions is infinite dimensional.
With each current we associate a conserved charge

T; = ]fco -2‘% £(2)T(2) (4.17)

which generates infinitesimal conformal transformations
z— 2 =z +£(2) (4.18)

with similar expression for the anti-analytic component 7. From now on
we will restrict our attention to chiral fields, say right-moving ones.
The transformation eq.(4.9) is implemented by the commutator of ¢(z)

and T¢(w)
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I

Fig.4.2. Integration contours in eq.(4.20)
ed(w) = [Te, (w)] (4.19)

Using the prescription of radial ordering this gives:

dz dz
bed(w) = flzliolwl e (T ()(w) - flzliolwl 7 ()T ()$(w)
. (4.20)
=f 5o €RTEMw).

The contours are shown in figure 4.2.

Recall that all operator products are assumed to be radially ordered. Com-
paring this with eq.(4.9) for 2 = 0 and O¢ = 0 we find with the help of the

Cauchy-Riemann formula

% o o L), (4.21)

w 27 (2 —w)*  (n—1)!

that any conformal field must have the following ( R-ordered) operator prod-
uct with T'(z):

hé(w)  96(w)

c-wl  (z-w)

Therefore, instead of eq.(4.6), the operator product with the energy-mo-

T(z)p(w) = + finite terms. (4.22)

mentum tensor can serve as the definition of a conformal field of weight
h.

Eq.(4.22) is our first example of an operator product expansion of two

fields. The basic idea is that if {O;} is a complete set of local operators
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with definite scaling dimensions, then the product of two operators can be

expanded as?
0i(2)0;(w) = gkj Cijr((z = ) Og(w). (4.23)

Invariance under rescaling specifies the structure functions up to numerical

constants:
Ciji((z = w)) = (z — w)—hi=hicy, (4.24)

where h; are the scaling dimensions of the fields which are not necessarily
primary. Operator products should always be thought as inserted into cor-
relation functions (cf. below). The radius of convergence of the operator
product is restricted by the positions of the other operators in the correla-
tion function. Completeness of the set of operators {O;} means that any

state can be generated by their linear action.

Let us make one remark about the evaluation of commutators. For the
contour deformation of figure 4.2 it is crucial that the fields in the integrand
commute. Otherwise we would get the anticommutator. Also, we see that
(anti-)commutators depend only on the singularities of the operator product

expansion.

We can now examine the conformal transformation properties of the en-
ergy momentum tensor. Using the commutation properties of infinitesimal
conformal transformations

B¢y 0¢a] = (6106, &2001) (4.25)
we find

¢/2 9T(w)  OT(w)
(c-w)? " (z-w)

+ finite terms. (4.26)

2Here we consider chiral fields only.
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The first term is allowed by eq.(4.25) and is consistent with Bose symmetry

and scale invariance. We can rewrite eq.(4.26) in an equivalent way as

8¢T(z) = —1-6-2—835(2) +20¢(2)T(2) + £(2)0T(2). (4.27)

We see that T'(z) transforms as a tensor of weight two under those trans-
formations for which 83¢(z) = 0 but fails to do so for general conformal
transformations if ¢ # 0. Classically c is zero, and ¢ # 0 represents a con-
formal anomaly, a purely quantum mechanical effect. Note that the scaling
dimension of T'(z) does not get modified by quantum effects. This can be
understood from the fact that since T'(z) is a symmetric traceless tensor
it has spin two and for A = 0 the spin is the same as the scaling dimen-
sion. One should compare eq.(4.26) with eq.(3.15). The T'(z)T(w) operator
product is of course equivalent to the Virasoro algebra and c is its central

charge. We expand T'(z) in modes

T(z) =Y 27""2L, (4.28)
n
which in turn gives
_f92 a4
Lp = 5t T(z) (4.29)

where the L,’s are the Virasoro generators. They satisfy the hermiticity
relation

LI =L_, (4.30)

which follows from the reality of the energy-momentum tensor in Minkowski
space (c.f. Chapter 2). In general, the hermitian conjugate of a field of
weight A is defined by

6())" =4 () - (4.31)
For the modes this means
(#)_ = ()" (4.32)
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A hermitian field satisfies ¢>T = ¢. A word of explanation is in order. Con-
sider the continuation back to the Minkowski space cylinder. The missing
factors of 7 in Euclidean space-time evolution, ¢(c,7) = eHTgb(a,O)e_H"
must be compensated in the definition of adjoint by an explicit time reversal

T — —7. This corresponds on the complex plane to z — 1/z.

The Virasoro algebra is then easily obtained, using eq.(4.26), as the

difference of a double contour integral:

ol m c/2 2T (w oT (w
[Eny Lm] = ?{C’o 2mi ?{w o e +1[(z ——/w)4 + (2 —(w;2 + z—(w)]

= i—%n(n —1)(n+1)bmtn+ (n—m)Lptm -
(4.33)
T(2) or, equivalently, the Ly satisfy identical algebras as T'(z) and the L.
The two algebras commute, i.e. [Ly, Lm] = 0. The central charges of the
left- and right-moving algebras are the same since T + T is real. Then the

(T + T)(T + T) operator product is real only if ¢ = ¢.

The L;’s act as the generators of all possible conformal transformations.

A primary field is defined via the Ly’s as
(Ln, $(2)] = 220 + (n + 1)hJ4(2) (4.34)
or, in terms of the modes of ¢:
(Ln, $rm] = [n(h = 1) = mln-4m. (4.35)

Comparing eq.(4.34) with eq.(4.9) we see that the Virasoro generator Ly, is

nt+l  In particu-

associated with the infinitesimal transformation e(z) = 2
lar, Ly, Ly, L_,, generate infinitesimal transformations 6z = o + Bz + vz2;
they are the generators of SL(2,R), the maximal closed subalgebra of the
conformal group. The finite transformations are

, az+b
zZ— 2 =
cz+d

(4.36a)

with
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b )ba 1d R’1
(“ ) € SL(2,R), e OCE (4.36b)
c d ad — bc = 1.

Indeed, if we expand eq.(4.36) around a =d = 1,b = ¢ = 0 we get 6z =
§b + (6a — 6¢c — 6d)z — 6cz2. Adding Lo, L1, L_1, we generate SL(2, C).
SL(2,C) transformations are the only globally defined invertible conformal
mappings of the Riemann sphere (C U co0) one-to-one onto itself. This is in
fact easy to see. The transformations é¢ are generated by the vector fields
¢(2)8;; only those which satisfy 83¢(z) = 0 are defined at both z = 0 and
z = oo (for z = co we use the map w = 1/z). The transformations eq.(4.36)
are called fractional linear or Moebius transformations. If we define the
generators Xo = Lo, X1 = %(Ll + L_1) and X; = %(Ll — L_;) we easily
verify that they satisfy the three dimensional Lorentz algebra [X;, X;] =
i€k X% (X0 = —Xo).

Eq.(4.27) can be integrated to give the behavior of T'(z) under finite

transformations z — f(z). One finds

T(z) = T'(z) = (9f(2))’T((2) + 5 D(f): (4.37)
where 3 3,0 )
_ 0f(2)8°f(z) — 5(8°f(2))
D(f): = 0F)? (4.38)
is the Schwarzian derivative. It has the following properties
az+b
D(f): =0 = f= cz+d
af by _ 4.39
D(Cf+d)z = D(f): (4.39)

D(f): = (8:9)*D(f)g + D(g)=.

The Schwarzian derivative is in fact the only weight two object with these
properties. For the map from the cylinder to the plane, eq.(4.37) gives
c

Tcyl(z/) = z2Tp1ane(z) T (4.40)
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In particular for Ly this gives

(o4

—. 4.4
74 (4.41)

(Lo)cyl = (Lo)plane -

Now, let us consider the Hilbert space and also some of the represen-
tation theory of a conformal field theory. Denote the in-vacuum by |0).
Regularity of the energy-momentum tensor at z = 0 (7 = —o0) requires
that

Lp|0) =0 formn > —1. (4.42)

The Lp’s with n > —1 generate the conformal transformations which are
regular at the origin. To get the conditions on the out-vacuum (0| following
from regularity at = = co (7 = +o00) we map the point at infinity to the
origin via w = —1/z. The mode expansion of T is then T’ (w) = ¥ w™ 2Ly,
and we find

(0L, =0 for n<1. (4.43)

Here T” is the energy-momentum tensor expressed in the coordinates where
w — 0 corresponds to z — oco. Egs.(4.42) and (4.43) are hermitian con-
jugates of each other. The generators of SL(2, C) annihilate both the in-
and the out-vacuum. We refer to this vacuum as the SL(2,C) invariant
vacuum. The requirement of regularity at z = 0 and z = oo leads for a

primary field of weight A with mode expansion as in eq.(4.12) to

$n]0) =0 forn>1-h,

4.44
(Ol¢n =0 forn <h-1. (4.44)

Note that for A < 0 there are modes of ¢ which annihilate neither the in-
nor the out-vacuum. (The case A = 0 is trivial since in unitary theories the
only conformal field with & = 0 is the identity.) We will however see below
that unitarity restricts the conformal weights to A > 0. This is however
avoided by the ghost system. The c-ghost has A = —1 and the three zero

modes c_1, ¢ and c,; do not annihilate the vacuum.
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Let us now construct the asymptotic in- and out-states of the conformal
field theory. Since the time 7 — —oo on the cylinder corresponds to the

origin on the z-plane, it is natural to define in-states as

|4;in) = lLim 6;(2){0) = ¢;(0)[0) = ¢_4,[0) (4.45)
where 4
1
Gh; = 7{00 *27:; ~9(2). (4.46)

To define the out-states (¢; out| We have to construct the analogous objects
for z — co. We want, of course, that (¢; out| = [quin)Jf. Using eqs.(4.31)
and (4.32) leads to the following definition for (¢; out:

(650utl = Jlim (011 (2)22%5 = (0](¢1)s, - (4.47)

Z—0Q

Since ¢(z) is primary, one derives from eq.(4.34) (we have dropped the
subscript ‘in’)
7 (4.48)
Ln|¢;) =0, n>0.
Also,

Lo(L_nl8;)) = (n+hj)(L-nlg;))  forn>0, (4.49)

ie. the L, (n > 0) raise the eigenvalue of Ly. States satisfying eq.(4.48)
should be called ‘lowest weight states’; however, in analogy to the terminol-
ogy used in the representation theory of Lie algebras they are called highest
weight states of the Virasoro algebra. We have thus established a corre-
spondence between conformal fields and highest weight states. The vacuum
|0) is itself a highest weight state; in a unitary theory (h; > 0, cf. below)
it has the lowest eigenvalue of the ‘Hamiltonian’ Lo. Highest weight states

with different Ly eigenvalue are orthogonal.

The complete Hilbert space is obtained by acting with the raising oper-
ators L_p (n > 0) on highest weight states. The new states obtained in this

way are called descendant states. Each highest weight state |¢;) determines
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a representation of the Virasoro algebra labelled by h;. This representation
is called a Verma module, consisting of all fields of the form

kpookm
|51y =L g, - Ly, |¢5), k>0 (4.50)

with Lo eigenvalue h; 4+ 3; k;. States in different Verma modules are easily
seen to be orthogonal to each other. Descendant states are created from the
vacuum by descendant fields which are not primary but rather secondary
operators. They are contained in the operator product of the primary field

with the energy-momentum tensor:

2 w) =2k g{F) () (4.51)
Aw) = § 2w i) = Loggiw). (452)
Especially

¢£.°)(z) = Lopi(2) = hidi(2)
¢( V)= L_1i(z) = 0¢;(z).

The other descendants for £ > 2 appear in the regular terms of the operator
product eq.(4.51). The fields ¢§—k) do not exhaust the descendants of the
primary ¢;(z). The operator product T(z)gbg_kl)(w) contains the fields
¢§—k1’~k2)(w) and so on. For the descendant field that creates the state
eq.(4.50) we get

(4.53)

k A ~
o8 (@) = Logy . L, 8i(2).
These fields constitute the conformal family [¢;]. We have already en-
countered one example of a secondary field, namely the energy-momentum
tensor. It is in the conformal family of the identity operator [I| which is
present in any conformal field theory. Indeed

dw T(w)

C, 27 w— z

IC(2) = L_yI(z) = I(z) = T(z). (4.54)
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Note that the states eq.(4.50) are not all independent due to the relation
between the Ly’s given by the Virasoro algebra. A basis is given by those
states for which k1 > ... > kp, > 03. A state is defined to be in the n’th
level of the Virasoro algebra if its Lo eigenvalue is A; +n. Thus the n’th
level is spanned by the vectors of eq.(4.50) with ¥ k; = n. There are P(n)
such states, where P(n) is the number of ways of writing n as a sum of
positive integers. One easily convinces oneself that the generating function

for P(n) is given by
2 4 3
ZP =(1+g+¢°+.. )1+ +¢*+.. )1+ +..) -

ol 1
- nI::Il (1-4¢")
(4.55)
where we have defined P(0) = 1.
The partition function, also called character of a conformal family, con-
tains the information of the number of states at each “energy” level; it is

defined as

w .
ChJ(T) = Tr qLo—-ﬁ - Z P(n)th+n——2-;’ q= 627”7'
n=0 (4.56)

where the trace is over all members of the conformal family {¢;]. In Chapter
6 the identification of 7 with the complex modulus of the world-sheet torus,
relevant for one-loop string calculations, will be explained. In a statistical

mechanics context it is related to the inverse temperature.

Let us now take up our discussion of operator product expansions,
eq.(4.23). In general, the product of two operators will contain primary

and descendant fields. In particular, if ¢; and ¢; are primary, we get

3This is not quite true if there are null states, a complication which we will not discuss.
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bz Z%Cff% W)t Salbnhihi M) (4s7)
!

It can be shown that Cz{]l,i = Ukﬂ{} where the ﬂz{ﬁ are uniquely de-

termined by conformal invariance in terms of the dimensions k;, h; and hy.
Then the spectrum of primary fields, their operator product coefficients and
the central charge of the Virasoro algebra completely specify a conformal
field theory. These parameters cannot be determined from conformal sym-
metry. One needs extra dynamical principles such as associativity of the
operator algebra. Not any set of parameters {c, h;, C,-]- &} defines a conformal

field theory. Their classification is still an open problem.

The information which conformal families are contained in the operator

product of two primary fields is encoded in the fusion rules

¢ x ¢j =3 Nijfér,  Ny;* e No. (4.58)
k

N,-jk > 1 means that there is more than one way the primary field ¢ is
contained in the product of ¢; and ¢;. This is similar to the situation in
the theory of finite dimensional groups where a representation can appear

more than once in the product of two representations.

Let us briefly investigate the constraints of unitarity for representations
of the Virasoro algebra. Unitarity means that the inner product in the

Hilbert space is positive definite. The inner product of any two states can
be computed from eqgs.(4.33) and (4.48)

(¢ LnL-n|p;) = [2nh; +12( ~n)[{¢;1¢;). (4.59)

Taking n sufficiently large implies that ¢ > 0, while for n = 1 we find that
hj > 0; ie. the vacuum is the state of lowest energy. A more detailed
analysis shows that unitarity places no further constraints if ¢ > 1. Then

one has in general an infinite number of primary fields and ¢ and h can take
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continuous values. On the other hand, if ¢ < 1, both the value for A and ¢

are quantized. c is given by [5]
c=1—;n—(—£—:1—5 m=234,... (4.60)
and h is limited to the values:
[(m + 1)p — mg? ~ 1
4m(m +1) (4.61)
p=12,....m~-1, ¢g=1,2,...p.

hpq =

The conformal theories with ¢ and A given by eqs.(4.60) and (4.61) are called
minimal models. ¢ and h are rational and there is only a finite number
of primary fields. Conformal field theories with these properties are also
called rational. For the first few values of m the minimal models have been
identified with statistical systems. The first non-trivial one is obtained for
m = 3 and describes the continuum limit of the two-dimensional Ising model

at the critical point.

Let us now make some general remarks about correlation functions. Re-
call that they are vacuum expectation values of R-ordered products. Their
general structure is severely restricted in a conformal field theory as we will
demonstrate. Since the vacuum is invariant under SL(2, C) (however not

under the full conformal group) correlation functions have to satisfy

(#1(z1) - - $n(zn)) = ($1(21) - - - #n(2n)) (4.62)
where ¢/(z) is the SL(2, C) transformed of ¢(z). For primary fields we know

how they transform under conformal transformations (cf. eq.(4.6)). The
following discussion is however valid for a less restricted class of fields, the
so-called quasi-primary fields, which transform as tensors under SL(2, C)
but not necessarily under the full conformal group. Many secondary fields,

as e.g. the energy-momentum tensor, are of this type. The generators of
SL(2,C) act as
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L_y: translations 2 =z40b ¢2(z) = ¢i(z +b)

dilatations and

Ly : _ Z=az ¢£(Z) = ahiqbi(az)
rotations
special conformal 2 / 1 \2h 2
L+1 . z = o3T ¢i(7~) = (Eﬁ.‘f) 1Qbi(cz.}.i)

transformations

(4.63)

Invariance under translations tells us that a general n-point correlation can
only depend on 2;; = z; — z;. This means in particular that the one-point
function must be a constant. Then, from dilatation invariance it follows
that they vanish; i.e.

(#i(2) =0 (4.64)
for all quasi-primary fields. For two-point functions invariance under
dilatations and rotations means that they can only be (¢;(z)¢;(w)) =
Cij(z - w)_(h*+h1) where C;; is a constant which can not be determined
from SL(2,C) invariance. Invariance under special conformal transforma-
tions restricts this further to h; = h; so that finally

C

E vt for h; = h;,
($i(z)¢5(w)) = { =)™ ’ (4.65)
0 for h; # h;.

We can normalize the primary fields of a given theory such the only non-

vanishing two-point functions are

(6i(2)9j(w)) = —24 (4.66)

Three-point functions are constrained by dilatations and rotations to be of
the form f(z12213223) where f is a homogeneous functions of degree hy+hy+
hjs. This function is completely determined, up to a constant, by invariance
under special conformal transformations. We easily find
Cijk

(¢i(zl)¢j(7'2)¢k(23)) = Thithj—hg Rithi—h; Rj+hg—h;"
212 213 223

(4.67)

74



The C;y are just the operator product coefficients (cf. eq.(4.24)). Using
this equation we can also evaluate the expectation value of a field ¢;(2)
between an asymptotic in-state |¢g;,) and an asymptotic out-state {@; gut|-
‘This simply amounts to taking the limit z; — oo and 23 — 0 in eq.(4.67):
(Bl @) uin) = gy (4.68)
For correlation functions of four and more quasi-primary fields the situation
hecomes more complicated. They are no longer determined up to a constant.
The reason is that out of four points z; we can form so-called anharmonic
quotients or cross ratios
(2 — zj)(zk — 21)
(zi = 21)(2k — 25)

X = (4.69)

which are invariant under SL(2, C) transformations of the z;. It is easy to
see that for the four-point function there is only one independent cross ratio.
For n-point functions there are n — 3. Then, repeating above reasoning, we
find the following general structure for an arbitrary correlation function of
n quasi-primary fields:
(d1(21) - bn(zn)) = I] 2" F(XE) (4.70)
1<7

where the v;; = ¥;; are any solution of the set of %n(n — 1) equations

Z Yij = 2h; (4.71)
J#
and f is an undetermined function of the (n — 3) independent cross
ratios; it cannot be determined from SL(2,C) invariance. (Note that
[lic; zi;(%j-:nj) for v;; and ¥;; two different solutions of eq.(4.71) is al-

ways a function of the szjl.) One solution for n =4 is

ho+hy _hyi+hs

213 224 212234
pA ot Z V4 = .
(¢1( 1)¢2( 2)¢3( 3)¢4( 4)> zﬁ1+hzzg2+h3z;?+h4zﬁl+h4 (213224)

(4.72)
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n

Fig.4.3. Crossing symmetry of the four point amplitude

The four-point amplitudes can be used to obtain some constraints on the
operator product coefficients C;;;. One evaluates the four-point function in
two ways as shown schematically in figure 4.3. Associativity of the operator
algebra implies that the two ways give the same result. This is known as
crossing symmetry or duality of the four-point amplitude. In this way we
obtain an infinite number of equations that the C;;;’s have to satisfy. The
procedure of solving these relations is known as conformal bootstrap; in

general this is very difficult to do in practice.

We complete the discussion about general properties of amplitudes in
conformal field theory by writing down the conformal Ward identities satis-
fied by correlation functions of primary fields ¢;(z). Ward identities among
correlation functions generally reflect the symmetries of a theory. We want
to investigate the constraints of the local conformal algebra on the corre-
lation functions of the primary fields. Therefore consider the action of the
generator of infinitesimal conformal transformations, }{C’o 2‘%5 (2)T(2), on
the correlation function of n primary fields ¢;(w;) (¢ = 1,...,n) where the
z-contour surrounds all points w;. Analyticity allows to deform the contour

to a sum over contours encircling each of the points w;:
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(f, 3t @@ (w1). balwn)

2m
= S o) (f, ZEEATE ) Inlwn)) (g3
j=1 i
= .Zl(¢1(w1) o Bedi(ws) .. dn(wa)).
J:

This must hold for arbitrary ¢ leading to
(T(2)$1(w1) ... dn(wn))

g 00, (Blwn) - ().

(z—w;)? " z—w;j

(4.74)

This is the unintegrated form of the conformal Ward identity.

4.2 Application to string theory

Now let us return to the closed bosonic string theory and study the simplest
example of a conformal field theory, the massless free scalar field X(z, z).

In Euclidean space, the action for such a field is
S = 21; [ 20X (2,2)8% (2,2 (4.75)

which, up to the index u, is the Euclidean action of the bosonic string in

units where o = 2. It leads to the equation of motion
90X (z,2) =0 (4.76)
with general solution
X(z,2) = X(2)+ X(2). (4.77)

The fields X (z) and X(Z) correspond to the right- and left-moving coordi-
nates of the closed bosonic string respectively. The propagator for the free

boson X(z, z) following from the action eq.(4.75) is
(X(z,2) X (w,®)) = —2log |z — w| , 2] > |w]. (4.78)
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It satisfies the equation

99(X (z,2) X (w,w)) = —2m6® (2 — w) (4.79)

which follows from?*
8dlog |z|? = 276W (z) . (4.80)

Making the split into left- and right-movers, eq.(4.77), we get

(X(2)X (w)) = —log(z —w),

o (4.81)
(X(2)X(®)) = —log(z - B).

Here we have treated X and X as completely independent fields (cf. the
discussion in Chapter 3). From its two-point function we see that the field
X does not have a definite scaling dimension. However, we will only need its
derivatives and exponentials, both of which have definite scaling dimension
and are good fields of the conformal field theory. This will be demonstrated

below.

The energy-momentum tensor following from the action eq.(4.75) is
1
T(z)= —5 10X (2)0X(2): (4.82)

and likewise for T(Z). This can be found with reference to eq.(2.41). How-
ever, the easiest way to derive the energy-momentum tensor which does not
require a metric, is to compute the change of the action under infinitesimal

coordinate transformations 6z = £ and 6z = £:
L (2. (58T + 5
55—-—27r/dz(8§T+8£T). (4.83)

Eq.(4.82) then follows with 6X = £8X +£5X. In eq.(4.82) normal ordering
1s defined by

4One way to see this is as follows: 89 log|z| = %3% = %-3";? = %—lime._.o Bm—e,— =
%lime_*o (I—z—lf—::-e,—)z = 783 (z). An alternative way is to integrate with a test
function.
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16i(2)$5(2) = lim. (Bi(w)$;(2) — poles) (4.84)
where the pole terms to be subtracted are those arising in the operator
product expansion of ¢;(w);(z).

It is now straightforward to compute the operator product of the energy-
momentum tensor with itself. Since we are dealing with free fields we can
use Wick’s theorem. Remembering that no contractions are to be made
within are normal ordered expression, we find with the help of the basic
contraction eq.(4.81)

: 2T(w)  OT(w)
(z-w)t  (z-w)?  (z2-w)

This shows that we have a conformal field theory with ¢ = 1.

T(z)T(w) = + ... (4.85)

Finally, we have to specify the conformal fields of this model. As al-
ready mentioned, X (z) is not a conformal field due to the logarithmic z-

dependence of its propagator. Computing the operator product of T'(z)
with 80X (2),

0X(w) 08X (w))
C-w? (z-w)

shows that X (z) is a conformal field with dimension h = 1. We can expand

T(2)0X (w) = +o, (4.86)

it 1n modes as

i0X(z) = Z oz ™l e =p. (4.87)

ne€Z
(Cf. Chapter 3.) Higher derivatives 8(") X (z) are not primary but descen-
dant fields with A = n. For example, 82X (z) = L_;0X(z). The only other
conformal fields in the free scalar model are normal ordered exponentials of
X(z):
%a2 1

(z — w)? + (z —w)
This is again shown using a Wick expansion. We find that the operator

; . 2, . .
: ¢9@X(2) . has conformal dimension h = % with o being a continuous

T(z) reteX(w); = [ 3w] reeX(w), 4 (4.88)

variable.
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The complete operator product algebra among the conformal fields has

the following form:

90X (z)0X(w) =~ 5 + finite (4.89a)

_ 1
(z —w)
10X (2) L gBX(0), — (5 _ )0 . HaX(2)+6X(w)).

= (z — w)*B :eHatAX(w), (4.89b)
+ia(z —w)PHL 9X (w) eHetAX(w), 4

Xo)

80X (z) :e X (). = - e *X(®) | finite (4.89¢)
From eq.(4.89a) we find

{am,on} = mémin. (4.90)

a]‘_n = an follows from Hermiticity of :0X. We can now calculate its two-

point function:

(0X (z)0X = > {0]onam|0)z " tw ™™}
m,n
Z ~n—1 +n 1 (4'91)
n>0
1
=~m’ for |Z|>lwl.

where we have used eq.(4.44). This result also follows from eq.(4.78) upon
taking derivatives. Above derivation however demonstrates that the opera-

tors have to be radially ordered for the sum to converge.

In the bosonic string theory one deals with d (d = 26) identical free
bosonic fields X#(z,%) (4 =0, ...d—1) and their contribution to the central
charge is ¢ = ¢ = d. Physical string states must satisfy the following

conditions:

80



Ly|¢) = Ln|¢) =0, n>0
(Lo = 1)I¢) = (Lo — 1)|¢) = 0, (4.92)
(Lo — Lo)|¢) = 0.
This means that physical string states correspond to primary fields of the
conformal field theory:

#) = 6(0)10) = lim_ ¢(z,2)[0). (493)

¢(z, %) are conformal fields and create asymptotic states. They are called
vertex operators. String scattering amplitudes are then simply correlation
functions of vertex operators (cf. Chapters 6 and 15). Eq.(4.92) also implies

that the conformal dimension of vertex operators is (k, k) = (1, 1).

Let us briefly discuss the spectrum of the closed bosonic string in the
context of conformal field theory. The lowest state is the tachyon; it is a
space-time scalar with momentum k.

k) = lim :eteX(2:2). |0). (4.94)

2,7
The physical state condition eq.(4.92) requires that : o X?(2%) . has con-
formal dimension h = h = 1. With X#(z,2) = X#(z)+ X#(2) this leads to
k2 = 2 which is the mass shell condition for a tachyon: m2 = —k2% = —2.
Let us verify that the state |k) carries momentum k;. We restrict our at-
tention to one, say the right-moving sector. Then |k) =:e**X*(9): |0) and
the momentum operator is o =i § %{BX #(z). Then

ag|k) =1 f ;%BX“(;:) :etkeX?(2) 1 10) = kM|E) (4.95)

where we have used the operator product eq.(4.89c).
The states at the next level have the form:

|k,€) = €u ~Lir_l})o X M(2)0X Y (2)etkeXP(2:7) |0)
(4.96)

= al_flél_{llk>€“u .
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€uv is a polarization temsor. These states are just those discussed in
eq.(3.36). Since XH(z)0X¥(Z) has h = h = 1, we find k2 = —m2 = 0
for these states; they must be massless. We still have to check whether this
vertex operator is a conformal field. We therefore take its operator product
with the energy-momentum tensor 7'(z); we can do this for the holomorphic

and anti-holomorphic parts separately:

- : - oK - : ~
€T (2) :0XH(w)dXY (w)ekeX P (0); = (TA—G’"%?: DX (w)etkoX P (D),
1.2 - . _
2k + 1 8w G'U,V :8X'u’(w)8XU(’u‘])ezkpo(w7w) . + .

(c=w)? " (z-w)
(4.97)

Thus, we recognize that in order to get rid of the unwanted cubic singularity

one has to demand that
k“ew =0 (4.98)

which, together with k2 =0,is nothing else than the on-shell condition for a
massless tensor particle which we identify with the graviton, antisymmetric
tensor and dilaton, depending on whether €, is symmetric traceless, anti-

symmetric or pure trace.

We close this chapter with an observation concerning string scattering
amplitudes. Scattering amplitudes of asymptotic string states are corre-
lation functions of the corresponding vertex operators®. We have already
said that the vertex operators are primary fields of the Virasoro algebra of
weight (h,h) = (1,1). It involves, however, also an integration over the
positions of the vertex operators. (This will be discussed in more detail in
the last chapter where we explicitly compute string scattering amplitudes.)

We then get expressions of the form

5The discussion here is limited to string tree level amplitudes since there the world-

sheet is the (Riemann) sphere which is conformally equivalent to C U .
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/ ﬁdzzi (V(Zh 22) o 'V(Zna Zn))- (499)

Since the Vs have weight (k, h) = (1,1) and the integration measure trans-
2,

forms under SL(2,C) as d?z; — Té%'f‘{l? we find, using eq.(4.6), that string

amplitudes are SL(2, C) invariant.

Let us now demonstrate that secondary states decouple from string

scattering amplitudes. Consider the correlation function

A= (5P (@)1(21) - bnlzn) (4.100)
where the ¢;, 1 =1,---,n are primary and
A = L= f dw_T() () (4.101)
NN TER T e o (w — z)k-1 o .

is secondary. We now insert eq (4.101) into eq.(4.100) and deform the con-
tour to enclose the points z;, ...,z instead of z. (This is easy to visualize
for the sphere which is conformally equivalent to CUoo.) Then, expanding
the operator products T(w)¢;(z;), we get

1)h; 9,
A= Z{ (2 — Z)) " (2 — z)k“1}<¢N(z)¢1(zl) “ ¢n(zn)). (4.102)

If the ¢; are vertex operators, we have h; = 1, Vi and this can be written

as

A= Z@z{——,-——;,;—lwzv( (1) bnlen) (4.103)

which vanishes upon integration over the positions of the of the vertex op-
erators. This argument can be generalized to the case of several descendant

fields.
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Chapter 5

Reparametrization Ghosts and BRST Quantization

As a second application of conformal field theory we want to examine
the reparametrization ghosts which we introduced within the path integral
quantization of the bosonic string in Chapter 3. In the second part of
this chapter we study the related issue of BRST [1,2] quantization, using
the formalism of ref. [3]. The BRST treatment of string theory was first
discussed in [4]. References [5,6] provide an overview over the material

presented in this chapter and contain an exhaustive list of literature.

5.1 The ghost system as a conformal field theory

In conformal coordinates the ghost action is
1 2
S= o / d%2(bz,0z¢% + bzz0,c%) (5.1)
and the solutions of the equations of motion are
“=c(z) , bz=0b(2)
_ = (5.2)
=&z , bzz=>5(2).

The ghost fields are effectively free fermions with integer spin. b(z) is an
analytic conformal field of dimension (spin) (h,k) = (2,0), c(2) is a field
of dimension (h,h) = (~1,0); 5(z) and &z) are antianalytic conformal
tensors with (h, k) = (0,2) and (0, —1) respectively. In the following we will
restrict the discussion to the analytic fields b(z) and ¢(z). Their propagator,
following from the action eq.(5.1) is
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(b(z)c(w)) = (c(2)b(w)) = : (5.3)
z—w
It satisfies
Oz (b(z)c(w)) = 2763 (z — w) (5.4)
where we have used
1
O —— = 2163 (2 — w). (5.5)
From the propagator we deduce the following operator products
1
o(2)b(w) = b(z)c(w) = —— + (5.6)
Next we expand the ghost fields into modes:
c(z) =) cnz L
" (5.7)

b(z) = Z bpz "2

-

with hermiticity conditions bl = b_pn and ¢, = c—n. On the SLg invariant

ghost vacuum |0); . the oscillators act as

bnl0)p e =0 for n> -1,

(5.8)
cn|0)pc =0 for n>2.

From the operator products eq.(5.6) we derive the following anticommuta-

tion relations:
{bm,cn} = 5n+m,

{cn,em} = {bn,bm} = 0.

Note that since we are dealing with anticommuting fields, the contour trick

(5.9)

of Chapter 4 leads to anticommutators. The energy momentum tensor of

the b, ¢ system is (use eq.(4.83))
T5¢(z) = —2b(2)8c(z) — Bb(z)c(2). (5.10)

This is equivalent to the following expression for the Virasoro generators
(cf. eq.(3.58)):
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(e ]

L%,C = Z (TL - m) . bn+mc_m . (5.11)

m=—00

Normal ordering means again that we put negative frequency modes to the

right of positive frequency modes, taking due care of minus signs arising

due to the Grassmann property of the ghosts. It is now straightforward to
work out the operator product of the stress tensors with itself:

—-26/2  2T%(w)  OT¢(w)

at 7t
(z — w) (z —w) (z —w)

This shows that the central charge of the b, ¢ system is ch¢ = —26. Since

Tb’c(z) Tb’c(w) —

+ finite terms. (5.12)

¢ < 0 the conformal field theory of the ghost system is non-unitary as
expected. This already follows from the negative conformal weight of ¢(z).
Adding the contribution to the central charge from d bosonic fields X#(z2)
and of the ghost fields,

ot =X 4P =d-26 (5.13)

we find again that the conformal anomaly vanishes if d = 26. The operator
product of 7%¢ with the ghost fields can be easily worked out and shows
that b and ¢ are primary fields.

Another important operator of the b, c system is the U(1) ghost number

current j(z),
i(z) = = :b(2)c(z) = ; 2L, (5.14)

where
Jn = Z ‘Cn—mbm: (5.15)

m

7(2) is a conformal field of dimension A = 1. Classically the ghost number
current is conserved. In the quantum theory there is however an anomaly.
This will be discussed in Chapter 13. The ghost charge is given by the
contour integral of j(z):

dz :
Ng = fC’O 2—7;3(2) = jo = ; (Combm: (5.16)
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Thus, the ghost charge Ny of a particular conformal field ¢(z) is given by

the singular part of its operator product with j.

7(2) o(w) = (z].\fgw) + finite terms. (5.17)

It follows that c(z) and b(z) have Ng = +1 and —1 respectively.

5.2 BRST quantization

Let us now turn to the question of how to identify physical states. We
have seen in Chapter 3 that in light-cone quantization the longitudinal and
timelike components of X# are not independent degrees of freedom and
can be eliminated. All states can be built as excitations of the transverse
oscillators only. In covariant Polyakov quantization we keep all components
of X* and, in addition, have the ghost fields b and c. The excitation of the
longitudinal and timelike components of X# and the ghosts will now become
part of the spectrum of string theory and we need some way to distinguish
physical from unphysical states. The tool to do this is the BRST charge. So
let us briefly review some general aspects of BRST quantization and then

apply it to the bosonic string.

BRST quantization was introduced to quantize systems with a local
gauge symmetry G. After gauge fixing, BRST symmetry is a remnant of the
local gauge symmetry. Let us first review the general strategy. Consider a
system with gauge invariances generated by charges K; which form a closed

finite dimensional Lie algebral
(K, K;] = fi*Ky , 4,5,k=1,...,dimG (5.18)

with fijk being the structure constants of G. One now defines a hermitian

nilpotent operator which commutes with the Hamiltonian and which acts

lpor instance, in a Yang-Mills theory the K; are the non-abelian generalizations of

Gauss law.
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on all fields like a fermionic gauge transformation. The gauge parameter is
replaced by an anticommuting variable ¢*, called a ghost. This operator is
the BRST charge Q. An explicit expression for the BRST charge is given
by
= MK 1. & Jb

Q=c"(K; — 2fz] k)
1
2

where we have introduces so-called anti-ghosts b; which obey the following

(5.19)

= (K, + KB

commutation relations with the ct:
{c¢',bj} =&t (5.20)

In the following, both b; and ¢* will be collectively referred to as ghosts. The
first part of Q) clearly acts in the required way on the fields. The second part
is needed to make @ nilpotent. It acts like a gauge transformation on the
ghost fields. Nilpotency of @ is easy to verify. Using the symmetry algebra
eq.(5.18), the anticommutation relations eq.(5.20) and antisymmetry of the

structure constants, we find without difficulty
1 .
Q2 = Zf[ijkfl]km (CJCzCIbm) = 0. (521)

The Jacobi identity was used in the last step. The BRST transformation
acts on the ghosts as
5t ={Q,c'}y = —%szi ckel
(5.22)
8b; = {Q,b;} = Ki — fi;F by, = K; + KB = k.
One now shows that
[K:, K] = fi* By (5.23)
i.e. the K; also satisfy the symmetry algebra but, in contrast to the K,
also incorporate the ghost degrees of freedom. The ghost contribution to

the action can be written to be the BRST transformed of a term of the
form b*F; where F; is called the gauge fixing function; i.e. £8host ~ 5(biFi).
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This guarantees the BRST invariance of the total action. BRST invariance
is thus a symmetry of the gauge fixed action. Finally, one also introduces a

ghost number operator
dimG i
Ng = - Z b; c*. (5.24)
1=1

¢ and b; have ghost number +1 and —1 respectively.

Let us now consider the Hilbert space of the theory. Eigenstates of the
Hamiltonian are said to be BRST invariant if they are annihilated by Q:

Ql¢) =0. (5.25)

States which satisfy eq.(5.25) are gauge independent, a necessary require-
ment for physical states. There are two types of BRST invariant states.

First, any state of the form
|9) = Q|X) (5.26)

is trivially BRST invariant due to the nilpotency of Q. The states |¢) and
|A) form a BRST doublet. They differ in ghost charge by one unit. |¢)
has zero norm, due to the hermiticity and nilpotency of the BRST charge:
(A|QQ|A) = 0. These states decouple in S-matrix elements. (Recall that Q
commutes with the Hamiltonian.) Therefore we have to look for states of

the form
Qle) =0, [¢)# Q). (5.27)

They are BRST singlets. These states will henceforth be referred to as
physical states. Two states |¢) and |¢') are said to be equivalent if

|#) = 16"} = QIA). (5.28)

The equivalence classes are called BRST cohomology classes. Clearly, all
states within one given cohomology class have the same ghost number. S-

matrix elements are independent of which representative of a cohomology

class one uses: (¢1]S|¢2) = (9]|S|¢5), for ¢ and ¢’ related as in eq.(5.28).
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If |¢) = ¢|0) is a physical BRST singlet, then [Q,#] = 0. For states
without ghost excitation this implies [K;,#] = 0. Those are the states
identified with physical particles.

Let us now apply the BRST formalism to the bosonic string. In distinc-
tion to the case of gauge theories with finite dimensional symmetry groups,
we are now dealing with the infinite dimensional Virasoro algebra. Ex-
pression such as the BRST charge and the ghost number must be normal
ordered and a normal ordering constant will appear. Finally, nilpotency
of the BRST charge, which contains the symmetry generators, might be
anomalous. Let us start with the BRST charge. The generalization of
eq.(5.19) to the case of the Virasoro algebra is

Q= ), (C._mLm 3 > (m=n)icemConbmin ;) — acy
mT L (5.29)
= Z C—m [L;‘rf,, + §L£’,’f - a5m} :
m

In the first line we have used the explicit form for the structure con-
stants of the Virasoro algebra: fmn? = (m — n)ép min. Lgi’c) was given in
eq.(5.11). We already know from Chapter 3 that LIt = LX + L5 - abm
satisfy the Virasoro algebra and that the central charge vanishes if a = 1
and d = 26. Ligt corresponds to f{i in eq.(5.22).

Q@ can be equivalently written as a contour integral:

1
Q= ¢ o= c(ATX(2) +5T5(2)]
5.30
- j[ dz (z) (30
= Jo, 2m JBRST\Z).
The operator jgrsr(z) is the BRST current. Eq.(5.30) defines it only up
to a total derivative which must however be of dimension one and ghost

number one. The most general form is then

1
jerst = T + §CT(b’°) + xdc. (5.31)
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Requiring the BRST current to be a conformal field of weight one gives
i

Let us now check the nilpotency of the BRST charge @ which is crucial
for the identification of physical states. One finds (L!°t = LX 4 Lb’c)

Q= {Q.Q} = > (LB~ (- m) L n)eomeon (532

2 m,n=—oo

which implies that Q? = 0 if the conformal anomaly vanishes, i.e. for d = 26
and @ = 1. One can also show that Q2 = 0 implies the vanishing of the
conformal anomaly.
It is now easy to work out the BRST transformation properties of the
various fields. We find
[Q, X¥(2)] = c0X¥(2),
Q. T%42)] = £5(d — 26)%(2),
(5.33)
{Q,c(2)} = cdc(2),

{Q,5(2)} = T**(2),
where Tt = TX 4 Tb:c, Expressed in terms of modes they are

[Qa an] = - Z nCmOn—m ,

m

1 2
yLp] = ——=(d — 26)n(n“ — 1)c,,
Q. In] = ~ 75(d — 26)n(n? ~ 1) -

{Q,cn} = — Z(Qn + m)c—mCm+n

{@b}= Ly
It is now straightforward to verify that the total action

S =% 4+ 50
L (5.35)
= = [ @2(0XX + 208 + 280¢)
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is invariant under BRST transformations. Alternatively, we could have
followed the procedure common in gauge theories and chosen a gauge fixing
function. The gauge fixing function leading to the action eq.(5.35) would
have been Fo8 = \/RhoB — 7B

Let us now turn to the problem of identifying physical states. We again
demand that they are BRST singlet states, i.e. Q|¢) = 0 but |¢) # Q|)).
According to our discussion in Chapter 4, a state |¢) is created from the
SLs invariant vacuum by a local vertex operator: |¢) = ¢(0)]0). BRST

invariance then implies that

dw .

@, ¢(2)] = }{C %]BRST(wM(z) = total derivative (5.36)

i.e. the operator product of jsrst and ¢ must not have a pole of order
one, unless the residue is a total derivative, in which case it vanishes upon
integration over the insertion point of the vertex operator. Then correlation
functions will be BRST invariant. Consider states without ghost excitations.
Then

g;%jBRST(w)¢(Z) = f g%c(w)]’¢(w)¢(z)
o3 o)L L I I CE
= hg(0c)¢(z) + cOp(z)

which is a total derivative whenever the conformal weight of ¢ is Ay = 1.
We have thus found that primary fields of dimension one create asymptotic

BRST invariant states.

Let us finally look at the ghost sector of the theory. Both b and ¢ have
zero frequency components which satisfy the anti-commutation relations
b2 = c2 =0 and {co,b} = 1. by and ¢; commute with the Hamiltonian L,
(cf. eq.(4.35)). There are then two degenerate states. One, denoted | 1), is
annihilated by co; the second is then defined by |}) = bo|T):
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clT) =0 bll) =0
by =11) coll) =11).

These states clearly have zero norm. They differ in ghost number by one

(5.38)

unit. Since the normal ordering of the zero frequency term in eq.(5.16) is
arbitrary, we can choose it to be symmetric; i.e.
1

Ng = —z—(cobo — bpco) + Z (C—nbn — b_ncn). (5'39)
m>0

With this convention the states | 1) and |]) have ghost charge +% and —%
respectively.

On the other hand we notice that the SLy invariant ghost vacuum |0), .
obeys eq.(5.8). This however means that while being a highest weight state
of the Virasoro algebra, it is not a highest weight state of the b, ¢ algebra

since it is not annihilated by all the negative frequency modes:

c1]0)p,c = ¢(0)[0)3,c # 0. (5.40)

Since [Lo, ¢1] = —ci1, |0)p ¢ is not the ground state of the ghost system. The

state

c0c1|0)p, = —cBe(0)[0)3,¢ # 0 (5.41)

has also Lo eigenvalue —1; i.e. the two states ¢;]0), . and coc1]0)p o are
degenerate. It is easy to see that if we identify ¢,]0); . = |1} and coc;[0)pc =
[T}, we can verify the relations eq.(5.38) and their ghost number assignments.
In addition, we find that (T |7) = (| |]) =0and (1|1) = {]|T) =
b,c{0lc_1c0¢1]0)p o # 0. We choose the normalization such that

b,c(OlC_IC()Cll(.))b’c =1. (542)

This shows that the SL9 invariant vacuum carries three units of ghost num-
ber. They correspond to the three global diffeomorphisms of the sphere
(compactified plane), generated by Lo, L. Since correlation functions are

invariant under SL9 (cf. Chapter 4), the gauge fixing is not complete which
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is reflected by the presence of ghost zero modes. For details we refer to the
following chapter where we learn how to deal with the ghost zero modes in

the computation of scattering amplitudes.

Physical states are characterized by BRST cohomology classes of some
definite ghost number. We can build states on either of the two ghost ground

states | T) and |]). Let us consider states of the form

[4) = [9)x ® [ L)pc (5.43)

BRST invariance of this state then requires
Q) = (co(LF = 1)+ Y conL¥)|y) =0 (5.44)

n>0

which is equivalent to the physical state conditions
(L¥ - 1)|¢)x =0 and Lyx|#)x =0, forn>0. (5.45)

Had we instead taken the state | T), we could not have obtained the condition
(L¥ — 1) = 0 since ¢o|T) = 0. BRST invariant states are then of the form

[¥) = ) x ® 1) = |#)x ® (c1]0)p,¢) (5.46)

where |¢) x is a highest weight state of the Virasoro algebra with L, eigen-

value +1. The corresponding vertex operators are
W(z) = $(2)e(2). (5.47)
One easily shows that

[Q:9%(2)] = (hg — 1)(Bc)c(2)¢(2) (5.48)
which vanishes for hy = 1; i.e. if #(2z) with hy = 1 satisfies eq.(5.37), c4(z)

commutes with @) without any derivative terms. The fields c$(z) then have

zero conformal weight.

As an example, consider the tachyon with

[¥)x = |k)

lim :expik,X*(z,2):]0)x. (5.49)

z,z—
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The mass operator is now H = L{° = L¥ + Lg’c. Since the ghost ground
state gives L’;’C| 1) = —]l), we have H = L¥ —1. Therefore we can attribute
the negative (mass)? of the tachyon to the ghost contribution to the string

spectrum.
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Chapter 6

Global Aspects of String Perturbation Theory and
Riemann Surfaces

In this chapter we want to study some issues which are of relevance for
the perturbation theory of closed oriented bosonic! strings. Global aspects
of the string world-sheet were addressed by Friedan (1] and Alvarez (2].
The role of modular invariance for closed string loop calculations was first
discussed by Shapiro [3]. Some reviews which influenced the presentation
in this chapter and further extensions of these topics are refs. [4,5,6]. In
the following we will assume that a Wick rotation of the world-sheet and
the embedding space has been performed, so that both the world-sheet and

the d-dimensional space have Euclidean signature.

Fig. 6.1. Tree level scattering of four closed strings

1The restriction to oriented strings entails that all the surfaces we are considering

below are orientable.
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Consider as an example the tree level scattering amplitude of four closed
strings shown in figure 6.1. The interactions of strings result from their split-
ting and joining. The corresponding world-sheet has tubes extending into
the past and the future corresponding to incoming and outgoing strings. In
the Polyakov formulation? the scattering amplitudes are given by a func-
tional integral over oriented surfaces bounded by the position curves of the
initial and final string configurations, weighted with the exponential of the
free action (Polyakov action) and integrated with the string wave functions.
The key observation is now that conformal invariance allows to consider
compact world-sheets instead of surfaces with boundaries corresponding to
incoming and outgoing strings. The incoming and outgoing strings can be
conformally mapped to points of the two-dimensional surface (see figure

6.2).

Fig. 8.2. Map of asymptotic string states to points on the sphere

Consider, for example, the case of a world-sheet with only one incoming and
one outgoing string, described by a cylinder with metric ds? = dr? + da2,
~00 < T < 00,0 < o < 2. Taking 7 = lnr this becomes ds? = 7""2(dr2 +
r2da2). The incoming string (7 = —oo) has been mapped to the point

2We will only discuss the Polyakov formulation for the calculation of string scattering
amplitudes and not the older operator approach. They do lead to the same results.
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r = 0 and the outgoing string (7 = +00) to r = oo. The string world-
sheet has been mapped to the plane. A suitable choice of a conformal
factor maps the plane to the sphere. We rescale the metric by 41‘2(1 +

2,292 5 . ..
7"2)—2 and get ds? = 4d7£1'_1|"_71'_2‘)12” = (llflicll;)z where z = re*?. This is the

standard round metric of the sphere, stereographically projected onto the
plane. Indeed, with z = cot(—g—)ei‘”S we find d5? = d6? + sin® 0d¢2. The
incoming and outgoing strings are now finite points, namely the south and
north pole of the sphere. For more complicated string diagrams with several
incoming and outgoing strings, the conformal factor can always be chosen
to map all of them to points on the sphere. This remains also true for loop
diagrams (cf. below) where the external strings are mapped to points on
spheres with g handles if g is the number of loops. The quantum numbers
of the external string states are generated by local operators inserted at
these points. These are the vertex operators introduced in Chapter 4. In
summary, performing the conformal mapping, the world-sheet becomes a
two-dimensional surface with the incoming and outgoing particles inserted
by local vertex operators. In this sense vertex operators can be viewed as
conformal projections of asymptotic states. It is however only known how
to construct vertex operators for on-shell states.®> Then string scattering

amplitudes of on-shell particles are correlation functions of vertex operators.

Analogously, the one loop scattering amplitudes are described by world-
sheets with one “hole” (handle) as shown in figure 6.3. A four-point multi-

loop diagram is drawn in figure 6.4.

Two dimensional surfaces are topologically completely characterized by

their number g of handles in terms of which the Euler number is given as
X = 117; [ vVRRd2%0 = 2(1~g). The number of handles is also called the genus

of the surface. In summary, a n-point, g-loop amplitude is described by a

31n previous chapters we have seen how the requirement of conformal or BRST in-

variance puts them on shell.

100



Fig.6.3 One loop scattering of four closed strings

OO

Fig.6.4 Multiloop scattering of four closed strings

two-dimensional surface with ¢ handles and n vertex operator insertions.

Then, using the prescription of Polyakov, a general n-point amplitude
can be computed as the following path integral:

= fj AP
o=t
Z / DADXY [a%21...d%n V(a1 21) .. V(zm, Zn)e M (61)

i /d221 dzzn (V(Zl’zl) (Znazn))
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where we sum over all topologies of the world-sheet and integrate over the
insertion points of the vertex operators. A is called the partition function

and is commonly denoted by Z.

Since the action S is invariant under conformal transformations and
diffeomorphisms of the world-sheet, this integral is highly divergent; one
integrates infinitely many times over gauge equivalent metric configurations.
Therefore, in order to get rid of this overcounting one has to divide the
measure in eq.(6.1) by the volume of the symmetry group which is generated
by diffeomorphisms and conformal rescaling. Here and below we will always

assume that we are in the critical dimension.

We have seen in Chapter 2 that the Polyakov action does not depend
on the Weyl degree of freedom of the metric. This classical result was also
found to hold in the quantum theory in the critical dimension. Locally
we can choose isothermal (or conformal) coordinates, in which the met-
ric takes the simple form ds? = 2e° ((dal)2 + (d02)2> which, in terms of
complex coordinates z = o! + 70?, becomes ds? = 2¢“dzdz. The factor

2 has been introduced for convenience to get h,z = hz, = €.

Confor-
mal transformations z — f(z) and Z — f(Z) only change the conformal
factor e?. However, we also know that if the operator P! defined in Chap-
ter 2 has zero modes, then there exist metrics on the world-sheet which
are not conformally related, i.e. they cannot be obtained from each other
by reparametrizations and Weyl rescaling. They are said to have differ-
ent conformal structures. All metrics which are conformally related will
take the form ds? = 2edzdz in some fixed coordinate system. Confor-
mally unrelated metrics will however take the form ds? = 2¢7|dz + udz|?
in that same coordinate system. pu = puz*(z,Z) is called a Beltrami differ-
ential. If we make an infinitesimal change of coordinates to z — z + 6z
where 6z is not a globally defined vector field, we find, to first order in

. 2
bz, ds? = 2¢° (1 + %%5 + %ié) 1,dz + %dz“ and uz® = %irz Under these
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transformations the metric changes as dhzz = %‘szrzhzz = pz*h,z and we find
pz® = h**8hz; . (6.2)

The conformal structures are distinguished by a finite number of parameters
called moduli, denoted by 7;. They take value in the moduli space M. The
moduli space is the space of all metrics divided by all conformal rescalings

and diffeomorphisms:

{metrics}

Mg = {Weyl rescalings} x {diffeomorphisms} '

(6.3)

We can then write the change of the metric as R#Z8h,, = ¥ 5Tih2287-ihzz =
Y 6737, The number of moduli, i.e. the dimension of moduli space,
depends on the genus of the surface in a well defined way as we will explain
below. The integral over metrics will then reduce to a finite dimensional
integral over the moduli. We will discuss the integration measure in more

detail below.

If we cover the world-sheet by conformal coordinate patches Uy, then
on the overlaps the metrics will be conformally related, i.e. the transition
functions on the overlaps are analytic and the complex coordinates are glob-
ally defined. A system of analytic coordinate patches is called a complex
structure, which, as we have now seen, is the same as a conformal struc-
ture. A two-dimensional (topological) manifold with a complex structure
is called a Riemann surface Xy where the subscript denotes the genus. We
have thus seen that the theory of Riemann surfaces will play an important
role in string perturbation theory.

Since we have globally defined complex coordinates we can define on any
Riemann surface vectors V23, and VZ?9; and 1-forms V,dz and V;dZ and in
general tensors with components y#-2%2..Z - - Since the indices z and Z

range only over one value all tensors are one component objects. Denote by
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T((;’;z) a tensor with n(7) upper 2(Z) and m(n) lower 2(Z) indices. Under
conformal transformations it transforms with weight (h = m—n, h = m—a).
Its conformal spin is k — h = (m — n) — (7 — @). The non-vanishing metric
component h,z and its inverse h*Z allow one to convert upper Z indices into
lower z indices and vice versa. It follows that any tensor can be written
with one type of indices only, say z. Such a tensor is called holomorphic.
A holomorphic tensor with p lower and ¢ upper indices is said to have
rank n = p — ¢q. Its rank is also equal to the conformal weight A and to the
conformal spin (since h = 0). A rank n holomorphic tensor transforms under
analytic coordinate transformations as T'(z,Z) — (%ﬁl)nT(f(z),f(Z))
From now on we will only consider holomorphic tensors. We will call the
space of holomorphic rank n tensors T("). Note that elements of 7() are
in general functions of z and Z. An analytic tensor is a holomorphic tensor
whose components depend only analytically on the coordinates in each local

coordinate chart.

We now define a scalar product and norm on 7™ by

(V| ™) = / A2 VR(RFE )Y o) (6.4)

and

V&2 = (v ) (65)

where V(™ W) ¢ T(®)_ This is the only possible covariant local norm. We
note that it is invariant under Weyl rescalings of the metric only for n = 1.

We can now define covariant derivatives. As connection we take the
usual Levi-Civita connection with the Christoffel symbols as connection
coefficients. In conformal coordinates only two of them are non-vanishing,

namely

I,”=00 , Izz" =00 (6.6)
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and the Riemann tensor for a conformally flat metric is (recall that in two
dimensions the curvature tensor has only one independent component)

1
Ryz:5 = —hy;zRpz = _i(hzZ)2R

= 0Bh,z — h**Oh,;5 Oh,z (6.7)
= ¢e%90c
where R, is the Ricci tensor and R the Ricci curvature scalar
R = —2h**30In h,;
- (6.8)
= —2e¢ 7900.

We now have the following covariant derivatives:

v T o 70 VT (225) = (8 - n(80))T™(2,2),  (6.9)

z
Vig: T 70D VETW(2,2) = h*2 V; T = p*2 6T (2, 2)
(6.10)

which are nothing but the ordinary covariant derivatives with connection
coefficients eq.(6.6). They commute with holomorphic coordinate changes.
(Vg) is the operator P of Chapter 2.) The adjoint of v is defined as
Wy Py ) = (VP WD) We find

(vfz"))t =~V - (6.11)

The Ricci identity is also easy to derive:

1

[anﬂ)v(zn) - VE""I)V&)] = -2‘TLR : (6.12)

The complex geometry we have just introduced can now be used to
get more information about the moduli space M associated with the Rie-
mann surface }°g. Consider an arbitrary infinitesimal change of metric (cf.
Chapter 2):

1 1
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The first term corresponds to a Weyl rescaling, the second term to a
reparametrization, parametrized by a vector field V,, and the last term
to changes of the conformal structure parametrized by the variation of the
moduli parameters 7;. They can, by definition, not be compensated by
Weyl rescalings and diffeomorphisms. The transformations eq.(6.13) are in
the tangent space to the space of metrics at h,g; we will denote it by T(h)-
What we want is an orthogonal decomposition of T(h)- We absorb the trace
parts of reparametrizations and variations of the conformal structure in the
Weyl rescaling by redefining A — A - V7V, — %h'y‘s 2i(Or;hy6)67; and get,

in conformal coordinates

6h,z = Ahzz

§hyy = Vg+1)vz + Z 67_1'#:'” (6.14)

1

where piz = Orh;; = h.spi2. We see that the changes of h,z can always be
written as Weyl rescalings. Eq.(6.14) is not an orthogonal decomposition of
Tin)- Let us define a basis ¢, which spans the orthogonal complement of
v in T(#)- Using eq.(6.4) this means that

(¢izz 1 V£+1)Vz) = _(Vf+2)¢iz‘vz) =0 (6.15)
for arbitrary V. This is the case if and only if
hzivf-m) iz = ai¢izz =0. (6'16)

This means that the ¢izz are global analytic tensors of rank 2; they are
called quadratic differentials. Therefore the dimension of moduli space is
equal to the number of linear independent quadratic differentials on a given
Zg. In other words, the quadratic differentials span the kernel or the space of
zero modes of the operator (VE»,H))T = —V{,,. We then have the following

orthogonal decomposition of T{4):
Tiny = {Ah2z} @ {imageV{} @ {kerV{ 5} @ cc. (6.17)
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In contrast to the u’, the ¢* are not tangent to the gauge slice. We can write
eq.(6.14) in this orthogonal basis. To do this we have to project the x* on the
space spanned by the ¢*. The projection operator is P = Yi; |¢i)Mij(¢j|
where (M’"l)ij = (¢;|#;). (The ¢* are not necessarily an orthonormal basis
of ker V{,5).) Using this we get

STortul, =3 67 (Puss)t 4+ 3067 (1 = Puss)t
) ) 1

. . o (6.18)
=3 67 (Puz.)' + > 67°0,£
i i
for some vector fields &% and finally
1 . . .
bhoe = VIV, 4 3 6776k, My (87 |1) (6.19)

ik
where we have shifted V, +3_; 67"{};, — V, and used (#z,qy) = [d2z #izz zz
which does not depend on the metric but only on the conformal class.

The kernel of Vi is spanned by tensors € 7(1) satisfying
VY, = h,:8V7 =0 (6.20)

which defines conformal Killing vectors V2. They are globally defined vector
fields which span the kernel of vy, They generate the conformal Killing
group (CKG), the group of conformal isometries. The diffeomorphisms
generated by them can be completely absorbed by Weyl rescalings.

The question of how many moduli parameters 7; exist for a compact
Riemann surface of genus ¢ can be answered with the help on an index
theorem, the Riemann-Roch theorem, which we will state without proof. If
we define the index of vﬁ") to be the number of its zero modes minus the

number of zero modes of its adjoint an+1), then the theorem states that
indV(zn) = dim ker Vg;n) — dim ker V(zn+1) =—(2n+1)(g—1). (6.21)
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This tells us that the number of complex moduli parameters minus the
number of conformal Killing vectors is (n = +1) 3g — 3. x = 2(1 — g) is the

Euler number of X,.

It is not hard to find the number of conformal Killing vectors for any
compact Riemann surface. They have to be globally defined analytic vector
fields whose norm is finite:

/Zg d22v/Rh,zVZVE = finite (6.22)
where VZ = ¥, Viz™. On the sphere (g=0) the metric is ds? = (i%_‘iliz‘li—fv
It then follows that there are three independent conformal Killing vectors:
0., 20, and 220,. To show these fields are also well behaved at co we
study their behavior at w — 0 where w = 1/z: — w28y, —wdy, —Ou.
They are the only holomorphic vector fields which are well-behaved at the
origin and at infinity. They correspond to the transformations generated
by Lo and Ly;. The conformal Killing group is thus SL(2, C), as follows
from our discussion in Chapter 4. From the Riemann-Roch theorem we get
for the dimension of moduli space dim M, = 0; i.e. there are no moduli
parameters. All metrics on the sphere are conformally equivalent and there
is a unique Riemann surface at genus zero. In the same way that we have
shown dim kerVgH) = 3, we can show that dim kerV(z2) = 0. In fact we
easily find that dim kerVgn) = 2n+ 1 and dim keern) = 0 (for n > 0)
thus verifying the Riemann-Roch theorem explicitly for the case g = 0. For
g > 0 we use the Ricci identity eq.(6.12). Then for V(® ¢ kerV

0= (Vg")V(")IVg")V("))

= —(VO|VE, ) VIV )
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The torus (g = 1) admits globally a flat metric ds® = dzdz, i.e. R =0 and
we find that 8,V = 9; V(" =0, i.e. V™ = const. and dim keIV(zn) = 1.
For n = 1 this is just the generator of complex translations generating
the conformal Killing group U(1) x U(1) of the torus. This group has one
complex generator and therefore, by the Riemann-Roch theorem, the torus
is described by one complex modulus 7. To get information about higher
genus surfaces we use a result from the theory of Riemann surfaces which
states that any Riemann surface with ¢ > 1 admits a metric with constant
negative curvature. We conclude that dim kerV{ = 0 for g>1,n>0
and dim kerV7,,;) = (2n + 1)(g — 1). For n = 0 dim kerV{’ is spanned
by constant functions. We can then complete the following table, valid for

n > 0. To get the results for n < 0 we use dim kerVe ™ = dim kerV(,.

Table 6.1:
g| dim kerV(zn) dim kerV(zn +1)
0 2n+1 0
1 1
>1|1 for n=0 g

0 for n>0|(2n+1)(g—1)

Let us now investigate the difference between two conformally inequiv-
alent tori more carefully. Heuristically, the fat and the thin torus, depicted
in figure 6.5 are conformally inequivalent; roughly speaking, the modulus
is given by the ratio of the two radii of the torus. More precisely, consider
the complex z-plane and pick two complex numbers A1 and A9 as shown in
figure 6.6. The torus is defined by making the following identifications on

the complex plane:
ZNZ—{'-TL)\l +m)\2, n,me Z, y )\1,)\2 € C. (624)

Since Aq, A, are rescaled and rotated by the conformal transformation 2 =

oz it is clear that only their ratio 7 = 3\% can be a conformal invariant. We
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Fig.6.5. Two conformally inequivalent tori

’ -
-7 /
I, /” 4 ’,
A - / 1,
’ - ’ -
s - ’ - 7
- ’ - /
’ , P
) VI - ’ -
’ - / -
1 D / ’/’ /
- 4 ’4’ /
- /- /
- / -
- /o " /
X /
, N2 4
4 4 i
’ L~
’ -7
L 2 et
’47 / - /
- / / -
s /

Fig.6.6 Definition of the two-dimensional torus by the complex numbers A\; and A;

can therefore set A\, = 1 and also, because of the freedom of interchanging
Ay and );, we may restrict Im 7 > 0. The tori are thus characterized by
points 7 in the upper half plane as illustrated in figure 6.7. where opposite
sides of the parallelograms are identified:

zxz+n+mr nmel. (6.25)
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T T+1

Fig.6.7. Definition of the two-dimensional torus by the complex number

7 is called Teichmiller parameter and describes points in Teichmiller
space which for the case of the torus is the upper-half plane. Teichmuller
space is the space of classes of conformally inequivalent Riemann surfaces
and has the same dimension as the moduli space we are eventually looking
for. It is, however, not quite true that 7 is a conformal invariant that cannot
be changed by rescalings and diffeomorphisms. The reason is that we must
also consider global diffeomorphisms which cannot be smoothly connected
to the identity. They leave the torus invariant but change the Teichmuller
parameter 7. The global diffecomorphisms are the following operations on
the torus. Cut the torus along the cycle a indicated in figure 6.8, twist
one of its ends by 27 and glue them back together. Points that were in a
neighborhood of each other before the twist will be so after the twist. Yet
this twist is not connected to the identity. The same can now also be done
along the cycle b. These operations are called Dehn twists and generate
all global diffeomorphisms of the torus. The action on 7 of a Dehn twist
around the a cycle is shown in figure 6.9. In terms of A;, A; it corresponds
to Ay — A1, A2 — Ay + A2, which means 7 — 7+ 1. A Dehn twist around
the b cycle is shown in figure 6.10. To bring the transformed parallelogram

into standard form we have to rotate and rescale it. Under the combined
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Fig.6.8. The two independent cycles on the torus

Fig.6.9 Action on 7 of the Dehn twist around the a cycle

Fig.6.10 Action on T of the Dehn twist around the b cycle



transformation we have 7 — ;—::—1— This again follows easily from the action
on Ay, Az : A; — A1+ Az, Ay — A;. The two transformations 7 — 7 + 1

and T — 7 generate the group SL(2,Z):

/ ar + b a,b,c,dEZ,

T —> T = ,
cr+d ad—-bc=1.

(6.26)

Indeed, a general transformation is A\; — dA; + cAy, Ay — bA; + a); and
the condition ad — bc = 1 preserves the area of the parallelogram. Since
the two SL(2,Z) matrices % (j 2) generate the same transformation of
7, the group of global diffeomorphisms, called the modular group for the
torus, is SL(2,Z)/Zy = PSL(2,Z). We have thus learned that the param-
eter 7, subject to the equivalence relation eq.(6.26), describes conformally
inequivalent tori. Therefore, the moduli space of the torus is the quotient

of Teichmiller space and the modular group:

My = Teichmuiiller space ' (6.27)

modular group

The Dehn twists correspond to the following SL(2,Z) matrices: D, =

1
((1] 1) and Dy = (1 2) Instead of the two Dehn twists, one often

uses the following transformations as the generators of the modular group:

T: T—=1741
(6.28)
S: T—-*-—l
-

We note that T'ST : 7 — :1q. Any element of SL(2,Z) can then be com-
posed of S and T transformations. Any point in the upper half plane is, via
a SL(2,Z) transformation, related to a point in the so-called fundamental
region F of the modular group. It is given by F = {——% < Rer<0,|7 |2Z
1UO< ReT< %, |7 2> 1}. F is shown in figure 6.11.

It is the moduli space of the torus and points in F describe inequivalent

tori. Any non-trivial modular transformation takes 7 out of the fundamental
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Fig.6.11. Fundamental region F in Teichmiiller space and its images under S and T

region. The transformation S maps the fundamental region onto g shown
in figure 6.11. T maps F onto Fp. Of course, any image of F can serve
equally well to parametrize the moduli space M;. Note that the modular
group does not act freely on modular space: it has fixed points. 7 =i is
a fixed point of S : 7 — —%, S?=1landr=eX 3 of ST : 7 — _;%’
(ST)3 = 1. Because of these fixed points M, is not a smooth manifold but
rather a so-called orbifold with singularities at the fixed points.

It is obvious, since it is irrelevant which fundamental integration region

we choose, that the integrand of one-loop string amplitudes must be invari-
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Fig.8.12. Cycles a;,b; as basis of first homology group H;(Xg,Z)

ant under modular transformations eq.(6.26). This requirement of modular
invariance plays an important role in string theory and has far reaching im-
plications. We will encounter it in the construction of the heterotic string

where it leads to strong restrictions on the possible gauge groups.

Let us now turn to the higher genus case. We will do this mainly
to introduce some commonly used language and to point out some of the
difficulties one encounters when going to higher loops. We have seen that for
g > 2 the corresponding Riemann surface has no longer isometries but 3g—3
complex moduli parameters, their number being identical to the complex
dimension of moduli space. Choose 2g linear independent cycles a;,b; (i =
1,...,9) on Xy which build a basis of the first homology group Hy(Zy, Z) =
Z%9. They are shown in figure 6.12. This basis has the property that the

intersection pairings of cycles satisfy (including orientation)
(ai;a;) = (bi,0;) =0
(ai,b5) = —(bs,a5) = &y

Any such basis is called canonical. Now one can also find a set of g holomor-

(6.29)

phic and g antiholomorphic closed one forms w;,@; which are called Abelian

differentials. A standard way of normalizing the w;’s is to require:
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. .
/a’wj ’ (6.30)

Then the periods over the b cycles are completely determined as

/b- wj = {2;. (6.31)

{2;; is the so-called period matrix of the Riemann surface; it can be shown to
be a symmetric matrix with positive definite imaginary part. The space of
all period matrices is a complex ﬂ-%%_H—dimensional space known as Siegel's
upper-half plane Hy. In fact, the {2;; can be used to parametrize con-
formally inequivalent Riemann surfaces. However it is a highly redundant
description, since the same surface will have in general many different ma-
trices {2 corresponding to different canonical bases (cf. below). Remember
that the dimension of moduli space is 0 for g =0, 1 for g = 1 and 3g — 3
for g > 2. On the other hand, the dimension of Siegel’s upper half plane
is gﬁg—_l) This coincides only for ¢ = 0,1,2,3. E.g. for ¢ = 1 the period
matrix {2;; is just the Teichmuller parameter 7 — Siegel’s upper half plane
and Teichmiiller space are identical. The abelian differentials are just con-
stant one-forms. However, for g > 4 Teichmiiller space Ty is embedded in a
complicated way in Siegel’s upper half plane Hy — not every symmetric g X g
matrix corresponds to a point in Teichmiller space. This embedding prob-
lem and its formal solution can be phrased as the solutions to complicated
differential equations (the so-called KP equations). We will not discuss this

problem any further.

The second source of redundancy has to do, analogous to the one loop
case, with the reduction of Teichmiiller space Ty to the moduli space My,
i.e. to find a fundamental region in Ty. In general, moduli space is obtained
by dividing Teichmiiller space by the group {2(X') of disconnected diffeo-
morphisms of Xy. This group is known as mapping class group (MCG) so

that we have the following relations:
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Mgh

T, = —-9h
97 Weyl x Diff,
M T
M, = 9h — g i
97 Weyl x Dif ~ MCG (6-32)
Diff
MCG = Diff,

Here My, is the space of all metrics on Xy and Diff; the diffeomorphisms

connected to the identity.

A subclass of the mapping class group is the group of modular trans-
formations which act non-trivially on a given homology basis. Suppose two

canonical bases of the same Riemann surface are related by

(#)=(55)C) 03

where A, B, C, D are g x g matrices. To preserve eq.(6.29) the matrix
in eq.(6.33) must be a symplectic modular matrix with integer coefficients,
i.e. an element of Sp(2g,Z). These transformations are the analogue of the
one loop modular transformation; indeed, for ¢ = 1 Sp(2,Z) = SL(2, Z).
We can now compute the transformation of §2;; made by the change of

homology basis such that
=6 (6.34)

It then follows that w;- = wi(C2+ D)I;—jl and the new period matrix is then

2 =4+ B)CN+D)L. (6.35)

The generators of modular transformations are the Dehn twists along
the homologically non-trivial curves of figure 6.13. We have two generators
for each handle and one generator for each curve linking the holes of two
consecutive handles.

As in the torus case, there is a way of representing Dehn twists in terms

of matrices. A Dehn twist around a non-trivial curve acts non-trivially
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Fig.6.13. Homologically non-trivial curves on &y

on the homology basis. For example, a Dehn twist around a; induces the
following transformation on the homology basis: a; — aj,by — b, + a;.
Let D, be the modular transformation defined by a twist around 7. Then |
one can show that the matrices Dal’Dbl’Dal—lag’ .++yDag, Dy, generate in
fact all matrices of Sp(2g,Z). For the same reason as for the one loop case
the integrand of the higher loop string amplitudes must be invariant under
these modular transformations. E.g. for ¢ = 2, the generators of Sp(4,Z)

are given by the following 4x4 matrices:

1000 1010
0100 010 0
Da1= 7Db1= y
1010 0010

1 00 0
0001 000 1

0 1 0 0

Pt =l 110
1000 1000

0100 010 1 1 -101
Da3= 7Dbz— y
0010 0010
010 1 000 1

(6.36)

However, it is important to note that the modular transformations, i.e. the
Dehn twists around the homologically non-trivial cycles do not generate the

whole mapping class group. There are also twists around trivial cycles so
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that they do not affect the homology basis but nevertheless correspond to
non-trivial diffeomorphisms. These form a subgroup of the mapping class
group called the Toreli group. The quotient of the mapping class group
and the Torelli group is precisely the symplectic modular group Sp(2g, Z).
We will however not consider this subtlety since for ¢ = 1 (which we will
be mainly interested in) the Torelli group is trivial so that the mapping
class group is identical to the modular group SL(2,Z). This concludes our

considerations about the modular transformations.

We are now ready to discuss the integration measure. Our starting

point is

/ DhDX
My, Vol(Diff) Vol(Weyl)

(6.37)

where we have divided by the volume of the symmetry group. We can
now replace the integral over the space of all metrics by an integral over
moduli space, the conformal factor and the diffeomorphisms generated by
vector fields VV*. This involves a non-trivial Jacobian determinant which
we have already calculated in Chapter 3 where we have however neglected
the presence of quadratic differentials and conformal Killing vectors. The
Jacobian can be read off from eq.(6.19) and we find

det'foI)det'Vf_l)
(6.38)

i DXD'VDA  det(g|u) det(u|g)
/ / Vol(Diff) Vol( Weyl) det(4|4)

where the prime indicates that we do not integrate over the diffefomorphisms

generated by the conformal Killing vectors as they do not change h,,. We

treat the 7; as complex parameters. If we now define |[MCG| = V'Yaol_g_*)_l(ll))lgfo)

and make an orthogonal decomposition of Diffy with
Vol(Diffy) = Vol(Difff) Vol(CKG) (6.39)
we can write the measure as
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1 1.2 / DXD'VDA
IMCG| /M, * J Vol(Difi¢ ) Vol(CKG) Vol (Weyl)

y det(¢|p) det(u|d)
det(¢|¢)

In the critical dimension, i.e. in the absence of a conformal anomaly, we can
cancel [ DV'D A against Vol(Diff;-) Vol(Weyl). Furthermore, we can replace
IT/ITIJ'G—! fMg d7; by an integral over a fundamental region. We then get the

(6.40)

det'VgH)det'V(z_l) :

following expression for scattering amplitudes:

=N 0 _ DX det(g|u) det(u|¢)
An —EO/d “1--d%n /fg dT’/Vol(CKG) det(4|4)

X det'V(:H)det'V(z_l) V(z1,21,7) - V(zn, Zn,Ti)e_S[X’Ti] .
(6.41)
At tree level there are no quadratic differentials and the corresponding fac-
tor in the measure is absent. At two and higher loop order there are no
conformal Killing vectors. At one loop there is one of each, both being

constants on the torus.

As we did in Chapter 3, we can replace the Jacobian determinant by an

integral over anti-commuting Faddeev-Popov ghosts:
det/ Vi et V7_y) = [ D/ (bbee)e™ S (6.42)
where the ghost action is (cf. Chapters 3 and 5)
1 9 /15 Tas
Slb,l = o= / d%z(bdc + boe) . (6.43)

In eq.(6.42) we have excluded the integration over the ghost zero modes.
The integral would vanish otherwise. We will show in the following that the

remaining factors Vol(éKG) and det(ﬂﬁ%gﬁ;)@i@ can be attributed to the c-

and b-ghost zero modes respectively. This is in fact easy to see. The ghost

zero modes satisfy the equations
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ac—hZZVZ yjc=0

(6.44)
8b = h,z Vb =0

which tells us that the ¢ zero modes correspond to the conformal Killing
vectors and the b zero modes to the quadratic differentials. By the Riemann-

Roch theorem, eq.(6.21), we then get
Ny— N.=3g—-3 (6.45)

where Ny . denotes the number of zero modes. (Note that dimkerV{_;) =
dim kerV{ as V(" is the complex conjugate of V(z_n).) The presence of
ghost zero modes means that the ghost number current is not conserved.

We will give a more detailed and general description in Chapter 13.

Due to the anti-commutativity of the ghosts, integration over their zero
modes will give a vanishing answer if we do not insert them into the inte-
grand. To illustrate this, consider an anti-commuting variable ¥ and split

it into its zero-mode part 1, and the remainder '

¥(z,2) = po(2) +9(2,2) = Z¢o¢‘2)+¢( Z) (6.46)

i=1

where the zero mode wave functions ¢° satisfy ¢* = 0. (E.g. for the
b ghosts they are the quadratic differentials.) The ¥} are constant anti-
commuting parameters satisfying [ dwf; ng =1, fdzﬁg = 0. Since the action
for ¢ does not depend on ¢y, f’D(z/)zZ)e_S will vanish unless we restrict

N
the integration to the non-zero modes or absorb them by inserting H ¥(z;)
el
into the integrand: '
2
-slw) _ 1det(¢'(;))] [ DS
[ pw9) II ¥(= rrererel KA a0k (6.47)

where the factor det(¢i|¢>j ) is relevant if the ¢* do not form an orthonormal

basis. It renders the zero mode contribution basis independent.
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Using this it is now easy to rewrite the string measure including the
integration over the ghost zero modes. Let us first, for simplicity, restrict
ourselves to the case g > 2 where there are no conformal Killing vectors.

Using eq.(6.47) we find the following simple expression for the partition

function:
. 3g-3 )
Zyso = [ d*n [DXDEbed) [T I(uip)2e=SXbenl (6.48)
f.‘] 1=1

Needless to say, we won’t evaluate it.

Let us now turn to the cases g = 0 and g = 1. At tree level we have no b
zero modes (no moduli) but instead three complex ¢ zero modes, correspond-
ing to the conformal Killing vectors that generate the group PSL(2,C).
The zero mode wave functions were found to be 1, z and z2. PSL(2,C)
acts freely on the insertion points z; of the vertex operators and one can fix
three of them, say z;, z2 and 23, at arbitrary points with a unique PSL(2, C)
transformation. They are generated by vector fields {« + 8z + v22)8, and
we can trade the integrations over zj,z;, z; for an integration over «,3,.
The Jacobian is

|3(21,22,23) 2

(a, B,7)

The integration over o, 3,y then cancels the Vol(CKG) factor. Note that the
Jacobian is also just det(Vi(Zj)) where {V?} = {1, z, 22} are the conformal
Killing vectors (which are orthogonal to each other). More importantly, it

= |(21 = 22)(22 — 23)(21 — 23)?. (6.49)

can be written as

1 1 12
1(0lc(z1)c(22)c(23)]0) |2 = |(Ofc_1coci[0)2det | 23 22 =
22 22 22 (6.50)

= |(21 — 22)(21 — 23)(22 — 23)|?

where we have used results from Chapter 5. For tree level amplitudes this

means that the presence of conformal Killing vectors is taken care of if we
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drop the integration over the positions of three of the vertex operators and
multiply each of them by ¢(2;)¢(Z;). We know from Chapter 5 that if [V is
BRST invariant, then so is ¢éV. Tree level scattering amplitudes then take
the form:
Ag=0 = / DXD(bbet)ceV (21, 71) BV (23, 23) ceV (23, Z)
n

d2 . .30 ,—5[X,5,c]
X 11;[4/ 2z V (2, %) e (6.51)

= (V{21 21) 62V (22, 52) &V (25, %) ][] / d%2 V (2, 7)) .
1=4

If we have less than three vertex operator insertions we cannot completely
factor out the PSL(2, C) volume and the correlation functions vanish upon
dividing by the infinite factor Vol(CKG). So 0,1 and 2 point functions vanish
at tree level. There is no tree level cosmological constant, no tree level

tadpoles and no tree level mass or wave-function renormalization.

Let us now turn to the torus. Here the conformal Killing vector V and
the quadratic differential ¢ are (complex) constants, which we set to one
for simplicity. We can parametrize the torus by two real variables ¢!, £2
with 0 < £,£2 < 1, in terms of which the complex coordinates become
z = €'+ 7¢? and we can use Weyl invariance to set ds? = |dz|2. The area
of the torus is [ VvAd%¢ = Im7. If we change 7 to 7 — 7+ 67, we find
(up to a rescaling) ds? — |dz + 57'71:;1—1_—d2|2 and pz® = 71-:3; We now
easily compute (¢|¢) = Im 7, (u|¢) = 1 and Vol(CKG)= (V, V) = (Im )2
where we have neglected constant factors independent of 7. Consequently,
the total contribution from the ghost zero modes is (In%)3 Performing the
integral over X we get for the one-loop partition function

79=1 / d?r 1
F1 (Im7)2Im 7

(Im7) 13 (det’L ) ~13det’ Vi Ddet' V7,  (6.52)

We have dropped a factor of the volume of 26-dimensional space-time and

other numerical factors. (Im7)!3 is the contribution from the X* zero
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modes. We will not go into details of how it arises, neither will we com-
pute the determinants as we will rederive the partition function using the
Hamiltonian formalism in light-cone gauge below. So let us simply state

the results. For the determinants one gets

det' Vi det' VE_y) = det'l] = (Im )2|n(7)[*. (6.53)
7n(7) is the famous Dedekind eta-function defined as
w .
77(7_) — q1/24 H (1 _ qn), g= eZm-r. (6.54)
n=1

Then the final expression for the one-loop vacuum amplitude is
d2r
Z/ — / -
F (Imr)2 x(7,7)

x(7,7) ~ (Tmar) P2 n(r)|#2. (6.55)
We will often refer to x(7,7) as the partition function. Eq.(6.53) indicates

with

that the effect of the ghosts is to cancel the contribution of two coordi-
nate degrees of freedom which correspond to the longitudinal and time like
string excitations. Therefore, the partition function counts only the physical

transverse string excitations.

Let us now check modular invariance of the one loop partition function.

2 . . . .
First note that the measure (—I—%{-)y is invariant by itself. This follows from

d?r — ler + d|_4 d?r ,
0 (6.56)
Im7 — |er +d|7“ImT.

To check modular invariance of x(7, 7) it suffices to do so for the two gener-
ators S and T of the modular group. With the well known transformation

properties of the eta-function
7(r+1) = &/ 2 (r)
1 .
”(=2) = v=irn(r)

modular invariance follows straightforwardly.

(6.57)
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Let us now evaluate the partition function by making use of the connec-
tion between the Euclidean path integral and the Hamiltonian formalism.
Write the torus modular parameter as 7 = Re7 4 ilm7. Im7 plays the
role of an Euclidean time variable or, in statistical mechanics language, of
the inverse temperature. If ReT = 0, we obtain the functional integral as
Tr exp(—Im 7H), where the time evolution operator in the Im 7 direction
is given by H = Hy + Hgr (Hp, Hp are the left- and right-moving Hamil-
tonians respectively). The partition function counts the number of states
which propagate around the torus in the Im 7 direction and weighs them

~Im7H [f 5pne thinks of the torus as a cylinder of length

with a factor e
Im 7 whose ends are identified, one can twist the two ends relative to each
other by an angle 27Re 7 before joining them. The operator which gener-
ates these twists is P = Hg — Hy. (Note that in the picture of Chapter 2,
Im 7 corresponds to the world-sheet coordinate 7 and the twist to a shift in

0.) The complete one-loop string partition function x(7, 7) is then given by

x(7,7) ~ Tr e+27riRe T(HR—HL)e—-27rIm 7(Hr+HR)
(6.58)
= Tr gL qfR

We have rescaled Im7 by a factor of 27. In light-cone gauge only the
physical states contribute and H; and Hg are (1 =1,...,24):

1o & i 1,
HL=‘2‘P1'+ a—nan—1=§Pi+NL—1,
. =l . (6.59)
HR——:ipzz—!—Zaina;—1=§p22+NR—1.
n=1

Inserting Hy, Hy into eq.(6.58) leads to*

4The calculation is completely analogous to the evaluation of the grand partition
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_ d*p
x(7,T) N/We
1

—27p?Im Te47rIm7'Tr qNLqNR

47rImT n\—24
~ | l — 6.60
(Imr 1 7) ( )
1 _

Egs.(6.60) and (6.55) agree. Deriving the partition function in this way it
is evident that x(7,7) contains the information about the level density of
string states, i.e. the number of states of each mass level. Expanding x(7, )

27T 5ne gets a power series of the form Y dmn@"q". dmn

in powers of ¢ = e
is simply the number of states with m2 = m and m2 = n. The first few

terms of the expansion are
- 1 - -
X(7,7) ~ In(r)| 7 = =24 1424571 £ 576 + ... (6.61)

The first term corresponds to the negative (ma,ss)2 tachyon and the con-
stant term to the massless string states, namely to the on-shell graviton,
antisymmetric tensor field and dilaton. Note however that x(7, ) contains
also “unphysical” states that do not satisfy the reparametrization constraint
Lo = Ly and that they are not projected out when performing the integral
over the modular parameter in the region of 7 where Im7 < 1. Due to the
tachyon pole one finds that the one-loop cosmological constant of the closed

bosonic string is infinite.

function of an ideal Bose gas with energy levels p. Each transverse degree of freedom
contributes with
> Y Sy ¥ o= Ser- Ho-a7

N {np} N {np} b4 n=1m=0
E np=N E np=N
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Chapter 7

The Classical Closed Fermionic String

Up to now we have only discussed bosonic strings. That means that all
physical degrees of freedom had been described by bosonic variables. We
have treated the classical and the quantum theory, the algebra of the con-
straints (the Virasoro algebra) and we have found that at the quantum level
the theory makes sense only in the critical dimension which was found to
be 26. The spectrum of both the open and closed, oriented and unoriented
theories was found to contain a tachyon, a fact which is at least alarming.
Let us recall that its negative (mass)? arose from the (regularized) zero
point energy of an infinite set of bosonic harmonic oscillators. The problem
with the tachyon may be cured if we introduce fermionic degrees of freedom
which are quantized with anti-commutators. Then there is a chance that

the zero point energies cancel and the tachyon is absent.

One basic symmetry principle that guarantees the absence of a tachyon
in the string spectrum is space-time supersymmetry. It is important to keep
in mind the distinction between world-sheet and space-time supersymmetry.
The fermionic string theories that we will discuss all possess world-sheet su-
persymmetry but not necessarily space-time supersymmetry and are not all
tachyon-free. Whether a particular string theory is space-time supersym-
metric or not will manifest itself, for instance, in the spectrum. Especially,
the existence of one or more massless gravitinos will signal space-time su-
persymmetry. The formulation of fermionic string theories which we will
present is the Ramond [1], Neveu, Schwarz [2] spinning string. It has man-

ifest world-sheet supersymmetry; space-time supersymmetry, if present, is
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however not manifest. A string spectrum with space-time supersymmetry
is obtained after a suitable truncation as it was found by Gliozzi, Scherk
and Olive [3]. We should mention that there exists also the so-called Green-
Schwarz formalism [4] in which space-time supersymmetry is manifest at
the cost of manifest world-sheet supersymmetry. It uses in a crucial way
the triality property of SO(8), the transverse Lorentz group in ten dimen-
sions, which is, as we will see later in this chapter, the critical dimension for
the fermionic string. Since we will also be interested in non space-time su-
persymmetric theories in less than ten space-time dimensions (see Chapter
14), the old formalism with manifest world-sheet supersymmetry is pre-
ferred. We will restrict our discussion in this and all the following chapters
to closed oriented strings. Also, in this chapter we will discuss n = 1 super-
symmetry on the world-sheet. Extended world-sheet supersymmetries will

be covered in Chapter 12.

7.1 Superstring action and its symmetries

Let us now find the requirements on the field content coming from world-
sheet supersymmetry and set up the supersymmetric extension of the
Polyakov action. The bosonic string theory was described by the action
for a collection of d scalar fields X#(o,7) coupled to gravity A,g in two
dimensions. The purely gravitational part of the action was trivial, being a

total derivative. This left us with
1
Si=~5 / d2ovVrh*Po, X 85X, (7.1)

which is just the covariant kinetic energy for the “matter fields” X#. The
supersymmetric extension of S; should be the coupling of supersymmet-
ric “matter” to two-dimensional supergravity. With respect to the d-
dimensional target space, which can be considered as an internal space
from the world-sheet point of view, the fields X#(o,7) transform as a vec-

tor. Hence, their supersymmetric partners should be world-sheet spinors
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with a target space vector index. We will denote them by ¥# (o, 7). Let us
now see how the balance between bosonic and fermionic degrees of freedom
works out. The fields X#, representing d real scalars, provide d bosonic
degrees of freedom. If we impose on the d world-sheet fermions ¥* a Majo-
rana condition, they provide 2d fermionic degrees of freedom. We have to
introduce d real auxiliary scalar fields £'#. Together (X, ¢#, F#) form an
off-shell scalar multiplet of two-dimensional n = 1 supersymmetry. On-shell
(X#, y#) suffice.

Let us now turn to the gravity sector. The supergravity multiplet con-
sists of the zweibein eq® (n-bein in n dimensions) and the gravitino x.
The zweibein has two different kinds of indices. a is a Lorentz index and
takes part in local Lorentz transformations whereas « is called an Einstein
index and takes part in coordinate transformations (reparametrizations).
Einstein indices are raised and lowered with the world-sheet metric hyg
and Lorentz indices with the Lorentz metric 7,;,. The zweibein allows to
transform Lorentz into Einstein indices and vice versa. The introduction of
the zweibein is necessary if we want to describe spinors on a curved manifold
since the group GL(n, R) does not have spinor representations! whereas the
tangent space group, SO(d — 1,1), does. The inverse of e%,, denoted by
ex?, is defined by

eqe®y = 6p. (7.2)

€%, defines an orthonormal set of basis vectors at each point, i.e. it satisfies
e®ae”yhog = b (7.3)

from which we derive

e%,ePn® = hob, (7.4)

The gravitino is a world-sheet vector and a world-sheet Majorana spinor.

1Under general coordinate transformations, tensor indices are acted on with elements

of GL(n, R).
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In d dimensions the d-bein e,® has d® components. There are n
reparametrizations and %—d(d — 1) local Lorentz transformations as gauge
symmetries, leaving %d(d — 1) degrees of freedom. The gravitino, being a
Majorana spinor-vector has 2[%]d components where [%] denotes the integer
part of % For n = 1 supersymmetry there are 2[%] supersymmetry parame-
ters leaving (d — 1)2[%] degrees of freedom. For the case of interest, namely
d = 2, we find one bosonic and two fermionic degrees of freedom. To get a
complete off-shell supergravity multiplet we have to introduce one auxiliary
real scalar field A. The complete off-shell supergravity multiplet is then
(ea®, Xa>A). (€a®, Xa) form the on-shell supergravity multiplet.

So far the discussion was independent of any particular action and only
a statement of the field content of the two-dimensional supersymmetry mul-
tiplets. Let us now complete the string action. The kinetic energy term for

the gravitino vanishes identically in two dimensions.?

The kinetic energy
for the matter fermions ¥# and the contribution of the auxiliary fields F*
is

Sy = :1—1;_- /dzo' e{ — iPF p* B py + F"F#} (7.5)

where e = |dete,?| = vA. Our notation is summarized in the appendix
to this chapter. The fact that the derivative in S; is an ordinary derivative
rather than a covariant derivative containing the spin connection is a con-
sequence of the Majorana spin-flip property eq.(B.3). The action S; +.5; is
not yet locally supersymmetric. It is simply the covariantized form of the
action of a scalar multiplet. Local supersymmetry requires the additional

term
Sz = gz; /dza\/—’giapﬁpatﬂ“(aﬂxu - %’—‘Wu)- (7.6)

The auxiliary field A does not appear. The auxiliary matter scalars F'* can

2In any number of dimensions it is given by ;EQF"“MDWW where I'*#7 is the anti-

symmetrized product of three Dirac matrices which vanishes in two dimensions.
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be eliminated via their equations of motion. This will be assumed to be

done from now on. The complete action

5=~ [ VRl hP0u X155 X, + 200 00ty

. (7.7)
o 1
— i%ar’ P Y (9 X, - zxﬂ%)}
is invariant under the following local symmetries:
(i) supersymmetry
1 :
bept = §Pa(6aXy - %Xa¢#)€7
(7.8)

)
5eeaa = §€PaXas

5eXa = 2Dqe,

where (o, 7) is a Majorana spinor which parametrizes supersymmetry

transformations and D, a covariant derivative with torsion:

1
Dae = 6(16 - EWQﬁG,

1 T
Wq = “Efabwaab = wG(e) + ZXaPPﬂXﬂa (7'9)
1
we(e) = ~g€aa€ﬂ76ﬂe7a'

wq(€) is the spin connection without torsion.

(ii) Weyl transformations

SpXH = 0,
6A0H = = A,
2 (7.10)
6Aeaa = Aeaa )
1
baxXa= 54Xa-
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(111) super-Weyl transformations

577Xa = Pa'l,

(7.11)
6y(others) = 0.
with 7(o, 7) being a Majorana spinor parameter.
(iv) two-dimensional Lorentz transformations

§XF =0,

1
6”[}," = _Q_prﬂ)
b

b

(7.12)
brea” = le%yeq

01 Xa = %lﬁXa-
(v) reparametrizations
SeXH = £Pog Xk,
sevt = EPagyH,
6¢ea® = EP0gea” +e5"0at?,
S¢xa = P Opxa + xg0at”

If we combine reparametrizations with a Lorentz transformation with

(7.13)

parameter | = —{%wq(e), they can be written in covariant form
1 1 1
epabeea’ = Valg = 2 (PE)ap ~ 55¢ap(€7 Vals) + ShagV - £,
Sexa = €7V pxa +xgVat?,

66¢H = favoﬂﬁ“ ?
(7.14)

where V, is a covariant derivative without torsion and the operator
P has been defined in Chapter 2.

In eqs.(7.10)-(7.14) A, I and ¢ are infinitesimal functions of (o, 7).

There are several ways to get the complete action and the symmetry

transformation rules. One possibility is to use the Noether method; another
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is to go to superspace. Either way, the procedure is analogous to the four

dimensional case.

7.2 Superconformal gauge

We can now use local supersymmetry, reparametrizations and Lorentz trans-
formations to gauge away two degrees of freedom of the zweibein and of the

gravitino each. To do this we decompose the gravitino as
1 1
Xa = (ho® - —2~pa95)x,a + ‘2‘PaPBX,B

1 1
= 2 paxg + 3paf’ x5 (7.15)
= Xa + PaA

where Xo = %pﬂpaxﬂ is p-traceless, i.e. p-x =0 and A = %paxa. This
corresponds to a decomposition of the spin 3/2 gravitino into helicity +3/2
and helicity 41/2 components. It is orthogonal with respect to the inner
product (¢|¢) = [ d?0¢*tq. We can make the same decomposition for the

supersymmetry transformation of the gravitino

5€Xa = 2Dae
(7.16)
=2(Ie)a + papﬁD,ge
where we have defined the operator
1 1
([I€)o = (haﬂ - §PaP6)D,B€ = §PﬁpaD,36 (7.17)

which maps spin 1/2 fields to p-traceless spin 3/2 fields. We can now write,
at least locally, xo = poaDﬂfc for some spinor £ where we have used the
identity eq.(B.5). Comparing this with eq.(7.16) we see that x can be elim-
inated by a supersymmetry transformation. We then use reparametriza-
tions and local Lorentz transformations to transform the zweibein into
the form e,® = ed’ég which we have demonstrated in Chapter 2 to be

always possible locally. These transformations do not reintroduce trace
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parts into the gravitino since under reparametrizations it transforms as
- 3 50 ~ - . .

pa(0)A(0) = pa(o)A (o) = (g%‘;)pﬂ(a)/\(a). In this way we arrive at the

so-called superconformal gauge [5,6, 7] which is a generalization of the con-

formal gauge to the supersymmetric case:
e =e?6% | Xa = Pa. (7.18)

In the classical theory we can still use a Weyl rescaling and super-Weyl
transformation to gauge away the remaining metric and gravitino degrees
of freedom ¢ and A, leaving only eq® = 62 and xo = 0. In analogy to the
bosonic case, these symmetries will be broken in the quantum theory except

in the critical dimension.

Above arguments that were used to go to superconformal gauge were
only true locally and one has to check under what conditions superconformal
gauge can be reached globally. From our foregoing discussion it is clear that
the condition is that there exists a globally defined spinor € and a vector
field £* such that

([Ie)a = Ta and (P8)ag = top (7.19)

for arbitrary 7, which satisfies p- 7 = 0 and arbitrary symmetric traceless
tensor {,3.

In Chapter 2 we have seen that the second condition is equivalent to the
absence of zero modes of the operator Pt. In the same way we can show
that the absence of zero modes of the operator /T, the adjoint of I7, allows
to gauge away the trace part of the gravitino. /7T maps p-traceless spin 3,2
fields to spin 1/2 fields via

(II'7) = —2D%,. (7.20)

The zero modes of P! were called moduli. In analogy we call the zero modes

of IT supermoduli. We thus have

135



# of moduli = dim ker Pf ,

7.21
# of supermoduli = dim ker ot ( )

Also, zero modes of the operators P and II mean that the gauge fixing is
not complete. The zero modes of P are the conformal Killing vectors (CKV)
(cf. Chapter 2); the zero modes of IT will be referred to as conformal Killing
spinors (CKS); i.e.

# of CKV = dim ker P,

7.22
# of CKS = dim ker II. ( )

We will compute the dimensions of the kernels of IT and IIT in Chapter 9.
P and P! have been treated in Chapter 6.

In superconformal gauge the action simplifies to
1 .
§=—5 / a2 {00 XHO* X, + 2 p* Bty } (7.23)

which is nothing than the action of a free scalar superfield in two dimensions.
To arrive at eq.(7.23) we have rescaled the matter fermions by e?/24y — 4.
World-sheet indices are now raised with the flat metric naﬂ and p® = 65 p°.
Also, the torsion piece in the spin connection now vanishes due to the iden-
tity eq.(B.5) and we have wy = o’ Og$. The action is still invariant under
those local reparametrizations and supersymmetry transformations which
satisfy P£® = 0 and ITe = 0. Under the supersymmetry transformations

the fields transform as

1 (7.24)

551/)# = ’é’paaaX#G.

These equations follow from the transformation rules eq.(7.8). To see this
we note that the zweibein is not taken out of superconformal gauge if a su-
persymmetry transformation with parameter € is accompanied by a Lorentz
transformation with parameter | = %'éﬁ)\. The Weyl degree of freedom
¢ then changes according to 6¢ = %4?)\. Likewise, the gravitino stays in

the gauge eq.(7.18) if the supersymmetry parameter satisfies pﬁpaDﬂe =0
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which is the condition (IT¢) = 0 found above. If we now redefine e?/2y = v
and e~ ?/2¢ = ¢ we find, after dropping tildes, eqs.(7.24). It is also easy
to show that the condition pﬂpaDﬂe = 0 reduces in superconformal gauge
to pP padgé = 0. It is of course also straightforward to verify directly that
the action eq.(7.23) is invariant under the transformations (7.24) with e
satisfying PP padge = 0.

The equations of motion derived from the action eq.(7.23) are

aaaaX# = 0,

(7.25)
p*Oapt = 0.

As in the bosonic theory they have to be supplemented by boundary con-
ditions. For the bosonic coordinates X# they are as given in eq.(2.37). For
the fermionic fields ¥# we make variations such that §¢(r) = é¥(m1) = 0.
This leads to the condition that 61 p'4 is periodic.

For theories with fermions the energy momentum tensor is defined as

Top = —25 %eaa. (7.26)
We can analogously define the supercurrent as the response to variations
of the gravitino; we will denote it by T'r, indicating that it is a fermionic
object related to the energy-momentum tensor 7' by supersymmetry. This

means that 65 = 517 [ d%0ei6%*Tp, with

2w 68
Tpo = — i .
Fo e 10x% (7.27)
The equations of motion for the metric and gravitino are
Top=0 Tpy = 0. (7.28)

They are constraints on the system and generate symmetries, analogous to
the bosonic case. We will have much to say about this below. After going

to superconformal gauge we find
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Tap = %%X H0p Xy - iff’X Oy Xumag,
+ iiﬁ“paaﬂw + i—zﬁ“pﬂaazpp =0, (7.29)
1
Tra = ;7 pat#85 Xy =0.

Here we have used the equations of motion for ¥* to cast T,g into its
symmetric form. Tracelessness follows also upon using the equations of
motion. Note that

pTpe =0 (7.30)
which is the analogue of %, = 0. It is a consequence of super-Weyl
invariance. Again, with the help of the equations of motion it is easy to

show that the energy-momentum tensor and the supercurrent are conserved:
0%Ta5 =0,
of (7.31)

0%Tpo = 0.

These conservation laws lead, as in the bosonic theory, to an infinite number
of conserved charges. This is most easily analyzed in light-cone coordinates
on the world-sheet. In terms of these, eqs.(7.23) and (7.25) become:

S = 5"; [&o{0.X 0. X +ilpy -0y +u--09)} (132

and
8+8_X’u = O,
8_¢f: =0, ¢9" =0.

The conditions on the allowed reparametrizations and supersymmetry trans-

(7.33)

formations take the simple form
0:&™ =0-¢" =0,

(7.34)
8+€~ = 8_e+ =0.

+
We have defined ¢4 = (1+) and €4 = (:_) following the conventions
of the appendix. Note that for spinors + denote their spinor components
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whereas for vectors they denote vector components in conformal coordi-

nates.

As already mentioned above, the equations of motion have to be supple-
mented by a periodicity condition which now reads (¢,.6%, —v¥_6¢._)(c) =
(Yyb6y — Y_6v¢_)(o + 2m). Its solutions are:

<

il

2
fl

+9, (o + 27)

(7.35)
Y_(0) = £9_(o + 2n)

with the same conditions on 6v¢. Anti-periodicity of . is possible as
they are fermions on the world-sheet. Periodic boundary conditions in o
are referred to as Ramond (R) boundary conditions whereas anti-periodic
boundary conditions are called Neveu-Schwarz (NS) boundary conditions.
This means that all quantities which are fermions on the world-sheet sat-
isfy ¢(o + 2m) = 2™y (), where ¢ = 0 for the R-sector and ¢ = %
for the NS-sector. The conditions for the two spinor components ¥, and
1¥_ can be chosen independently, leading to a total of four possibilities:
(R,R), (NS,NS), (NS,R) and (R,NS). Obviously, the two components of the
supersymmetry parameter have to be chosen such that § X# = iey# is pe-
riodic. We will show in the next chapter that string states in the R sector
are space-time fermions and states in the NS sector are space-time bosons.
Therefore, the two sectors (R,R) and (NS,NS) lead to space-time bosons

and the remaining sectors, (NS,R) and (R,NS) to space-time fermions.

The energy-momentum tensor becomes
I, = %‘3+X 0 X + %¢+ 04y
T._= %a_x X + —;-'gb_ RN (7.36)
T,.=T_,=0

with
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8~T++ = 3+T__ - O (737)

Due to eq.(7.30), two of the four components of T, vanish identically.
The only non-vanishing components are Tp,, = Tp, and Tp__ = Tp_
where ++ denotes the upper spinor component of the ¢* vector component.

Eq.(7.29) gives

1
Tp, = 5 Yy 04 X

1 (7.38)
Tp. = §¢~ -0-X

with
0-Tp, =0,Tp_=0.

From the equations of motion we learn that X# can again be split into
left- and right-movers and that ¢4 = ¢4 (0*) and ¥* = ¥*(0c~). The
conservation laws tell us that T, . and Tp, are functions of o+ only whereas

T__ and Tp_ only depend on o~

We have discussed in Chapter 2 how energy-momentum conservation
results in an infinite number of conserved charges which generate the trans-
formations 0¥ — 0%+ f(0*) under which the action is invariant after going
to conformal gauge. These are precisely the transformations which do not
lead out of conformal gauge. This carries over to the fermionic string. But
now in addition we have the conserved supercharges [doet(ot)Tp, (o7)
which reflects the fact that the action and the superconformal gauge con-
dition are invariant under supersymmetry transformations with parameters
satisfying the second of eq.(7.34).

Next, let us find the algebra of T and T, which is the supersymmetric
extension of the algebra eq.(2.70). To do this we need the basic Poisson
brackets®

3For anticommuting variables they are defined as
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{¥h(o,7), O5(c',7)}pp. = ~64p6(c — ')t (7.39)

The bracket of ¥ with itself vanishes. For the momentum canonically con-
jugate to ¥’y we find .
I* = — L gk .
h = (7.40)

If, however, we use this definition of IT in eq.(7.39), we find a contradiction.
Let us explain the way out of this. We notice that eq.(7.40) constitutes a

(primary) constraint. We define

T, LI
¢ = Iy + s (7.41)
and find .
{¢h(o,7),85(c',7)}pB. = *537;5(0 — 64", (7.42)

In contrast to the constraints we have encountered so far (primary and
secondary), the Poisson bracket of this constraint with itself does not vanish
on the constrained hypersurface of phase space. Constraints of this kind are
called second class constraints; the constraints we have encountered so far
have all been first class. If second class constraints are presents, Poisson
brackets have to be replaced by Dirac brackets. If ¢; are a complete set of
second class constraints, we define {¢;, #;}p. = C;;. The Dirac bracket is
defined as

{A7B}D-B- = {Av B}P:B. - {Aa¢i}P.B.C£;1{¢j,B}P,B. . (7.43)
This leads to
{7/}:‘—(01 T)’ 1/}_1;(0", T)}D-B- = _27ri5(0 - 0')77“V,

L , , (7.44)
{¢£(o,7),¥%(c", 7)}p.B. = —2mib(c — o' ).

0A 0B 6B BA}

B _— _1 €A - __1 €A€p 7 T
where €4 = 1 if A is a commuting expression and ¢ = 0 if it is anticommuting. The
canonical momentum is defined as 7# = ff;
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Using this and the basic brackets for X#(o,t) we find
{T44+(0), T4+ (")} p5. = “‘{2T++(‘7,)8/ + 3,T++(U,)} 2m6(0 — o),

(T4 s(0), Tpo( o5, = ~{3T51(6)0 + 8Tp (o))} 20800 — o',

?
{TF+(‘7)’ TF+(‘7,)}D.B. = “§T++(‘7,) 2”5(‘7 - ‘7,)-
(7.45)
It is also easily verified that

{Tp.(c), X*(o")}pp = —-:121,11/4’_‘(0’) 216(o — o),
i (7.46)
{Tri(0), ¥4(c")}p5. = — 504 X#(d') 2m6(0 - o),

which is just the supersymmetry algebra. Under the transformations gen-

erated by T, ., ¥ transforms as
(s (0) 94(0 o5 = ~{594(0)0 + (o)} 208(0 — o). (7.47)

This last equation tells us that the world-sheet fermions transform under

conformal transformations with weight %

We now proceed as in the bosonic string case and solve the equations of
motion for the unconstrained system. The treatment for the bosonic coordi-
nates is identical to the one in Chapter 2 and will not be repeated here. The
fermionic fields require some care. We have to distinguishing between two
choices of boundary conditions. The general solution of the two-dimensional
Dirac equation for the cases of periodic (R) and antiperiodic (NS) boundary

conditions is

Vilo) = 30 et

r€Z+¢ ¢=0 (R)
' where (7.48)
o) = 3 e (r=0) p=1 (NS)
r€Z+¢

and the reality of the Majorana spinors translates into the following condi-

tions for the modes:
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(b;.‘)T::b’_‘_,. , (Bﬁ)*:éﬁ,. (7.49)

In terms of the fermionic oscillator modes the basic Dirac bracket eq.(7.44)

translates to
{bf,‘, b.lsj}D.B- = “7;7];“/57'+a,

{w) B.I;}D.B. = "7"7];“/61'+3, (7.50)
{br,bs}p.5. = 0.

Next we decompose the generators of conformal and superconformal
transformations into modes. In the following we will restrict ourselves to
one sector, say the right-moving one. The expressions for the left-moving

sector are then obtained by merely putting bars over all modes. We define

Lo = _1_/21rd —ima‘T
m = 27r 0 g e ——
o (7.51)
T .
Gr = —7;/0 doe I Tp_.

From eq.(7.38) it is clear that Tx_ satisfies the same boundary condition as
the 1#: periodic in the R-sector and antiperiodic in the NS-sector. Conse-
quently, the modings are integer and half-integer respectively. In terms of

oscillators we find L, = Lﬁ? ) + LS-,?L) where

Lgﬁ) = L Z Qe Um4n (as before),
2
neZ
1
LY = 3 Sr+ gz—)b—r “bmir (7.52)
T

Gr = Za_n ° br+n.
T

Note that >,.b_7 - bjn+r = 0. This term has been included to make the
(%)

expression for L,f; look more symmetric. It corresponds to the mode ex-

pansion of J_(¥_1_) which vanishes by the Grassmann property of ¥_.
The generators L, and G satisfy the following hermiticity conditions

=L, , Gl=G_. (7.53)
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One now verifies, using the basic brackets eqs.(2.74) and (7.50), the following

(classical) algebra:

{Lm, Ln}D.B. = “i(m - n)Lm+n )
1

{Lm, GT}D.B. = —Z('im - T)Gm+r 3 (7.54)

{GT: GS}D.B. - “2'1:Lr+3 .

It can also be derived from eq.(7.45) and the definitions eq.(7.51). This al-
gebra is called the super-Virasoro algebra. In the next chapter we will show
how it is modified in the quantum theory. This concludes our discussion of

the classical fermionic string theory.

Appendix B. Spinor algebra in two dimensions

In this appendix we summarize our notation for spinors in two dimen-
sions and provide some identities which will prove useful in this and the

following chapter. The two-dimensional Dirac matrices satisfy

(o, 7} = 2h°6. (B.1)

They transform under coordinate transformations and are related to the
constant Dirac matrices through the zweibein: p® = e%,p® from which

-1 0 . .
{p®, p°} = 2n% with % = ( 0 +1) follows. A convenient basis for the

(300l e

1 0
0 -1
dimensions. We define the charge conjugation matrix as C = p°. Then
(p*)T = —Cp*C~1. A Majorana spinor satisfies A = ATp® = ATC. This

means that Majorana spinors are real. An expression of the form Ay,

p% is
) which is the analogue of 4° in four

and we define p = p%p! = (
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where I" is some combination of Dirac matrices, can be, using spinor indices,
alternatively written as A4I421p, where A4 = AgeP4 with €45 = €48 =

01 . . . . . .
( ) 0). Two-dimensional spinor indices take values A = +; i.e. Yt =

~_, %~ = 1,. The index structure of the Dirac matrices is (p%) 2. It is
now easy to prove the following spin-flip property, valid for anti-commuting

Majorana spinors:
leal T pan)\z = (*—1)n5\2pan v pal)\l. (B3)

This and the following Fierz identity, again valid for anticommuting spinors,
are needed to show the invariance of the action under supersymmetry trans-

formations:

BNEX) = =3 {FOEN) + F0GoN + Fo0)Boed)}.  (BA)

The identity
P pgpa =0 (B.5)
follows trivially from the Dirac algebra in two dimensions. Another useful

relation is

1
wﬁzhwmgﬁ% . (e =1). (B.6)

Let %q, ¥ denote a spin 3/2 fermion which satisfies p - ¥ = 0; one can show

that
Rapahy = 0,

PaXg = PgXa (B.7)
1 = . = Ta
P oy = b - 2R

These identities will be of use in the following chapter.
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Chapter 8

The Quantized Closed Fermionic String

In analogy to the bosonic string, consistent quantization of the fermionic
(spinning) string implies the existence of a critical dimension (d = 10).
The proof of the no-ghost theorem and the determination of d = 10 first
appeared in the work of Schwarz [1], Goddard and Thorn [2] and Brower
and Friedman [3]. The path integral quantization of the fermionic string

was initiated by Polyakov [4].

8.1 Canonical quantization

We proceed in the same way as in the bosonic theory by making the re-
placement (3.1) and, in addition, by replacing the Dirac bracket for the

anticommuting world-sheet fermions by an anticommutator:

{,}pB — %{, } (8.1)
We then get
{h (o, 7), 9% (o', )} = 200 §(0 — '),
{¥(a,7), 9% (0", 7)} = 220" §(0 — '), (8.2)
{¢¢(0" T)a ¢E (0'” T)} =0,

or, in terms of oscillators?

1Again, we will only write down the expressions for the right-moving sector of the
closed string. The left-moving expressions are easily obtained by simply putting bars

over all mode operators.
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{b¢7 bfsj} = 77“”5r+s- (8.3)

It 1s again easy to see that oscillators with positive mode numbers are an-
nihilation operators whereas oscillators with negative mode numbers are
creation operators. We have seen in Chapter 3 that ot and @ correspond
to the center of mass momentum of the string. We will see below how the
zero-mode operators b5 and b} in the R-sector are to be interpreted. But we

note already here that they satisfy, with suitable normalization, a Clifford

algebra:
{00, 65} = n*". (8.4)
The level number operator is
N = N{(®) 4 NO®) (8.5)
where
oo
N(a) - Z a—.m'am,
= (8.6)
N® = S rp_. b,
r€Z+a>0

The oscillator expressions of the super-Virasoro generators are again
undefined without giving an operator ordering prescription. As in Chapter

3 we define them by their normal ordered expressions, i.e.

Lo = L) + L) (8.7)
with
1
Lg::) = 2 Z P Qp c Om+4n
neZ
1 m
L = 5 X (r+ ) b b (8.8)
r€Z+a
and
Gr = Z a_n * br+n. (8.9)
neZ
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Obviously, normal ordering is only required for Ly and we include again an

as yet undetermined normal ordering constant a in all formulas containing
Ly.

The algebra satisfied by the L,, and G, can now be determined. Great

care is again required due to normal ordering. One obtains

d

8
m
[Lm,Gr} = ('2— - T)Gm+7‘7 (810)
d
{Gr,Gs} =2Lrys + 5(7'2 - %)5T+s-

This is the super-Virasoro algebra. A straightforward and save way to derive
it is to use superconformal field theory. This will be presented in Chapter
12. We note that the R (a = 0) and NS (a = %) algebras agree formally
except for the linear terms in the anomalies. As we have already remarked
in Chapter 3, these can be changed by shifting Ly by a constant (with a
compensating change in the normal ordering constant). Indeed, if we define

LOR — Lgi + ng, it takes the form eq.(8.10) with a = % in both sectors.

The algebra in the form of eq.(7.45) is modified by quantum effects as

follows: -
[Te4(0), T (o)) = %83,5(0 —~d)

o (8.11)
{Tri(0), Tri(o)} = ——4—33:5(0 -~ ')

where we have only written the quantum corrections. Let us now examine
the states of the theory. In doing so we have to distinguish between two
sectors, the R and the NS sectors. The oscillator ground state in both
sectors is defined by

o |0) = b]0) = 0 m,r >0 (8.12)

(we suppress the dependence on the center of mass momentum). In the

R sector we still have the 8} zero modes. They do not change the mass
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of a given state, in particular the ground state. The mass operators for
the fermionic string are given by the same expressions as in the bosonic
case but with the level numbers as in eq.(8.5). It is then easy to check that
(b, m2] =0, i.e. the states |0) and b5]0) are degenerate in mass. But ody, bf
for n,r < 0 increase o/ m? by 2n and 2r units respectively. This means that
in the NS sector there is a unique ground state which must therefore be
spin zero. In the R sector the ground state is degenerate. Since the b}
are the generators of a Clifford algebra (c.f. eq.(8.4)) we conclude that the
R ground state is a spinor of SO(d — 1,1). This is why states in the R
sector are space-time fermions whereas states in the NS sector are space-
time bosons. The oscillators, all being space-time vectors, cannot change
bosons into fermions or vice versa. Whether a state belongs to the R or the
NS sector depends on the ground state it is built on. We will come back to
this important point in Chapter 12. We will write the R ground state as
la) where a is a SO(d — 1,1) spinor index; then bf|a) = %(I’")ab]b) where
¥ is a Dirac matrix in d dimensions, satisfying {I'# 'V} = 2pHY.

We now have to implement the constraints on the states of the theory.
Due to the anomalies in the super-Virasoro algebra it is again impossible to
impose L, |phys) = Gr|phys) = 0 for all m and r. The most we can do is
to demand that

Gr|phys) =0 r>0
Ly |phys) =0 m >0 (NS) (8.13a)
(Lo — a)|phys) =0
in the NS sector, and
Gr|phys) =0 r>0
Ly |phys) =0 m >0 (R) (8.13b)
Lo|phys) =0
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in the R sector. Note that we do not have included a normal order-
ing constant in the last equation. There are several reasons for this.

From the super-Virasoro algebra we find that G2 = L, i.e. if we have
(Lo — u?)|phys) = 0 we also need (G — u)|phys) = 0. However, Gy has
no normal ordering ambiguity and the normal ordering constants arising
from the bosonic and the fermionic oscillators cancel in Ly in the Ramond
sector. Also, Gy is anti-commuting whereas the normal ordering constant
is a commuting c-number. When we discuss the spectrum we will find that
setting u = 0 is indeed correct. There is of course a second set of conditions

for the left movers and we also have to demand that
(Lo — Lo)|phys) =0 (8.14)

which again expresses the fact that no point on a closed string is distinct.

So far the quantization has been canonical and covariant. We know,
however, that due to the negative eigenvalue of 7#¥ there are negative norm
states (ghosts). As in the bosonic theory one can prove a no-ghost theorem
which states that the negative norm states decouple in the critical dimension
d for a particular value of the normal ordering constant a. It turns out that
for the fermionic string d = 10 and a = 1/2. As it was the conformal
symmetry in the bosonic case, in the fermionic theory the superconformal
symmetry is just big enough to allow for the ghost decoupling. We will not
prove the no-ghost theorem here but instead follow our treatment of the
bosonic theory and discuss the non-covariant light-cone quantization which
provides a solution of the constraints. At the end of this chapter we will
discuss the covariant path integral quantization. Both approaches will also
lead to the above values for the critical dimension and the normal ordering

constant.
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8.2 Light cone quantization

In the bosonic theory the light cone gauge was obtained by the choice
Xt =dptr (8.15)

(cf. eq.(3.25)) which fixed the gauge completely. This choice is again possi-
ble in the fermionic theory and also completely eliminates the reparametriza-
tion invariance. But now we still have local supersymmetry transformations.
In going to super-conformal gauge we have fixed it partially leaving only
transformations satisfying 8, = 9_e* = 0. This freedom can now be
used to tramsform 3% away; i.e. in addition to eq.(8.15) the light-cone

gauge condition in the fermionic theory is

YT =0 (8.16)
or, equivalently, b} = 0, Vr. (Here and below the superscript denotes the
light-cone component; i.e. ¢y* = ~\}—§(d}° + 9"1.) Now there is no gauge

freedom left and we can solve the constraints. Eq.(3.26) is replaced by
(o' =2)

- 1 i in i
0:X™ = %[(aix )2 + i g Oxl] (8.17)
and .
Yy = I—):%”iaiX’ (8.18)

which leaves only the transverse components X  and ¢* as independent
p

degrees of freedom. In terms of oscillators we get
_ 1 . . m .
o, = 5;:{2 OOy Z(—z— — 1) by, —2a¢5m} (8.19)
n

and
1

by = o ; g bg- (8.20)
These expressions are valid for the right-moving part of the closed string

and have to be supplemented by the corresponding expressions for the left-

moving part. We have included a normal ordering constant which will not
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be the same for the two sectors (NS and R). The arguments given above
suggests that it vanishes in the R sector. We will verify this shortly. The

mass operator is now

m? = m% + m? (8.21)
with
o'm% = 2{ > o ok + S bt bk — a} (8.22)
n>0 r>0

with a similar expression for m%. Condition (8.14) translates to
m? =m% (8.23)

for physical states.
The light cone action is simply

st = L [ @o((X7)2 - (X -2l p"0ud)  (8:24)

and the Hamiltonian is

H=1Ly—Ly—2a
= ()2 + (o pah +aE0) + 30 r(b B + BB — 2a. (8.25)
n>0 r>0
Let us now look at the spectrum of the fermionic string where we have
to distinguish between Ramond and Neveu-Schwarz sectors. Let us first
discuss the right-moving part of the closed fermionic string spectrum. This
is in fact, up to a mass rescaling by a factor of two, identical to the spectrum

of the open fermionic string.

(i) NS-sector: The ground state is the oscillator vacuum [0) with
o/m? = —a. The first excited state is b, ,|0) with o'm? = § — a.
This is a vector of SO(d — 2) and, following the argument of Chapter 3,
must be massless, leading to a value a = % for the normal ordering con-

stant. In the fermionic theory the normal ordering constant is formally
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Table 8.1 Open fermionic string spectrum

af (mass)? states and their little | (=1)F | representation contents with
SO(8) representation contents | group respect to the little group
NS-sector
(0)
~1 S0(9)| -1 (1)
: (1)
b 0
0 ~1/31%) S0(8) | +1 (8)w
(8)v
of Joy & . .]0)
+1 ~1 -1/3°-1/3 50(9) | ~1 36
= ®. 09 ( #)
i Y k
b—-l/Zb—l/ib-—l/zlo) +1
(56)
+1 o . S0(9) (84) + (44)
ai_.lb]_y./jlo) b‘.‘s/zlo) +1
(1) + (28) + (35)y (8)w
R-sector
|e)
+1 8)s
®), ®
0 S0O(8)
a)
-1 8
(8)e (8)e
ai__l|a) bi_llﬁ) +1 (128)
(8)c + (56)c  (8), + (56),
+1 ' ' SO(9)
a2 bile) -1 (128)
(8), +(56)s (8)c + (56)c
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a= -Q—Tz(zg"zo n—x2 /2 r) which, using -function regularization gives
a = 51-5—2-(1% + 2%) = 41;62 from which we derive the value d = 10 for the
critical dimension.? At the next excitation level we have the states ai_IIO)
and bi_l/zbj;l/ZIO) with o/m? = %—, comprising 8 + 28 bosonic states. It can
again be shown that these and all other massive light-cone states, which are
tensors of SO(8), combine uniquely to tensors of SO(9), the little group for
massive states in ten dimensions.

(ii) R-sector: We already know that the R ground state is a spinor of
S0O(9,1). A Dirac spinor in ten space-time dimensions has 25 independent
complex or 64 real components. On shell this reduces to 32 components
since the Dirac equation y#9,% = 0 relates half of the components to the
other half which satisfies the Klein-Gordon equation. We can now still im-
pose a Weyl or a Majorana condition, each of which reduces the number
of independent components further by a factor of two. In ten dimensional
space-time it is however possible to impose both simultaneously® leaving 8
independent on-shell components. They can also be viewed as the compo-
nents of a Majorana-Weyl spinor of SO(8), the corresponding little group
for massless states. It is easy to see that the Ramond ground state is indeed
massless. We can now choose the ground state to have either one of two
possible chiralities, which we will denote by |a) and |a) respectively. The
first excitation level consists of states ot ,|a) and b%,|a) plus their chiral
partners with o/m? = 1. Again, for d = 10, all the massive light-cone states
can be uniquely assembled into representations of SO(9). In table 8.1 this

is demonstrated for the first few mass levels.

1
2The general formula is Z(n +a)=((~1,a) = ——-1—2(60.2 —6a +1).
n2>0

3The general statement is that we can impose Majorana and Weyl conditions simul-
taneously on spinors of SO(p,q) if and only if p — ¢ = 0 mod 8. For Minkowski
space-times (¢ = 1) this is the case for d = 2 + 8n and for Euclidean spaces (¢ = 0)
for d = 8n.
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However, it can be shown that the fermionic string theory with all the
states in both the R and NS sectors is inconsistent. We have to make a trun-
cation of the spectrum, called the GSO projection [5], which leaves us with
a tachyon free space-time supersymmetric theory. We will prove both state-
ments, the necessity of the truncation and the space-time supersymmetry of
the resulting spectrum, in Chapter 9 where the first assertion follows from
the requirement of modular invariance and the second from the vanishing

of the one-loop partition function.

Here we will turn the argument around and motivate the GSO projection
by requiring a space-time supersymmetric spectrum. By inspection of table
8.1 we see that at the massless level this can be achieved by projecting out
one of the two possible chiralities of the R ground state. This leaves us
with the on-shell degrees of freedom of N = 1, d = 10 Super-Yang-Mills
theory: a massless spinor and a massless vector [6]. Obviously, we also have
to get rid of the tachyon. Let us define a quantum number G which is the
eigenvalue of the operator G = (—-l)F where F' is the world-sheet fermion
number. If we assign the NS vacuum (-1)F|0) = —|0), ie. G = —1,
we can write in the NS sector F = Y,50bl 5% — 1. If we then require
that all states satisfy G = 1, we remove all states with half-integer o/m?
(for which there are no space-time fermions) and some of the other states.
In particular the tachyon disappears. A general state in the NS sector,
ozi_ln1 . ai_IiLij_l,.l o bj_l‘,’{M|O) has G = (—1)M and all states with M even
are projected out. In the R sector the equivalent of G is a generalized
chirality operator I' = (—l)F = b -bg(—1)2n>° bLabn where by b8 is
the chirality operator in the 8 transverse dimensions and ¥ ;¢ b’;_nb% the
world-sheet fermion number operator. It is easy to see that {I,4%*} = 0 and
the eigenvalues of the R ground states are +1, depending on their chirality,
if we define I'|a) = []8_; bj|a) = +1 and I'|a) = —1. Then a general state

in the R-sector ai}_nl .. .a%%b{lml - bj—%MI@ has I = (—-1)M(—1)Zi bmy,0
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and o1, ..ot WM [a) has I = —(=1)M(~1)Zi%mi0. The
GSO projection then corresponds to demanding that all states have either
I'=1o0r I' = —1. We see from table 8.1 that making the GSO projection
we arrive at a supersymmetric spectrum (at least up to the level displayed

there).

To obtain the full closed string spectrum we have to tensor the left- and
right-moving states together obeying the constraint eq.(8.14). We have to
distinguish between four sectors, two of which ((NS,NS) and (R,R)) lead to
space-time bosons and two ((NS,R) and (R,NS)) to space-time fermions. An
additional complication arises because we can choose between two possible
chiralities for the left and right R ground state. Since in each sector we
have to satisfy the constraint Ly — Lo = 0, or, equivalently m2 = m2, the
closed string states are tensor products of open string states at the same
mass level. The possible states up to the massless level are shown in table
8.2. There are too many states at the massive level to display there but
it is straightforward to work out the continuation of the table. Again, we
have to make the GSO projection. One way to perform it is for the right-
and left-movers separately. For the NS states we require (——1)F = +1
and (—1)F = +1 and for the R states I' = +1 or I' = —1 and likewise
for I'. This leads to several possibilities. For instance, the theory with

I' = I = +1 has no tachyon and the following massless states:

Bosons : [(1) + (28) + (35)s] + [(1) + (28) + (35)s]
Fermions : [(8)c + (56)c| + [(8)c + (56)c]
i.e. we get a total of 128 bosonic and fermionic states, indicating a super-
symmetric spectrum. The projection as given above defines the type IIB

string theory whose massless spectrum is that of type 1IB supergravity in

ten dimensions. The (35), represents the on-shell degrees of freedom of a
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Table 8.2 Closed fermionic string spectrum

a'(mass)3 states and their SO(8) | little (_1)1-“ (“l)F representation contents with
representation contents | group respect to the little group
(NS,NS)-sector
[0)z x [0)r
- (W () S0 -1 | -1 (1)
i.. IO)L X b{_ / IO)R
’ ©. @, [o@ T (1) + (28) + (38)s
(R,R)-sector
la}z x [b)r
(8). (8), +1) +#1 (1) +(28) + (35),
&)z x |b)r
(8)c  (8)e -1 -t (1) +(28) + (35)c
0 50(8)
@) x |)r
(8)e (8)s R B (8)v + (56)s
l(as))L, i (l?)R o (8)s + (56)
(R,NS)-sector
Ia)L X b'.. / IO)R
(8)3 1 (28)v +1 +1 (8)¢ + (56)c
0 50(8)
Ia)L X bi_. / |0)R
®: () B B (8)s + (56),
(NS,R)-sector
b, 4000 x |a)r
-1/
(sl)u2 (8)s S (8)c + (56)c
0 50(8)
b, ,100L % |8)r
—_ / _
(81)02 (8)c +1 1 (8)‘ + (56)0

graviton, the two (28)’s represent two antisymmetric tensor fields and the
(35)s a rank four selfdual antisymmetric tensor. I addition there are two
real scalars. The fermionic degrees of freedom correspond to two gravitinos

(the (56)c) with spin 3/2 and two spin 1/2 fermions. The presence of two
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gravitinos means that this theory has N = 2 supersymmetry. Since both

gravitinos are of the same handedness, it is a chiral theory.

The choice I' = —I" = 1 leads to the following massless spectrum:

Bosons : [(1) + (28) + (35)1)] + [(S)v + (56)v]

Fermions : [(S)C + (56)c] + [(8)3 + (56)3]

representing the degrees of freedom of a graviton ((35),), an antisymmetric
rank three tensor ((56),), an antisymmetric rank two tensor ((28)), one
vector (8),) and one real scalar, the dilaton. The fermions can be interpreted
as two gravitinos of spin 3/2 and to dilatinos of spin 1/2, one each for each
handedness. Again, we have N = 2 supersymmetry but non-chiral. This
theory is called type IIA.

8.3 Path integral quantization

Let us now turn to the path integral quantization of Polyakov. In Chap-
ter 3 we have seen that to obtain the ghost action we had to re-express the
Faddeev-Popov determinant as an integral over anti-commuting ghost fields.

The ghost action was than simply Sgp ~ [ pes S8

57 where byg was sym-
metric and traceless, the tracelessness following from the Weyl-invariance of
the theory (at least in the critical dimension). In other words, the ghost La-
grangian followed immediately from the traceless symmetric variation of the
metric by replacing the gauge parameter {* by a ghost field ¢* of opposite
statistic and introducing the antighost b,g with the same tensor structure
as the gauge field A, 3, but opposite statistics. We will now apply the same

procedure to the fermionic string.

The transformations of the zweibein and the gravitino under repara-

metrizations and supersymmetry transformations are
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1 1

a Pé)a — ={XgPac

5(PE)ap 2(XﬂP ) (8.26)
2

3 _ 1
6Xa = 2(1I€)a — Ze‘PXa(€ﬂ7V/3§7) + ZXaVﬁfﬂ + (VﬂXa)fﬂ

eaaéeﬂa =

where we have made compensating Weyl, Lorentz and super-Weyl transfor-
mations to eliminate the trace and antisymmetric part in the first line and

to get p-6x = O in the second. The parameters of these transformations

were
A=—3V%%,
| = _%eaﬂvagﬂ, (8.27)

1
n=—p*Vae - Zpaxﬂ(Pé)aﬁ-

In the critical dimension these are good symmetries and we can chose x to
be p-traceless, which is what we have done. Then the torsion piece in the
connection vanishes and all covariant derivatives will be without torsion.

The ghost Lagrangian is then

' deg? ,  beg? ~ 6 X
ghostz__’_{aﬂ B oy _t, 2B ge[?Xe 8t O0Xa }
£ 370 leaa g7 — Geaay 7] +iB [5§ﬂ kbl

' 7 3
= ——L{ba/jVQCﬂ +BVar + 1%y [:?-,B7V c— %ﬂavaa

2T
— (V- B)e" +(VgB")f = 25051}
(8.28)
Bo and vy are commuting spin 3/2 and spin 1/2 ghosts, with p-3 = 0. b,45 and
¢? are as in Chapter 5. The factors of ¢ have been included to make 7 real
and (8 imaginary. In deriving eq.(8.28) we have redefined ¢ — € — %57)(7 and
made use of the identities given in the appendix of the previous chapter.

Note that the term in brackets will be absent in superconformal gauge.*

4We could also have introduced ghosts for Weyl, Lorentz and Super-Weyl transforma-

tions, but they would have been integrated out, giving constraints on by,g and Ba,
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From the ghost action we can now derive the ghost energy-momentum tensor
and the ghost supercurrent. Using the equations of motion and a gravitino

in superconformal gauge, we get
Tog = i{bay Ve +bg, Ve = c"Vybog

+5(8aV5+ B3Va)1+ { (Vs + Valalr},  (3.29)

(3 i
Try = ~i{56° Vaca +(Vafy)e® = 1hys o'}

We could now proceed as in Chapter 3, expand the ghost fields in modes,
find their contribution to the super Virasoro operators and show that the
conformal anomaly vanishes in the critical dimension. We will however not
do this here but rather postpone the discussion until Chapter 12, where we
will be able to derive the same results in a much easier way using supercon-

formal field theory.

resulting in their being symmetric-traceless and p-traceless respectively. Also, we
would find that only the helicity +:3/2 components of the gravitino couple, reflecting

super-Weyl invariance [7].
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Chapter 9

Spin Structures and Superstring Partition Function

In the first part of this chapter we compute the one-loop partition func-
tion of the closed fermionic string. We will do this in light cone gauge. The
possibility to assign to the world-sheet fermions periodic or anti-periodic
boundary conditions leads to the concept of spin structures which we will
introduce. The requirement of modular invariance is then shown to result
in the GSO projection. In the last part we generalize some of the results of

Chapter 6 to the case of fermions.

Spin structures in string theory and their relation to modular invari-
ance were first discussed by Seiberg and Witten [1] and Alvarez-Gaumé,
Ginsparg, Moore and Vafa [2]. Reference [3] gives a more detailed insight
into the subject.

Let us begin by explaining what spin structures on a genus g Riemann
surface Xy are. As we know from Chapter 6, there are two non-contractible
loops associated with each of the g holes. All other non-contractible loops
can be generated by deforming and joining elements of this basis. When we
have spinors defined over Xy we can assign to them either periodic or anti-
periodic boundary conditions around each of the 2g loops. Each of these
229 possible assignments is called a spin structure on X4. An important
distinction is that of even and odd spin structures which is connected to the
zero mode structure of the chiral Dirac operator which, on X, is simply

D, and D; for the two chiralities. We will treat these operators in more
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detail below. We call a spin structure even if the number of zero modes of
the chiral Dirac operator is even and we call it odd otherwise. Let us study

the situation for the torus and then generalize to arbitrary genus.

We can put a flat metric on the torus for which the chiral Dirac operator
is simply @,. It is then clear that the only global zero mode is the constant
spinor. Obviously, only (+,+4) boundary conditions allow for a constant
spinor where the two entries refer to the boundary conditions along the two
non-contractible loops. This means that there are three even and one odd
spin structure on the torus. For the generalization to arbitrary genus and
the properties under modular transformations the following facts, which we

will state without proof, are important:

(i) for a given spin structure, the number of chiral Dirac zero modes is a

topological invariant modulo two;

(i) the number of chiral Dirac zero modes is additive modulo two when

we glue together two Riemann surfaces.

The second fact together with our result for the torus can be used to
find the number of even and odd spin structures for arbitrary Riemann
surfaces. It is not hard to see that there are Y7, 44(%)39-™=29-1(29-1) odd
and ¥, .ien(£)39~™=29"1(29+1) even spin structures. Since the number of
zero modes of the Dirac operator mod 2 is a modular invariant (this follows
from (i)), the two classes of spin structures transform separately under
modular transformations. In fact it can be shown that they transform
irreducibly. This means that in the computation of the partition function
or any correlation function we have to sum over all boundary conditions
leading to even or odd spin structures. The relative phases between the

different contributions are then determined by modular invariance.

Let us illustrate the above and work out the details for the vacuum am-
plitude on the torus, the one-loop partition function. As already discussed
in Chapter 6 we parametrize the torus by two coordinates £1,£% € [0,1] and
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define complex coordinates z = ' + 762 and z = €' + 7€? in terms of which
the metric is ds? = |dz|2. 7 is the Teichmiiller parameter distinguishing dif-
ferent complex structures. Recall that modular transformations are those
changes of 7 which lead to identical complex structures. They are generated

by S:7— —1/7and T : 7 — 7+ 1. Under a general modular transfor-

: b ; 2 1 ! !
mation 7 — (‘:‘:+ the metric changes to ds* — o2 |d¢" + 7d¢"|? where

(€17,€%) = (d€* + bE?, c€ + ak?). We have the following possible boundary

conditions for fermions, leading to four spin structures:

P(§ +1,6%) = £y(¢',€?)
P(€,6" +1) = £9(¢,67).

Periodic boundary conditions in £ 1 correspond to the Ramond sector and

(9.1)

antiperiodic boundary conditions to the Neveu-Schwarz sector. Under an S
1

transformation with modular matrix (_(1) +O> (61,87 — (€%, —¢%). This

means that the fermions transform as ¥(¢*,£2) — o/(£2,£%) o (€2, —€1)

from which we easily derive the following action of S on the boundary

conditions or spin structures:
(==) = (=-)
S (+4) = (+4), (+=) = (—+) (9.2)
(=+) = (+-)
In the same way we find that under 7 — 7 + 1 the fermions transform as

V(€L €2) — P (€1, €%) ox P(EF + £2%,£?) which leads to the following action

of T:
(==) = (=+)

T: (++) = (++), (+-) = (+-) (9:3)
(—4) = (=)
This demonstrates our general statement above that even and odd spin

structures transform irreducibly under modular transformations. In string

theory one of the basic principles is invariance under diffeomorphisms of the
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world-sheet, also global ones. Since, as we have seen, they do change the
spin structure, we have, to get modular invariant expressions, to sum over
all different spin structures in each class {(even and odd). At the one loop
level the (4++) spin structure is invariant by itself, being the only odd one
and so is its contribution to the partition function. The other three must
all be included in a modular invariant way. This means in particular that
we must include both the R and the NS sectors.

It is now important to note that due to the world-sheet supersymmetry
algebra, world-sheet fermions 9* as well as the gravitino x, and conse-
quently also the superconformal ghosts 3,~, all have the same spin struc-
ture. Left- and right-movers however can have different spin structures. We
then denote the contribution to the partition function of the right-moving
fermions with spin structure (++) by A+ (7) and likewise for the other
three cases and the left-movers. In light-cone gauge we get the following
expressions which are trivial generalizations of the corresponding expression

for the bosonic string:

A(++)(T) — n(++)Tre27ri'rHR(_1)F

A(+—)(T) = 77(+_)Tr e27ri'rHR
9.4
A(——)(T) = n(__)TI‘ 627riTHNS ( )

A(—+)(T) — 77(_+)Tre27riTHNs(-—1)F

where the n are phases to be determined by modular invariance. Let us
comment on the (-—l)F factors. For anticommuting variable the trace au-
tomatically implies that the fermions satsify anti-periodic boundary condi-
tions along £2. If we want to have periodic boundary conditions, we have
to insert the operator (—1)¥ [4]. The light-cone Hamiltonians in the two
sectors are (cf. Chapter 8):
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ad 1

Hp= ) mbt b+ =

m=1 3

o (9.5)
Hys = > rb b - ¢

1

7‘:-2-

The normal ordering constants follow most easily by subtracting the bosonic
contribution —%“4—2- from the total normal ordering constant in each sec-
tor, namely 0 (R) and —%— (NS). It is now easy to evaluate the different
contributions to the partition function. For instance, for A(“")(T) we get

(g=e

.
.

27ri7')
A () =) Tr gfINs

— n(__)q—l/ﬁTr q2r=1/2 Tb'_rb;,

— g (™)’ (95)
™ N,

=m—yg/8( ﬁ 1+ qnﬁl/z))s-

n=1
The calculation is completely analogous to the bosonic case only that the
occupation numbers are now restricted by the Pauli principle to N, = 0
and 1. (This is just the grand partition function for an ideal Fermi gas with

energy levels B, =r.) We can now write

~1/6 T 1+ 1/2)8
q ngl( +q"71?)

— {q—1/24 ﬁ (1- qn)_1}4{ H (1 _ qn)4(1 +qn—1/2)8}
n=1 n=]1
_ 95(0lr)
n4(7)

(9.7)
where 77(7) is the previously encountered eta function and 63 one of the four

Jacobi theta functions. In general, we can define the theta functions -
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. 92 o0 ' '
0[3](0|7') — 77(7.)62#1045(17*712 H (1+qn+0—1/262m¢) (1+qn—0-1/2e—2m¢)
n=1

+ o0

= Y explim(n+ 0)%r + 2mi(n + 6)¢].
n=—oo
(9.8)
Through the one-loop partition function the #-functions for arbitrary 6 and
1

¢ are in correspondence to the generalized fermion boundary conditions

P +1,6%) = —e7 2y (el €2y
Y(E, %+ 1) = —e 2Py (el €?). (59
The different spin structures then correspond to
(++) 6=¢=1/2 0[1/3] =61
(+-) 0=1/2,¢=0 0[] =0,
(—-) 9=6=0 o) =6 O
(—+) 0=0,¢=1/2 6(,%] = 64

The Jacobi theta functions and their generalizations to higher genus Rie-
mann surfaces (the Riemann theta functions) play an important role in
string theory and conformal field theory. They satisfy many amazing iden-

tities. At one loop, some of the most important ones are
63(0l) — 63(0]) + 62(0[7) =0
05(0|7)03(0|7)04(0|7) = 2n3(7) (Jacobi triple product identity)

01(0[7) = 2m7°(7)

(9.11)
where the prime denotes differentiation with respect to the first argument
(cf. the appendix to this chapter). Also, it is easy to see that 6,(0|7) = 0.
In the same way that we have derived the partition function for the (——)

spin structure, we easily show

1This will be derived in the appendix to this chapter.
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A7) = 7y s
4 T
A r) = -y B0,
! (9.12)
(+-) 05(0]7)
A (T) - ) 774(7_) ’
4 T
AFD(r) = 77(++)g,17745‘(()|;52 :

Obviously, A+*)(r) = 0, i.e. the partition function for the odd spin struc-
ture vanishes. This is not surprising since we know that the Dirac operator
has a zero mode and A ~ [ D¢e_¢‘¢¢ = 0.

We have stated above that odd and even spin structures transform irre-
ducibly among one another under modular transformations. This should be
reflected by the transformation properties of the 8-functions. Indeed, from

the series expansion it is not hard to show that
01(0]7 +1) = ei”/49’1(0|7')
6207 +1) = €™/40y(0]7),
63(0]7 + 1) (0]7), (9.13)
04(0]7 +1) (0l7)

77(1 + 7_) — ei7r/1277(7_) ’

IR
S 2
=4
\]

which reflects the transformation properties of the spin structures under 7’

(cf. €q.(9.3)). Under S they transform as

, (9.14)

which corresponds to eq.(9.2).
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Let us now determine the phases 7. We will first require that the spin
structure sum is modular invariant separately both in the left- and right-

moving sectors. Since only relative phases are relevant we will arbitrarily

63(0r)

set N--) = +1, Le. A7) = W.‘Using the transformation rules of
the theta and eta functions we easily find
4 :
AC )N r+1) = AED(7) = Q—{E%I—T)—)-e_m/:s. (9.15)
n*(r

The contribution from the eight transverse bosonic degrees of freedom is

1 . . .
~ —8(———) which contributes an extra factor of e~2m/3
no(r

the phase n_4+) = —1. Similarly we show that 5.y = —1. Clearly, n(.4)

so that we get for

cannot be determined from modular invariance; we will show below that
it has to be &1. With these phases the contribution of the right-moving

world-sheet fermions to the superstring partition function is
A(r) =Tre?™mHNs 114 (=1)F+) = Tre?™HR 1(1 iy (-1)F)

=%7}(:—)4 {9-‘31(0!7') - 9:11(()'7') - 9%(0[7‘) +7}(++)9‘11(0]7')}

(9.16)
with a similar expression for the left-movers. The relative sign between
the two sectors reflects the fact that states in the NS sector are bosons
whereas states in the R sector are fermions. The %(1 + (=1DF) in the
NS sector is just the GSO projection. In the R sector it is (—I)F = +1
according to 7(44) = =*1 which agrees with Chapter 8. Due to the first
identity in eq.(9.11) and the vanishing of #;, the partition function vanishes.
This reflects a supersymmetric spectrum: the contributions from space-time
bosons and fermions cancel.

It is worthwhile mentioning that there is one other modular invariant
combination of boundary conditions: it consists of summing over the same
boundary conditions for the left- and right-movers. It follows that the left-

and right-moving sectors are not separately modular invariant due to the
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non-trivial connection between their boundary conditions. This leads to the

following partition function:

A(T) — TreZﬂ'zTHNs—Zﬂ‘ﬁHNs %(1 + (_1)F+F)

. B _ (9.17)
+ TreZmTHR—ZmT'HR %(1 _ 77++(_1)F+F)-
If we include the contribution from the bosons we get
11 [82(07)[% + [63(017)[® + [64(0]7) 8
) == : 9.18
x(7,7) 2 (Imr)* In()]?4 (9.18)

Modular invariance of this expression is easily checked. This theory has
only space-time bosons and contains a tachyon. The GSO projection in the
NS sector is (—1)F+¥ =1 which does allow the tachyon in table 8.2.

Let us now give the argument why the phase 7(,4) can only be +£1.
Clearly, for the partition function to have the interpretation as a sum over
states we can only allow 7 4) = 0 or £1. If we look at the partition
function at two loops it will be expressible in terms of the appropriate
Riemann theta functions, ten of which correspond to even and six to odd
spin structures. In the limit where the genus two surface degenerates to two
tori, the genus two theta functions become simply products of Jacobi theta
functions. Especially 61(71)8,(m2), where 7, 5 are the Teichmiiller parameters
of the two resulting tori, is the degeneration limit of an even theta function
at genus two which has to be part of the partition function since the even
theta functions transform irreducibly under global diffeomorphisms (the

Dehn twists) of the genus two surface; that means that 7(;.4) = 0 is excluded.

Let us close this chapter with the extension of some results of Chapter
6 to the case of fermions. We know from Chapter 7 that the covariant
derivative acts on a spin 1/2 world-sheet fermion as Doy = 9q% — %wa oY
where wq, is the spin connection. In conformal gauge, with zweibein e4® =
e/ 263 the spin connection is wq = %eaﬂ Bﬂa. In local complex coordinates

the covariant derivatives act on the two helicity components as D,y =
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(0; F %320)1/&. Now recall our discussion in Chapter 7, where we had
to rescale the fermions to arrive at the action in conformal gauge. Under
conformal transformations they transform with weight 1/2 (this follows from
the invariance of the action or from eq.(7.47)) and the factor by which
we had to rescale them was exactly the square root of the zweibein. But
multiplying the fermions with the square root of the zweibein converts their
tangent space index to a world index. Let us denote the transformed spinors
by e’/ Y, = 1/;i. Since the zweibein is covariantly constant, the covariant
derivative acts on the ‘gZJi as Dz1/3+ = (0; — %8,0)1/;+ and Dz1/3_ = (921/;_.
Extending the notation of Chapter 6 to tensors of half-integer rank, we
find that ¥, € T/ and (h*%)Y%)_ € T(-1/2). We can then extend the
definition of covariant derivatives eqs.(6.9,10) and to general half-integer n.
The scalar product eq.(6.4) also generalizes. Of particular interest is the
Riemann-Roch theorem which holds without modification. We can then
complete table 6.1 for half-integer n in the same way as we did for n € Z
in Chapter 6. The only subtlety is at genus one. For integer n > 0 there is
always a constant zero mode of Vg"). Forne Z+ % this is only true for

the odd spin structure. The results are collected in table 9.1.
Table 9.1:
g | dim kerVY | dim kerV(, 14

0 2n+1 0
odd spin
1 1 structure
even spin
1 0 0 structure

>111 for n=0| g
0 for n>0{(2n+1)(g—1)

We find that there are two zero modes of V&l/z) at g = 0 corresponding
to conformal Killing spinors or zero modes of the superconformal ghost 7.
The zero modes of V{ ;) indicate the presence of super-moduli. We will
however not discuss them here. The ghost zero modes for arbitrary (integer

and half-integer) n will be discussed in Chapter 13.
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Appendix C.

In this appendix we want to generalize the computation of the fermionic

partition function for general boundary conditions
W(o +2m) = —e"2™0y(g) (C.1)

which requires the world-sheet fermions to be complex. The action for one

chirality (say the right-movers) is

S = %/d%— ERY (C.2)
with energy-momentum tensor
T = %(-¢T8_¢ +po_yt). (C.3)
The anti-commutation relations are
{v1(0),¥(c")} = 2m8(0 - &'). (C.4)

The mode expansion is

»z/’(a““) = Z bn+0~le—i(n+e~%)(‘,-+,)
nez 2

(C.5)
IR ST ek
neZ T

and we find
{b;r,z+g_%7 bn+0_%} = ‘5m,n . (C.6)

The b, and bt_n are annihilation operators for 7 > 0. The Hamiltonian is

2
1 62 1
:nze:z(n+9—§):bi+0_%bn+0_%:+(—2—-—-2—4—)
00 1\ - 62 1
= S {0 Doy + (=0 Db+ (5= 20,
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where we have introduced the mode number operators (7 > 0)

(C.8)

The normal ordering constant follows from the general formula given in

footnote 2 of Chapter 8. (We have taken |0| < %) The partition function
is then (N = ¥ 50 Nn+9-—%)
A(e’ ¢) _ ITI‘ 62Wi¢(N—N)qH

: 2 : :
— e27rz9¢q22—-§1; H(l + qn+9~%—e2m¢> (1 + qn—ﬁ—-%e—-—%‘zq&) (Cg)
n
_ ezl
n(7)
We have inserted the operator e2mid(N=N) 5 enforce the boundary condi-
tions in the £2-direction on the torus (cf. eq.(9.9)). We have also included

an extra phase for convenience. This result is valid (up to a phase) for all

0 and ¢.

= det(@g,(ﬁ).

Let us finally give some more information on theta functions. They are
functions of two variables 6[4](z|7) and have a series expansion (Imr > 0)
0[41(zlT) = > explir(n + 0)%r + 2ri(n + 0)(z + )] (C.10)
nez

Clearly
0[51(zI7) = 6[,4.1(0I7). (C.11)
The first argument, or the shift in the £¢2 boundary condition if we use
eq.(C.11), is important when we couple the fermions to an external field.
However it will not enter in our applications. An alternative representation
of the theta-functions as an infinite product was given in eq.(9.8). It is not
hard to show the transformation properties under S and T transformations,

the generators of the modular group:
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0[3](0}r + 1) = e~ (¥’ “org-yl0007)

. ' _ (C12)
6151(0] — =) = V=ire” ™9 ~3)(0}r) Jarg vV=ir| < .

The first equation follows directly from the sum representation. To show

the second one uses Poisson resummation (cf. Chapter 10).
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Chapter 10

Toroidal Compactification of the Closed Bosonic
String — 10-Dimensional Heterotic String

So far we have described two kinds of closed oriented string theories.
First, the closed bosonic string theory was formulated consistently in 26
space-time dimensions. The spectrum of physical states contains a negative

2 = 0, a sym-

(mass)? scalar tachyon and, at the next level, with (mass)
metric traceless tensor (the graviton), an antisymmetric tensor field and a
scalar dilaton. These states are accompanied by an infinite tower of mas-
sive excitations. As such, the closed bosonic string has many serious, phe-
nomenological drawbacks: flat 26-dimensional space-time, the appearance

of a tachyon and the non-existence of space-time fermions.

Some of these difficulties could be overcome by the 10-dimensional
fermionic string theories. Modular invariance forces to project onto a space-
time supersymmetric spectrum which excludes the scalar tachyon. The low-
est states are again the massless graviton, antisymmetric tensor field and
dilaton which are now accompanied by their superpartners, namely two
gravitinos and two dilatinos. Therefore the theory has N = 2 space-time

supersymmetry in 10 dimensions.

In conclusion, both the bosonic and fermionic closed string theories de-
scribe a higher dimensional theory of pure (super) gravity at the massless
level. However, one would like to include also non-Abelian gauge inter-
actions, massless scalars and fermions and formulate the theory in four

space-time dimensions. Both of these goals can be reached simultaneously
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when “compactifying” some of the string coordinates on an internal com-
pact space. However, the notion of compactification should not be taken
too literally — we will eventually learn that, in the field theory sense, the
“string compactifications” are, in general, no compactifications at all. With
the most general ansatz of constructing four-dimensional string theories, the
concept of critical dimension is replaced by the requirement that the central
charge of the Virasoro algebra is zero. This can be realized by introduc-
ing only four “usual” string coordinates corresponding to four-dimensional
Minkowski space-time and in addition a two-dimensional (super) conformal
field theory which has to satisfy the consistency constraints of unitarity,
locality, conformal invariance, modular invariance etc. Simple realizations
of these internal conformal field theories are two-dimensional bosons living
on a torus or free two-dimensional fermions. Moreover, many construc-
tions may turn out to be quantum mechanically equivalent, e.g. via the
two-dimensional equivalence between bosons and fermions. This will be

discussed in Chapter 11.

In this chapter we restrict ourselves to discussing the toroidal compact-
ification of the closed bosonic string and the construction of the supersym-
metric 10-dimensional heterotic string theory. In Chapter 14 we will discuss

theories in four dimensions.

Compactification of closed strings on a torus was first discussed by
Cremmer and Scherk [1] and by Green, Schwarz and Brink [2]. References
[3,4] initiated further developments. Additional literature can be found

in [5]. The heterotic string was invented by Gross, Harvey, Martinec and

Rohm [6].

10.1 Toroidal compactification of the closed bosonic string

For illustrative purposes we first consider the simplest case of one coordi-

nate compactified on a circle of radius R. It means that for one spatial
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coordinate, i.e. X?° we require periodicity such that points on the real axis

are identified according to
XB®~X® 4 27RL , LeZ. (10.1)

Thus, X?® describes the one-dimensional circle S!. In other words, S! is

obtained by dividing the real line by the integers times 27 R
S'=R/2rRL , L€Z, (10.2)

which also defines the equivalence relation eq.(10.1). Now, the coordinate
X%(o,7), 0 < ¢ < 2, maps the closed string onto the spatial circle 0 <
X? < 2mnR. Therefore we have to reformulate the periodicity condition a

closed string has to obey in the following way:
X®(o +2m,7) = X*®(0,7) + 27RL. (10.3)

The second, new term describes string states which are only closed on the
circle however not on the real axis. These states correspond to so-called
winding states; they are characterized by the winding number L that counts
how many times the string wraps around the circle. This phenomenon has
no counterpart in the theory of point particles. The winding states are
topologically stable solitons; the winding number cannot be changed with-
out breaking the string. Such solitons always exist if the internal manifold

contains non-contractible loops.

We get the following mode expansion for X%3(o,7) which respects
eq.(10.3)

1 . )
X®(o,7) =z® 4+ 2pr + LRo + 1 Z —(afe“m("-o’) + c”sze"m(”“"))_

n#0 n
(10.4)
z® and p*® obey the usual commutation relation
[z%,p%] = 1. (10.5)
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p?® generates translations of z2°. Singlevaluedness of the wave function

exp(ip?°z?°) restricts the allowed internal momenta to discrete values:

M
P = T 0 MeZ (10.6)

We split X*(o,7) into left and right movers.

1 1 ;
XE(7+0) = 535 + (0P + SLR)(7 +0) +1 T ~afe (49,

n#0 n
1 1 1 . (10.7)
X¥(r—-o0)= —2-:1:25 + (p* - —2—LR)(T —o)+1 )y, ;affe”m(T"”) )
n3#0

The mass operator gets contributions from the soliton states (remember

that o/ = 2):

m2 = %(% + ~;-LR)2+NL —1,
my = %(% - %LR)Z-i-NR -1, (10.8)
m?2 =m2 +m? = %—22—+?}L2R2+NL+NR—2,

where m? = — 2;2:-1::0 pup?. The factor -Alg— is the contribution from the

momenta in the compact dimension and the term %;LZR2 is the energy

required to wrap the string around the circle L times.

Physical string states have to satisfy the reparametrization constraint
eq.(3.18)
m2=m% — Ng—Np=ML. (10.9)
Let us examine the spectrum of the effectively 25-dimensional string the-
ory. First consider states with no winding number and internal momentum
excitations.

(i) The lowest energy state is again the scalar tachyon with m? = —2 (we

suppress the space-time momentum)
|tachyon) = |0). (10.10)
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(ii) At the massless level with N = Np = 1 there are now the 25-

dimensional graviton, antisymmetric tensor and dilaton.
|GFY) = o*.a%,10) p,v=0,...,24 (10.11)

with the oscillators in the 25 uncompactified space-time directions.

(iii) In addition to these states which were already present in the uncom-
pactified theory there are also new states which arise from the com-
pactification. We can replace one space-time oscillator by an internal
oscillator to get two vector states:

\%8 ) = 0‘~107251|0)
(10.12)
V§) = az—slagllo) :
These massless vectors originate from the Kaluza-Klein compactifica-
tion of the bosonic string on the circle ~ they are just part of the orig-
inally 26-dimensional graviton and antisymmetric tensor field. They
give rise to a U(1l)p x U(1)p gauge symmetry which corresponds to
the left and right isometries of the circle. Of course, the appearance of
these two gauge bosons is expected in any field theoretical compacti-

fication.

(iv) Finally, acting with two internal oscillators on the vacuum we obtain a
massless scalar field which is also a compactified degree of freedom of
the 26-dimensional metric; its vacuum expectation value corresponds

to the radius R of the circle:

'wy—aiémw (10.13)

Let us now turn to the more interesting case, namely states with non-
trivial internal momentum and winding number. Therefore we act now with
the oscillators on the soliton vacua |M, L). We will concentrate on the first
winding sector, M = £L = £1.

Choosing M = L = £1 we derive from eq.(10.8) that
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2 _ 1 1, 1
mL-2R2+8R + Np, 5
21  1m 3
mh = gpz + R+ Ne— 3, (10.14)
1
m? = <5+ >R%+ N+ Ng — 2

The level matching constraint eq.(10.9) is satisfied if N;, = 0, Ng = 1. Thus

we have two vector states of the form
VE)y =o¥ | £1,41), a=1,2, p=0,...,24 (10.15)

and also two scalars

¢a) = | £ 1,£1) (10.16)

with mass which depends on the radius of the circle
m?(R) = E}g + 232 - 1. (10.17)
Analogously we can set M = —L = £1. Then eq.(10.9) is satisfied if
Ny =1, Ng =0 and we obtain again two vectors and two scalars
Viky =&l | £1,F1), a=1,2, p=0,...,24
(10.18)
|¢a) = &%| £ 1, F1)
with mass also given by eq.(10.17). It is easy to see that m%(R) > 0 with
equality holding for R = /2 = vo!. This means that for this particular ra-
dius, which is determined by the string tension, we get extra massless states,
of which the massless vectors are of particular interest. This phenomenon
is of utmost importance in the theory of the compactified bosonic string.
The four additional massless vectors form, together with the massless vec-
tors of eq.(10.12), the adjoint representation of SU(2)y x SU(2)g. The
oscillator excitations eq.(10.12) with zero winding number correspond to
the U(1) x U(1)g Cartan subalgebra generators of SU(2) x SU(2)R, the
soliton states of eqs.(10.15) and (10.18) to the (non-commuting) roots (this
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will be put on more rigorous grounds in the next chapter). (M + L, M — L)
are the U(1) x U(1) g quantum numbers. It is easy to convince oneself that
these additional massless vectors are the only ones possible for any choice
of M, L and R. We then also have extra tachyons M = 0, L = 1 and
M =41, L =0.

We have seen that for a special value of the radius of the compact circle
one gets an enhancement of the gauge symmetry due to the soliton states.
This can never occur in any point particle compactification. Furthermore,

for R = /2 we get also eight additional massless scalars
o® £ 1,£1), &% £1,F1), |£2,0), |0,42) (10.19)

which, together with a®a%%|0,0) (cf. eq.(10.13)) form the (3, 3) representa-
tion of SU(2)r x SU(2)g. However, for arbitrary values of the radius, both
the four non-commuting gauge bosons of SU(2); x SU(2)p and the four
scalars with internal oscillator excitations are massive — the gauge symmetry
is broken to U(1)f x U(1)g. Therefore this phenomenon can be interpreted
as a stringy Higgs effect. For arbitrary radii these four massive scalars build
the longitudinal components of the four massive vector particles. Two of the
remaining scalars in eq.(10.19) become massive and the other two become

tachyons.

The U(1)r x U(1)g gauge bosons on the other hand stay massless for
all values of R. This also the case for the single scalar of eq.(10.13). In a
low energy effective field theory this neutral scalar will have a completely
flat potential which corresponds to the freedom of choosing the radius of
the circle as a free parameter. In summary, the spectrum of the bosonic
string compactified on S! is characterized by a single parameter, also called
modulus, namely the radius of the circle which is the vacuum expectation
value of the scalar field eq.(10.13). However at this point one must be quite
careful. Inspection of the mass formula eq.(10.8) shows that the spectrum

is invariant under transformations R — % if one simultaneously also inter-
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changes the winding numbers L and the momenta M. This transformation
is called a duality transformation where the point R = /2 is a fixed point
under this transformation. It means that the compactified string theory
looks the same regardless whether we consider it at large or small radius
of the internal circle.! Therefore the spectrum of the compactified bosonic
string is already completely characterized by the values R > v/2, or, equiv-
alently, R < v/2; i.e. the so-called moduli space of this theory is not the
whole real axis but only one of the above intervals. The invariance under
duality indicates that in string theory one cannot probe distances smaller

than the string size.

We now want to generalize this mechanism to the case where we com-
pactify D bosonic coordinates on a D-dimensional torus 7P . The resulting
theory is therefore (26 — D)-dimensional. The torus is defined by identifying
points in the D-dimensional internal space as follows (compact dimensions

are labeled with capital letters):

D
X'~ XT 4+ V2r S niRiel = XT v 2nLF,  ny el (10.20)
1=1
with
1 D
LI = 5 > n;Rel. (10.21)
1=1

The e; = {ef} (i = 1...D) are D linear independent vectors normalized
to (e;)2 = 2. The L = {L’} can be thought of as lattice vectors of a D-
dimensional lattice AP: L € AP. This lattice has as basis the D vectors
\/g R;e;. Therefore the torus on which we compactify is obtained by dividing
RPD by 27 4PD:

TP = RP j2r AP (10.22)

1Strictly speaking one has to make sure that the S-matrix elements transform prop-

erly. One can show that this is indeed the case.
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Center of mass position and momentum satisfy canonical commutation re-

lations

[zf,p7] =167, (10.23)

i.e. p’ generates translations of ' and single valuedness of s d requires
that L'p’ € Z, i.e. the allowed momenta have to lie on the lattice which is
dual to AP, denoted by (AP)*:2

D s
pPr=v2Y =l (10.24)
i=1 "
where the efI are dual to the e/, i.e.

Z eje;l = (10.25)

I=1

Their normalization is (ef)? = %— From eq.(10.25) it follows that
D
> efel = 6", (10.26)
1=1

The basis vectors of (AP)* are ge:.
The condition a closed string in the compact directions has to satisfy

now looks like:
XNo+2n,7) = X0, 7) + 27 L". (10.27)

Thus the L play the role of winding numbers. The mode expansion be-

comes:
Xi(r +a) —1—x + (' + ILI)(T+U) +iy %&f‘ gmin(rto)
. "0 (10.28)
Xi(r—0)= —:c +(p' - ~LI)(7' —0)+1 Z —af e~ (T=)
n;éO

The mass formula is (m? = — 225 o Pup®)

ZSome basic facts about lattices are collected at the beginning of section 11.2.
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12 1
m%=§Z(P + = L’) +NL—~1=§p%+NL—-1
I=1
g _ 1 1 1oy 1 9
mR=—Z(p - =L+ Np—1=-pr+Ng-1
2[:1 2 2
(10.29)
m2-mL+mR-NR+NL——2+Z(pIpI+ LILI)
I....
D 1
*
=N +Np—2+ Z (migijmj + Znigijnj)
i,y=1 ,
with py p =p % %L. gi; and g;-"j are the metrics of AP and (AD)*:
12 o
9ij —52_: ei Rjej,
= (10.30)

9ij = Rz R;%T

With eqs.(10.25) and (10.26) it follows that g, = (¢7%)ij. The volumes of
the unit cells are vol(AP) = /detg and vol((AD) ) = Vdetg* = ﬁ.

The constraint eq.(10.9) generalizes to

D
NR“NL=P'L=Zmini- (10.31)
=1

Using this information one can easily show that the 2 D-dimensional vectors
P = (pr,pgr) build an even self-dual lattice3 I'p p if we choose the signature
of the metric of this lattice to be of the form ((+1)2,(-1)P); ie. P-P' =
Y 1(pLp% —phpk). Therefore I'p p is called a Lorentzian lattice. Self-duality
of I'p p follows from the definition of the mutual scalar product between
two different vectors P and P': P. P/ = Zl_l(m,n + n;m.) € Z. Note
however that, given the vectors (p;,pr) € I'p p, the set of vectors py, pg do

30ur notation is such that we denote the left- and right-moving momentum lattices

by I'y r and the winding vector lattice by A.
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not, for a general metric on the torus, form separate lattices I'y,, I'g in spite
of closing under addition. For example, consider the two-dimensional even
Lorentzian self-dual lattice Iy ; consisting of points (% + %LR, % - %LR).
The left (or right) components alone, even though they close under addition,
do not form a one-dimensional lattice. For general real values of R we cannot
write all possible p; as the integer multiple of one basis vector. A torus
compactification where the left and right momenta p;, pp build separately
Euclidean lattices I';, and I'g is called rational. The notation ‘rational’ is
used since I, I'p can be decomposed into a finite number of cosets (see
Chapter 11). In this case the possible U(1) charges are rational numbers
and the corresponding conformal field theory is rational. For example, the
lattice Iy is only rational if R? is a rational number.

As before, the sector without any winding and internal momentum con-
tains a (26 — D)-dimensional tachyon, a massless graviton, antisymmetric

tensor and dilaton. Furthermore there exist 2D massless vectors of the form
I -
IVI“ ) = a_'u_'1a£1|0) )

_ (10.32)
|V2IM) = aﬁlaill())

which are the gauge bosons of [U(l)]g X [U(l)]g reflecting the isometry
group of the torus [U (1)]D . Finally, there are D? massless scalars

|67} = o ,a’,]0). (10.33)

These scalar fields correspond to the moduli of D-dimensional torus com-
pactifications of the bosonic string. Of the D? scalars %(D—i—l) are the inter-
nal gravitoﬁ components; their vacuum expectation values give the constant
background parameters g;; which describe the shape of the D-dimensional
torus TP. The remaining %(D — 1) scalars are the internal components
of the antisymmetric tensor field B;; which may also acquire constant vac-
uum expectation values. This kind of background fields will also influence

the string spectrum and therefore enter the mass formula eq.(10.29). The
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BY = £ *IBU e}”% background fields are coupled to the free bosonic

fields X7 via an additional term in the bosonic string action:
1
§=4- / %5 ¢*? B, ;00X (0, 7)35X (0, 7) (10.34)

where we have assumed that the antisymmetric tensor has nonvanishing

components only in the compactified directions and that it is constant. This

8s__ _
30, X1y

%(pl + %Bu L7 + oscillators). This does however only affect the center of

term induces a change in the internal canonical momenta IT7 =

mass momenta. They are now given by =/ = p/ + %BULJ. These vectors
now generate translations and lie on the lattice A7, which is dual to Ap.
The center of mass momentum which enters the mass formula is still given

by p’. pr and pr can be expressed in terms of the n! instead of the p’:

prr=m (‘5” ¥ B)L,

(10.35)
m; 1
= \/— el & \/> - \/;R%Bijnje;g'

It is again instructive to calculate the inner product of two vectors P =
(pz,pg), P' = (p},p%) € Ipp: P P = L, (mn} + nyml). We see
that the inner product does not depend on the choice of background pa-
rameters g;; and B;;. Using this background independence we can take for
V26!, R; = R =1) and B;; = 0. Then I'p p is

manifestly an even self-dual Lorentzian lattice and we conclude that I'p p is

example g;; = 6;; (] =
self-dual for any value of the background fields. We have seen that the torus
compactification of the bosonic string is described by D? real parameters.
The D? dimensional parameter space of the background fields is therefore
called moduli space of the torus compactification. Different values of the
D? parameters correspond to different choices of the Lorentzian, self-dual
lattices I'p p. This fact is very useful to obtain more information about
the geometrical structure of the moduli space. It is known that all possible
Lorentzian self-dual lattices can be obtained from each other by SO(D, D)
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Lorentz rotations of some reference lattice Iy which can always be chosen
to correspond to B;; = 0 and g;; = §;;. However not every Lorentz rotation
leads to a different string theory since the string spectrum is invariant un-
der separate rotations SO(D)r, SO(D)g of the vectors p; and py (see the
mass formula eq.(10.29)). Therefore distinct compactified string theories,

i.e. different points in the moduli space correspond to points in the coset
: SO(D,D)
ometrical structure of the moduli space is given by this manifold. However

which is of dimension D%. We conclude that the ge-

the string spectrum is again invariant under generalized, discrete duality
transformations involving the background fields g;; and B;;. Therefore the
global structure of the moduli space is quite complicate in the sense that
those points in the above coset which are connected by the duality trans-

formations have to be 1dentified.

Let us now turn to the soliton states and assume that B;; = 0. By
the same arguments as before we might expect additional massless state
for special values of the radii R;. We are again particularly interested in
massless vectors. Inspection of eq.(10.29) shows that we need either p% =
2, N; =0 with p; =0, Ng = 1 or L and R interchanged. Together with
eq.(10.31) this means that the only possibilities to get massless vectors
are m; = xn; = x1,m; = n; = 0 for ¢ # j and g;; = 26;;. This
corresponds to R; = /2, Vi=1,...,D, el = ﬂé{ and the gauge group is
[SU(2)]P x [SU(2)]2. In this case py, r build the weight lattice of [SU(2)]P.
This is a trivial extension of the case considered before in the sense that the
bosonic string is compactified on D orthogonal circles with radii R = /2.
We do however want to get more general and in particular larger gauge
groups such that I'; p contain the root lattice of some gauge group G g.

This is only possible if one considers also a non-trivial antisymmetric tensor

field background B;;.
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As the simplest non-trivial example with non-vanishing B;; consider
the toroidal compactification of two dimensions. Choose for the two-
dimensional lattice Ay the root lattice of SU(3) with basis vectors e; =
(v2,0) and e; = (71-—, \/—2-?1') We further set R; = R; = R. This fixes two
metric background fields, namely the ratio of the two radii and the relative
angle between e; and e;. Only the overall scale R is left as a free param-
eter. The antisymmetric tensor field background is given by B;; = Be;;.
For generic R and B the gauge group is [U(l)]% x [U(1)}%. However at the
critical point R = /2, B = % the bosonic string has an enlarged gauge
symmetry [SU(3)] x [SU(3)]r. In this case the lattice I 9 contains lat-
tice vectors P = (p;,0) and P’ = (0,pg) with p;, pp being the six root
vectors of SU(3). These states correspond to the non-Abelian gauge bosons
of [SU(3)]r x [SU(3)]g. In fact, one can easily verify that the lattice Iy
is the weight lattice of [SU(3)]; x [SU(3)]g specified by the three allowed
conjugacy classes (0,0), (1,1) and (2,2) where 0, 1 and 2 are the three con-
Jugacy classes of SU(3) (see next chapter). We are therefore dealing with a

rational lattice for this choice of background fields.

Instead of discussing more examples with non-vanishing antisymmetric
tensor field background let us consider the problem from a different point of
view which also provides the key for the construction of the heterotic string.
Consider again the mode expansion eq.(10.28). So far, only the oscillators
of,, &l were treated as independent variables, however, the center of mass
coordinate z! and the momenta p’ were not. This is in fact necessary if one
wants to maintain the interpretation that the X’(c,7) are coordinates in
some D-dimensional manifold. In this case the left- and right-moving modes
must have common center of mass and common momentum. However, for
general two-dimensional world-sheet bosons this is not necessary; we are

free to regard XI, X% as completely independent two-dimensional fields

with expansions
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Xir+o)=zh+ph(r4a)+i Y, “afemin(rto),
"7 L (10.36)
Xh(r =) = ah+phlr — o) +1 3 Salemnlro),
nF0 n
It means that one gives up the naive picture of compactifying the string on
an internal manifold. The proper way of understanding this is to regard
the resulting theory as a string theory in (26 — D) space-time dimensions;
XI, X% are boson fields which are needed as internal degrees of freedom to
cancel the conformal anomaly. Since for closed strings the fields have to
satisfy X{ p(o +2m) o X[ p(0) where the identification is up to a vector of
a lattice Az g, we find that treating X7 and X} as independent necessitates
that they are compactified, however not necessarily on the same torus. The
periodicity requirement entails that p] and p% have to be interpreted as
winding vectors, i.e. ppp € ALz But Pi,R also generates translations of
zi z- The commutation relations are

[z PL &] = 6",
LRELE (10.37)

[zé,R’pIJi,L] =0.

The second commutator follows from our assumption that left- and right-
movers are independent. There is actually a subtlety here. Eq.(10.37) are
not the canonical commutation relations. For a purely left-moving boson
with the normalization of z’ and p’ as in eq.(10.36), the canonical mo-
mentum would be II] = Zl;r—&,X I from which we would get the canonical
commutation relations [z1,p]] = 2:67/. However, requiring the X’ to be
purely left-moving constitutes a constraint: ¢f = (8; — 8,)X{ = 0. From
{#L(o,7), 81 (o', 7)}p.B. = —878,6(c — '), we conclude that it is second
class. As described in Chapter 7, we have to replace the Poisson bracket
by a Dirac bracket. This leads to eq.(10.37). (With these commutators
7] I

we also get that [z/,p’] = ¢ where 2/ = zf + 2§ and 2" = pl + pi.
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Cf. also the discussion in Section 3.1.) Singlevaluedness of eipi'RX‘{L'R re-
quires that py p € A7 p; ie. we find that pyp € A r N A 5 = Ip R
The 2D-dimensional vectors p = (p;,pg) again build a Lorentzian lattice
I'pp = I' ® I'g, and modular invariance forces this lattice to be even,

self-dual (cf. the discussion in the next section).

Let us now discuss the spectrum of this theory. The mass formula and

reparametrization constraint are

i

2 2
mir= P r+Nrr—1,

Ll ]

) (10.38)
Np ~ Ng = 5(pk —p3).

Clearly, we still have the U(1) gauge bosons of eq.(10.32). Additional mass-

less (26 — D)-dimensional vectors are obtained if there exist lattice vectors

p = (pr,pr) € I'p p Wwith the property p¢ = 2,pp = 0 or p% = 2,p; = 0.

The corresponding massless vectors have the form
IVI{J) = a"_‘llp% =2,pp =0),

10.39
VE) = oy = 0,78 =2) (10:39)

So if I'y, g contains lr,r vectors pp p with p%(R) = 2 we get [y p massless
vectors lVIff r)- These vectors correspond to the non-commuting generators
of a non-abelian Lie group G r. The p%' r = 2 vectors must therefore be
roots of G, g and G, p must be simply laced.* This means that I'r, g must
contain the root lattice of a simply laced group G r. Then the massless
vectors of eq.(10.39) build, together with the states eq.(10.32), the gauge
bosons of the non-Abelian gauge group G xG g with dim (GL(R)) =l R+
D and rank(G) = rank(Gg) = D. The oscillator excitations eq.(10.32)

4A Lie group G is simply laced if all its roots a; have the same length which can be
normalized to @ = 2V i =1,...,dim G. Dots in the Dynkin diagram (correspond-
ing to simple roots) are then either disconnected or connected by a single line. This
leaves only Dp ~ SO(2n), An ~ SU(n + 1) and Eg 7 g or products thereof.
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correspond to the [U(l)]g X [U(l)]g Cartan subalgebra of G, x G. Note
that Gy and G g are in general different.

In conclusion, toroidal compactification of the bosonic string may be
viewed in two ways: as compactification of independent left- and right
movers on different tori or as compactification on the same torus in the

presence of background B;; and g;; fields.

10.2 The heterotic string

The important observation is now that since we have treated the left- and
right-moving compactified coordinates as completely independent, we can
drop either one of them. This is the starting point of the heterotic string

construction which we will discuss in the following.

The heterotic string is a hybrid construction a left-moving 26-dimensio-
nal bosonic string together with a right-moving 10-dimensional superstring.
By the arguments given before it is a string theory in 10-dimensions. We
deal with the following two-dimensional fields: As left moving coordinates
we have 10 uncompactified bosonic fields X5 (7 4+ o) (¢ = 0,...,9) and,
in addition, 16 internal bosons Xi(r + o) (I = 1,...,16) which live on a
16-dimensional torus. The right moving degrees of freedom consist of 10
uncompactified bosons X&(r—0) (4 =0,...,9), and their two-dimensional
fermionic superpartners ¥,(T — o). Finally, we have left- and right-moving
reparametrization ghosts b, ¢ and only right moving superconformal ghosts
B,v. X¥(r + o) and Xk(7 — o) have common center of mass coordinates
and common space-time momentum which can take on continuous values.
On the other hand, the momenta of the additional bosons XI(7 + o) take
only discrete values; they are vectors of a 16-dimensional lattice I"6:

p, €IS pl=pel, I=1...16, p, € Z. (10.40)

I

e; are the basis vectors of I" 16 whose metric is given by
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16
gij =y eie. (10.41)
I=1

'8 cannot be any lattice that contains the root lattice of some simply
laced rank 16 group. One-loop modular invariance puts severe restrictions
on it. We will limit ourselves to consider only the vacuum amplitude, i.e.
the partition function. In the Hamiltonian formalism the partition function
is given by

x(F,7) = TrqHLqHR, g = 2™, (10.42)
Hy and Hp are the left- and right-moving Hamiltonians in the light cone
gauge:
1 9 1l 9
Hp = Sp; + Np+ 5pp — 1

z 2 (10.43)
Hp = ipzz +NR+HNS(R).

p; (1 = 1...8) are the transverse space-time momenta, p; the 16 internal
left-moving momenta; Ny contains the 8 external as well as the 16 inter-
nal left-moving bosonic oscillators, where Np gets contribution only from
the 8 right-moving external bosonic oscillators. Finally, H NS HR are the
Neveu-Schwarz and Ramond Hamiltonians of the fermionic string and the
right-moving normal ordering constant is included there. This leads to the
following partition function:
x(F,7) ~ (ImT)~4——Tl-§Z( Z q%pi)
[7(7)] pLels

g Ff(?lm“Z[%(r)r* — [Ba(m)]* - [Ba(7)]").

(10.44)
7(7)~%4n(r)~8 is the bosonic oscillator contribution, the (Im )4 factor
arises from the zero modes of the uncompactified transverse coordinates and
17(1) ~%x(6-functions) comes from the world-sheet fermions (cf. Chapter 9).
The novel and most interesting part of this partition function is the lattice

(or soliton) sum (from now on we suppress the bar over 7)
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1.2
P(r)= Y q2PL. (10.45)

prelris
The summation is over all lattice vectors of I''6. From the known modular
transformation properties of Im 7 and 7(7) under S and T' we conclude that
in order for x(7,7) to be modular invariant, P(r) must be invariant under

the T transformation,

P(r+1) = P(r) (10.46)
and must transform under S like
1 8
P(—-;) = 7°P(T1) (10.47)

So let us first check eq.(10.46):

P(r+1)= 3 giplemirt (10.48)

PL eI’ls

Invariance under T clearly demands that p% €2Z, Vp eI 16 which means
that I''® must be an even lattice. Note that this already follows from
eq.(10.38) with ps = 0. Since p? = Trplpl = Tijpigijp; = Tiplgii +
2Y i< Pigijp; (Pij € Z) we find that for an even lattice the diagonal ele-
ments of the metric g;; must be even integers: g;; € 2Z,Vi=1,...,16.

The more subtle part is the transformation of P(r) under S. To study

it we recall the Poisson resummation formula. Consider the function

L I
PE.

where the sum runs over the points of an n-dimensional lattice and Re o > 0.

x and y are arbitrary vectors. Since
F(z +p) = F(=) (10.50)
for p € A, we can expand it in a Fourlier series

Fla)= Y eXm®ap*(qg) (10.51)
geA*
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where
1

vol(4) Jug

F*(q) = d"z e 2MI2 P(y). (10.52)

Inserting eq.(10.49), combining the sum over A and the integral over the
unit cell to an integral over all of R™, we get, after doing the Gaussian
integral,

T

Flz) = 3 em2mige—f(y+q)’, (10.53)

vol(A) a™/2

This is the key formula to derive the implications of modular invariance
for P(r). Applying it to P(—1/7) we get

p(-ty= > g (10.54)
—_) = q . .
T Vdet g pe( sy

Therefore, in order to satisfy eq.(10.47), I''6 must be a self-dual lattice, i.e.

It = (réy, (10.55)

Then detg = 1 and vol(I") = vol(I™) = 1.
In summary, modular invariance of the partition function implies that
the internal 16-dimensional momentum lattice I'*® must be an Euclidean

even self-dual lattice.

These lattices are very rare. We will study them move carefully in
the next chapter. The result is that in 16 dimensions there are only two
Euclidean even self-dual lattices namely the direct productA lattice FEs ®I'E,,
where I'g, is the root lattice of Eg, and I'p, which is the weight lattice of
Spin (32)/Zy which contains the root lattice of SO(32). The metric g;; of
I'gy is the Cartan matrix of Eg:
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-1 2 -1
-1 2 -1
gij = ! _21 21 1 1 (10.56)
-1 2 -1
-1 2
~1 2

One can check that detg;; = 1. The construction of the weight lattice of
Spin (32)/Zy will be discussed in the next chapter. Both, the root lattice
of Eg x Eg and the weight lattice of Spin (32)/Zy contain 480 vectors of
(length)2 = 2 which are the roots of Eg x Eg and SO(32) respectively.
Therefore, according to our previous discussion the dimension 496 gauge
group of the heterotic string is either Eg x Eg or SO(32). This is required

by modular invariance.

Let us investigate the spectrum of the heterotic string more carefully.
First consider left-moving excitations. As usual, there is the tachyonic vac-
uum of the bosonic string. At the massless level we have oscillator excita-
tions & ;]0), & ,]0). The former transform like 10-dimensional space-time
vectors whereas the internal oscillator excitations correspond to the left-
moving part of the Abelian U(1)'6 gauge boson. They build the Cartan
subalgebra of Eg x Eg or SO(32). We also have the states in the soliton
sector with non-trivial internal momenta p;. The states |p% =2), Ny =0
are massless, py, is a (length)? = 2 root vector of Eg x Eg or SO(32) and

generate the non-Abelian gauge bosons of these groups.

The right-moving excitations are those of the 10-dimensional superstring
~ the spectrum is space-time supersymmetric. The NS tachyon |0)yg is pro-
jected out by the GSO projection which was enforced by modular invariance.
Therefore the lowest states are the 10-dimensional vector b | /2|0)ns and the
10-dimensional spinor |S®) (previously denoted by |a)).
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Finally we take the tensor product. of the left- and right-moving sectors
to obtain the spectrum of the heterotic string. It is clear that there is no
tachyon since the left-moving tachyonic vacuum does not satisfy the left-
right level matching constraint. Due to the right-moving supersymmetry
the spectrum is N = 1 supersymmetric in 10 dimensions. We have four
kinds of massless states:

(1) The states corresponding to the ten-dimensional graviton, antisym-

metric tensor field and dilaton
& ,]0) ® bj_%|0)Ns, (10.57)
(i) and their supersymmetric partners, the gravitino and dilatino
& ,]0) ® |S*)g. (10.58)

(iii) In addition we have the gauge bosons of Eg x Eg or SO(32)
6Z,10) ® b 4[O)ns

\ i (10.59)
lpz =2) ® b_%|0>NS

where in the first line we have the gauge bosons corresponding to
the Cartan-Weyl subalgebra and in the second line the gauge bosons

corresponding to the root vectors.
(iv) Finally there are the 496 supersymmetric partners of the gauge bosons,
the gauginos
al1|0) ® |S%)r,

(10.60)
7 =2) ® [S*)R.

It is straightforward to work out the massive spectrum but we will not
do it here. However, it is useful to remember that the number of (massive)
states coming from the soliton sector is encoded in the lattice partition func-
tion of the root and weight lattices of Eg x Eg and Spin(32)/Z4 respectively.
To see this, let us calculate the partition functions
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: 2
P=Y e = ¥ N (10.61)
A A

where the sum extends over all vectors in the Eg and Spin(32)/Z9 weight
lattices respectively. The 240 roots of Eg are given by®
{O,...:hl,O,...,:hl,O...)
o =

10.62
(:t%, o ,:h%) even number of “ — " signs ( )

and the weight vectors are of the form

N1, ,ng) 8

A= { ( 1 1 > n; = even integer. (10.63)

(n1+—§,...,ng+§) i=1

To implement the condition on the n; we insert a factor %(1 SRELDY i), We
then get

_n

i=1n;€Z

8
ez1rn T F Z nrn T z1rn,
i=1n;€Z

NJ]»-A

N H 5 gin(nitd)Pr o H 3 eivr(n;+%)2reivr(na+%)}

1=1n;€l 1=1n;€l

B | =

{63(r) + 63(7) + 63() }
(10.64)
where we have used the definitions of the theta-functions given in Chapter

9. The contribution of the last term is 0?(7‘) = 0. Expanding Pp, in powers
of ¢ we find

Pg,(7) = 1+ 240q + 2160¢° + 6720¢° + ... (10.65)

It shows that the Eg root lattice has 240 points of (length)? = 2 correspond-
ing to the roots, 2160 points of (length)? = 4 etc.

For the Spin(32)/Z, case one derives in a similar way, using results from
Chapter 11, that

5Properi:ies of root and weight lattices will be discussed in detail in the next chapter.
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1
Pgpin(32)/2, = 5[9§G(T) +035(r) + O%G(T)]. (10.66)

With the help of the identity 031 = 0% + 02 (cf. Chapter 9) we can show that

2
Pspin(32)/2; = |PEy] (10.67)

= 1 + 480q + 61920¢% + 1050240¢° + ...

It follows that the Eg x Eg and the SO(32) heterotic string theories have
the same number of states at every mass level which are however differently
organized under the internal gauge symmetries. So, even though the par-
tition functions are identical, the theorie‘s are nevertheless different. The

differences show up in correlation functions.
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Chapter 11

Conformal Field Theory II: Lattices and Kac-Moody
Algebras

In the previous chapter we have learned that massless vector bosons
may arise from toroidal compactification of bosonic string coordinates, a
feature which is not expected by any field theoretical argument. However,
we omitted to prove that these massless vectors are really gauge bosons of a
non-abelian gauge group G transforming in the adjoint representation. The
necessary mathematical tool to do this is the theory of infinite dimensional
(current) algebras, the so-called affine Kac-Moody algebras. They are the
subject of this chapter. These algebras were first discussed by Kac [1] and
Moody [2]. A collection of reprinted papers and more references on this

subject can be found in [3].

11.1 Kac-Moody algebras

A Kac-Moody algebra is the infinitesimal version of a certain infinite di-
mensional Lie group G, namely the group of mappings of the circle S? into
a finite dimensional compact connected Lie group G. G is the so-called loop

group of G.

Represent S! as the unit circle in the complex plane
S'={z€C:lz| =1} (11.1)

and denote a map from S! into G by z — ¥(z) € G. The group operation
on G is defined by pointwise multiplication; i.e. given two maps 71,72 € G,
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the product of v; and 7y, is y; - v2 € G where
71 - 72(2) = 71(2)72(2). (11.2)

The infinite dimensional algebra §; of G can be obtained from the finite

dimensional Lie algebra g of G,
[T2,T® = i fobere (11.3)

where f2%¢ are the structure constants of g by writing

dim ¢
v(2) = exp[—i > T?Oq(2)]. (11.4)

a=1
©q(z) are dim g functions defined on the unit circle. Expanding these

functions into modes

Ou(2) = i e " (11.5)

n=—0oo

we can introduce generators 1,7,

TS =T%" (11.6)
such that
v(z) = exp[—1 Y T2,0%]. (11.7)
n,a

We see that the ©F’s are an infinite set of parameters for G and the T2 an

infinite number of generators of G satisfying the following algebra
(T2, T8 = if*°TE (11.8)

which follows from egs.(11.3) and (11.6). This is the (untwisted) affine Kac-
Moody algebra §o, also called loop algebra. (We will not consider twisted
Kac-Moody algebras.) Note that the 7§ generate a subalgebra isomorphic

to g. It corresponds to @g4(z) = const..

If the T* are Hermitian generators of G,
T = 19, (11.9)

203



then the Kac-Moody generators satisfy (z* = z~! for |z| = 1)
T =719, (11.10)

A representation of gy satisfying this hermiticity condition is called unitary.

In Chapter 2 we have seen that for the closed bosonic string (say) right
movers are functions of (7 — o) only and periodicity allows an expansion in
Fourier modes e“™("~%), This means that the fields are defined on S!. The
Virasoro algebra vy generates reparametrizations of S'. The generators can

be represented as

Ln=-2z"19, (11.11)

where z = ¢7=%) ¢ $!. With the §o being the algebra of the group of
maps S — G and ¥, the algebra of Diff(S') it is clear that they are not
unrelated. In particular, to every Kac-Moody algebra there is an associated
Virasoro algebra. Using the explicit form for the generators eqs.(11.6) and
(11.11) we easily find

[Ln, Tl = =T (11.12)

i.e. 9y and §o form a semidirect sum Ay = 99 € go.

So far we have constructed the Kac-Moody algebra from the classical
Lie algebra eq.(11.3). When going to the quantum theory we have however
to be careful. We saw in Chapter 3 that the Virasoro algebra gets a central
extension parametrized by the central charge ¢. This possibility also arises
in the case of the Kac-Moody algebra. Allowing a general central extension,

it has the form )
b . b ]
[Tr?an] = lfa cTriL-{-n + dgnnjkj )
T (11.13)
[T, K] = [k, K] =0
where &, (¢ = 1,...,M) are central elements. Then for G compact and
simple one can show that up to redefinitions of the generators by terms
linear in the the & the only possible choice for d® k' consistent with the

mni
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Jacobi identities is kmé“b5m+n. We can then define the untwisted affine

Kac-Moody algebra g by the following commutation relations:
(T2, T8 = i fP°TE, o + k™6 im. (11.14)

The central element % is called the level of the Kac-Moody algebra. It is a
real constant in each representation. In fact, when considering irreducible
unitary representations of the Kac-Moody algebra, the values of % are not
arbitrary but constrained to & > 0; for G % U(1) ¥ € Z,. This will be
shown below. From eq.(11.14) we see that the Lie algebra g does not allow
a non-trivial central extension. If G is compact but not simple we get a

different k& for each U(1) and each simple factor.

The Kac-Moody algebra eq.(11.14) is closely related to a two-dimen-
sional current algebra. Consider the conserved chiral currents J(z) which
carry the adjoint representation index of some Lie group. Since 9z J%(z) =
0 we have, as in the case of the Virasoro algebra, an infinite number of
conserved charges

dz

JTGL' = %ana(z) (1115)

which satisfy the same algebra as the corresponding generators, namely an

affine Kac-Moody algebra:
(78, I8 = i feIE, L + mkéPEman (11.16)

and also
(Lm, Ja] = ——nJ,‘;‘H_n (11.17)

reflecting the semidirect sum structure 4 = ¢ & §. Inverting eq.(11.15) we
get
JHz)=>_ 27 lye, (11.18)
n

Using the techniques of Chapter 4 we easily find that eq.(11.16) is equivalent

to the following current operator algebra:
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ks c
m-ﬁ-ifabc(—'z]-:_(—%—i-... (11.19)

In this equation, the central charge appears as a so-called Schwinger term.

J(z) I (w) =

In conformal field theory language eq.(11.17) means that the currents J4(z)
are primary fields with weight A = 1 of the Virasoro algebra (cf. eq.(4.35)).
Indeed, eq.(11.17) is equivalent to the operator product

J(w) + Ow J*(w)

T(z)J*(w) = o w)? RS (11.20)
We can now define primary fields of A by
ho; 0d;
T(a)itw) = 22 P
reesw) = T o
2)pi(w) = ———= .

where (T“){ are representation matrices of g. Comparison with eq.(11.19)

gives that J%(z) is not primary with respect to the combined algebra .A.
Indeed, in the notation of Chapter 4 we have J%(z) = J% I(z).

There is an explicit construction of the Virasoro algebra in terms of the
Kac-Moody generators. This is the so-called Sugawara construction [4]. For
simplicity we will only consider the case when g is simple. Define the energy

momentum tensor as

— 1 . 74 a .
T(z)= %+ 0 ; :JH(2)J%2): (11.22a)
or
1
Ln = m; . #H_n.]f.m: (11.22b)

where Cj is the quadratic Casimir of the adjoint representation defined by
faCdbed — Czéab. (1123)

Normal ordering in eq.(11.22) is with respect to the modes of J%(z). It can
be shown that T'(z) satisfies a Virasoro algebra with central charge
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_ 2kdimG
T Co+ 2k
Let us now specialize to simply laced groups G of rank n. Then C5 is given
by the formula

c (11.24)

(11.25)

It implies that for level one Kac-Moody algebras, i.e. k = 1, the central
charge of the corresponding Virasoro algebra is an integer, namely the rank
n of G. This suggests that the level one Kac-Moody currents of the simply
laced group G can be constructed from n free bosonic fields. This construc-
tion, known as the Frenkel-Kac-Segal construction, uses n bosonic fields
“compactified” on the root lattice of the corresponding group and proves
the appearance of non-Abelian gauge symmetries in the heterotic string
theory introduced in Chapter 10. To present it, let us therefore recall some

basic facts about lattices and Lie algebras.

11.2 Lattices and Lie algebras

A discussion of the theory of roots and weights in connection with Kac-
Moody algebras is given in [5]. Reference [6] also provides some material

presented in this section.

A lattice A is defined as a set of points in a n-dimensional real vector

space V:
n
A= {Z n;e;|n; € Z}. (11.26)
1=1

The e; (i = 1...7n) are n basis vectors of V.1 We will only be interested in
the cases where V' is R™ with Euclidean inner product or R?? (p + ¢ = n)

with Lorentzian inner product; i.e. for »,w being two lattice vectors we have

1 he notation differs from that of the previous chapter. We have redefined
%R,-e,- — e;.
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v-w = Y1y v'w’ for the Euclidean case and v-w = ¥F_, viwl -3 vTw!

for the Lorentzian case. The matrix g;; = e; - e; is the metric on 4; it
contains all information about the angles between the basis vectors and
about their lengths. The volume of the unit cell which contains exactly one

lattice point, vol(A), is also determined by g;;:

vol(4) = /|detg]. (11.27)

The dual lattice A* is defined as
A'={weV,w-veEZVve A} (11.28)

The basis vectors e] of A* satisfy
e ej =& (11.29)

and the metric on A* is ¢, = e - e} which is the inverse of ¢;;. The volume
17 ) 7 g‘l.]

of the unit cell of A* is then given by
vol(A*) = (vol(A))~L. (11.30)

A lattice is called unimodular if it has one point per unit volume, i.e.
if vol(A) = 1; then also vol (A*) = 1. It is integral if v - w € Z,Vv,w € A.
Clearly A is integral if and only if A C A*. Furthermore an integral lattice
is called even if all lattice vectors have even (length)?; it is called odd
otherwise. Finally, A is self-dual if A = A*. A necessary and sufficient

condition for A being self-dual is to be unimodular and integral.
If As is a sublattice of equal dimension of A, we can decompose A

into cosets with respect to As. To do so, choose a set of vectors m; (i =

2,...,N;), such that
m; € A, m; ¢ 4,

(11.31)
m; — m; g Asif i #£ 7.
Then the lattice A4 can be written as sum over cosets
A=A3@(m2+A3)@...®(mN‘ +A3). (11.32)
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This notation means that every vector in A can be written as m; + v,
vs € As, 0 =1,..., Ng, if we define m; = 0. The vectors m; are called coset

representatives. The volume of A can be expressed as
vol(A) = —vol(Ay). (11.33)

The lattices we are most interested in are the so-called Lie algebra lat-
tices. To discuss them we need some basic facts about Lie algebras, which
we will now review. We will especially concentrate on the properties of
their root and weight lattices. This is most conveniently done in the so-
called Cartan-Weyl basis. Choose a maximal set of hermitian commuting

generators H* (i = 1,...,n)
[H',H'] =0 (11.34)

where the dimension n of this subalgebra is called the rank of G. The H :
generate the Cartan subalgebra. Given a choice of a Cartan subalgebra we
can diagonalize the remaining generators in the sense that they have definite

eigenvalues with respect to the Z;
[H, E%] = oy B (11.35)

The real non-zero n-dimensional vector « is called a root and E* a step
operator corresponding to a. Note that from eq.(11.35) it follows that the

E* are necessarily non-hermitian. Indeed, we find that
E~* = (Ex, (11.36)

i.e. if a is a root then so is —a. A root is called positive if its first non-zero
component is positive. The E¢ with « positive are called raising operators
and lowering operators otherwise. If all roots have the same length, the
group is called simply laced. We can then normalize the roots to a? = 2.
In the following we will only consider simply laced groups. Some of the

expressions given below will have to be modified for the general case.
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To complete the Lie algebra we need to determine the commutation rela-
tion between the step operators F%, EB. The commutators are constrained

by the Jacobi identities and the result can be summarized as follows:

e(a,ﬂ)E‘H”ﬂ if « + B is a root
[E*EP|={ o. b ifo=—g (11.37)

0 otherwise.

The constants €(«, 3), antisymmetric in « and 8, can be arranged to be +£1.
With each root we can associate a SU(2) subalgebra generated by E*, E~®
and o H. If we identify them with J4, J_. and 2J3, we recognize the angular
momentum algebra. It is well known that for unitary representations the

eigenvalues of 2J3 or o - H have to be integer.

Taking arbitrary integer linear combinations of root vectors one gen-
erates a n-dimensional Euclidean lattice, called root lattice Ag. Since the
number of root pairs -« in general exceeds the rank n of G, it is convenient
to select a set of roots o; (¢ = 1...n) which serve as a basis for Ag. These
are the so-called simple roots. They are those positive roots which cannot

be written as sum of two positive roots. The Cartan matrix, defined by
9ij =04 aj (11.38)

is an integer n X n matrix; its diagonal elements are 2 and its off diagonal
elements are —1 or 0; i.e. the root lattice of any simply laced Lie algebra
is an integral, even lattice. Therefore it is contained in its dual lattice A’.
g;j is the metric on Ap. From a given Cartan matrix one can construct a
basis of simple roots and from that all roots.

Let us look at the classification of simply laced Lie algebras. The first
class is the D, (n > 1) series? corresponding to the orthogonal groups
SO(2n) with rank n. The root vectors have the following form:

2Note that we also include the case n = 1 with Dy ~ U(1).
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= (£1,+£1,0,...,0) + all permutations. (11.39)

Counting all combinations of distributing two “+1” entries, one easily ver-
ifies that there are 2(n? — n) root vectors. They build, together with the
n Cartan subalgebra generators Hj, the 2n2 — n generators of Dy, in the

Cartan-Weyl basis. The n simple roots of D, are
(1,-1,0"7%),(0,1,-1,0"73),..., (0%, 1,-1),(0""%,1,1)  (11.40)

where 0° denotes the i-dimensional null vector.

The next class of simply laced Lie algebras is the A, series (n > 1)
corresponding to SU(n + 1) with rank n and dimension n? + 2n. Let us

take as an example 4. The six roots of SU(3) have the form

The two simple roots are o; and as.

(11.41)

Besides the D, and A, series there are the exceptional simply laced Lie
algebras Fg, E'; and Eg of dimensions 78, 133 and 248 and rank 6,7 and 8
respectively. The 72 roots of Eg (in a suitably chosen basis) look like

(£1,+1,0%;0) + 36 permutations

1,1 ,1 .1 143 o
(ii’ii’ii’ i—z—,i—z—; —2——) even number of minus signs (11.42)
1 1 3 . .

(i%—,i%,i—zl-, ii’ii; ——\g——) odd number of minus signs

and the root vectors of E7 have the form

211



(1, £1, 04; 0) + 56 permutations

(0% +£v2) (11.43)
1 1 1 1 1 1 /2  even number of minus signs

(£=, 45,45, 45,45, 45 £ %-)

2772772727722 2 in first six components

The roots of Eg have a particularly simple form; they are given by the 112
root vector of Dg (see eq.(11.39)) and in addition to these the following 128
eight-dimensional vectors:

o = (ﬂ:%,ﬂ:%, k) (11.44)
where the number of minus-signs is restricted to be even.

So far we have only considered root lattices A which are constructed
from the adjoint representation of G. However, any Lie group G has in-
finitely many irreducible representations which are characterized by their
so-called weight vectors. Consider a finite dimensional irreducible represen-
tation of G. The states which transform in a specific representation are
denoted by |m; D) where D is the dimension of the representation and I
runs from 1 to D. These states are eigenstates of the Cartan subalgebra

generators:

H'|my, D) = mt|my, D). (11.45)

The n-dimensional vector my is called weight vector of |mr, D). The weight
vectors characterize the representation. We can reach all states in a given
representation by acting with lowering operators on the so-called highest
weight state. Thus the weights in a given representation differ by vectors
in the root lattice. For simply laced groups «; - m € Z for all roots and
weights. Also, if 3-m € Z, Vm, then 8 € Ap.

Irreducible representations fall into different conjugacy classes. Two

different representations are said to be in the same conjugacy class if the
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difference between their weight vectors is a vector of the root lattice. Of
course, all weights of a given representation belong to the same conjugacy
class. Therefore, a particular conjugacy class k is specified by choosing
a representative weight vector my, e.g. the heighest weight of the lowest
dimensional representation contained in this conjugacy class.?> Then all
vectors within the same conjugacy class are constructed by adding the whole
root lattice to this representative. Since the root lattice is an integral lattice
and also the scalar product between the roots and my, are integer, it follows
that the mutual inner product between all vectors of two conjugacy classes
depends only on the scalar product of their representative vectors, i.e. on

the conjugacy classes, modulo integers.

All weights of all conjugacy classes including the (0) conjugacy class
(the root lattice itself) form the weight lattice Aq,. Our results above clearly
imply

AR D Ay, Ag = A}, (11.46)

which entails that
vol(Ag) = (vol(Ay)) L. (11.47)

The decomposition of the weight lattice into conjugacy classes is then simply

a coset decomposition of A with respect to Ap and we can write
Ay =AR® (Ap+m2)® ... (Agp +mp,) (11.48)

where the my, (k = 2,...,N;) are the representative vectors of each non-

trivial conjugacy class and N, is the number of conjugacy classes which is

3a highest weight state |m,, D) satisfies E*|m,, D) = 0 Vpositive a. It means
that o + my is not a weight vector for any positive root . The other states in the
same representation are obtained by acting with lowering operators on the highest
weight state. Any irreducible representation of g has a unique highest weight state
- the other weights have the property that m, — m is a sum of positive roots. The
highest weight of the adjoint representation is called highest root % with P =2,
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finite for finite dimensional Lie algebras. The cosets form an abelian dis-
rete group under addition, isomorphic to the center of G. The direct sum
decomposition eq.(11.48) attributes to each root N, weights (including the
root itself); it follows that (cf. eq.(11.33))
vol(Ay) = ]~\—1r~vol(AR) (11.49)
c
and with eq.(11.47)

vol(Ay) = —==,
V. (11.50)

vol(AR) = \/]7

One can also consider so-called Lie algebra lattices, which are the direct
sum of only a subset of all possible conjugacy classes. The choice of possible
conjugacy classes is restricted; it must be closed under addition of all lattice
vectors which in particular means that the root lattice is always present.
The possible subsets of conjugacy classes are in one-to-one correspondence
with the subgroups of the center of G.

Since the volume of the unit cell of Ag is /N¢, the Lie algebra lattice is
unimodular if it contains /N, conjugacy classes (cf. eq.(11.33) with A, =
ApR). This means that N, must be the square of an integer. Furthermore,
the Lie algebra lattice will be self-dual if all mutual scalar products between
the different conjugacy classes are integer.

Let us illustrate this by considering specific simply laced Lie algebras.
The D, algebras have four inequivalent conjugacy classes. The already

discussed (0) conjugacy class, the root lattice, contains vectors of the form
n

(ky...kn), ki€Z, > ki =0mod?2. (11.51)
=1

Next, the vector conjugacy class, denoted by (V') contains as smallest rep-

resentation the vector representation of dimension 2n. Its weight vectors

are

214



m = (£1,0,...,0) + all permutations. (11.52)

A representative vector of the (V) conjugacy class can be choosen to be
(1,0"~1) which implies that all vectors of the V' conjugacy class have the

form
n

(k1...kn), ki€Z, > =1mod?2. (11.53)

t=1
It also follows that the (length)? of any vector in the V conjugacy class is
1 mod 2. The spinor conjugacy class, denoted by S, has as smallest repre-
sentation the spinor representation of dimension 2*~1. The corresponding

weight vectors are

1 1
m = (:i:%, iE’ . ,:i:E), even number of “ —” signs. (11.54)

Thus, a representative vector of the S conjugacy class can be choosen to
be ((%)”) Finally, the C conjugacy class possesses as lowest dimensional

representation the anti-spinor representation with weights

1 1 1
m = (:i:-2—, :i:§, . ,:i:§), odd number of “ —” signs. (11.55)

Its representative vector is (—%,(%)n"l). The (length)? of all vectors in

the S and C conjugacy classes is 7 mod 2.

The center of Dy, is Z4 for n odd and Z3 x Z9 for n even. It has the same
number of elements as there are conjugacy classes, namely four. The addi-
tion rules of the conjugacy classes (which correspond to the tensor products
of the representations) are determined by the addition rules of the different
representative vectors and are summarized in table 11.1. The mutual scalar
products (defined modulo 1) between the four conjugacy classes are shown

in table 11.2.

From the above discussion it is clear that the D, Lie algebra lattices are
unimodular if they contain in addition to the root lattice one further con-
jugacy class. Inspection of tables 11.1 and 11.2 shows that the (0) and (V)

conjugacy classes of Dy together form an odd self-dual lattice for any value
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Table 11.1: Addition rules for Dy, conjugacy classes

n even n odd

(0) (V) (8) (©) 0 (v) (5 (©)
(0)[(0) (V) (8) (©) 0] (0) (V) (5) (C)
(V) |(V) (0) (C) (S) (V){(V) (0) (C) (8)
(8) [(5) (©) (0) (V) ($){(8) (C) (V) (0)
(C) |(C) (8) (V) (0) (C)|(C) (5) (0) (V)

(0) (V) (8) (C)
0ylo o 0 0
(V)jo o 3 ¥
S)|o 3 ni4 (n-2)/4
©0 § (n-2/4 n/a

of n. This lattice is identical to the n-dimensional cubic lattice Z™. For
even n, the lattice with (0) and either (S) or (C) conjugacy class is also
a unimodular Lie algebra lattice. It is the weight lattice of Spin(2n)/ 7.4
Furthermore, we obtain an odd self-dual lattice of this type for » = 4 mod

8 and an even self-dual lattice if n = 0 mod 8.

The A, weight lattice consists of n + 1 conjugacy classes denoted by
(p) (p = 0,...,n) where the (0) conjugacy class corresponds again to the
root lattice. The center of Ay, is Z,,11. The smallest representations in each
conjugacy class are the symmetric rank p tensors. The addition rules of the

conjugacy classes are very simple

4Spin(2n), n even, is simply connected and has center Z; x Zo. If we divide by the
diagonal Z; we get SO(2n) with only (0) and (V) conjugacy classes. If we divide by

one of the Zy we are left with the (0) and one of the spinor conjugacy classes.
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(P)+(0) =(p+4q) (11.56)
where (p + ¢) is defined modulo n + 1. The mutual scalar products are

() - (q) = B2F1=9)

1 modl, p<gq. (11.57)

Using this one can verify that the Lie algebra lattices A;2_; with conjugacy
classes (0), (k), (2k), . .. ((L - 1)k) are odd self-dual for £ even and even self-
dual for k odd.

The Eg weight lattice contains three conjugacy classes (0),(1) and (1)
corresponding to the singlet, the 27 and the 27 representations of Eg. The
addition rules of these conjugacy classes are the same as for A9, the (length)2
of the weights of the 27, 27 is 4/3 and the mutual scalar product between
(1) and (1) is 2/3 mod 1.

E; has two conjugacy classes, {(0) and (1) where the minimal represen-
tation of the (1) is the 56 with weights of (length)? = %

Finally Eg has only one, namely the (0) conjugacy class. Therefore, the
weight lattice of Eg is identical to its root lattice which implies that it is

even self-dual. Recall that the root vectors of Eg are of the form

{(:i:l,il,OG) + permutations (11.58)

(i%,il,...,i%) even number of “ — 7 signs.

We recognize that the Fg root lattice is identical to the Dg lattice with (0)
and (S) conjugacy classes and one can also show that (up to rotations) it
is the Ag Lie algebra lattice with (0), (3) and (6) conjugacy classes. On
the other hand, if a Lie algebra lattice contains besides the roots additional
weight vectors of (length)2 = 2, then these lattice vectors are roots of a
larger Lie algebra with fewer conjugacy classes. E.g. the adjoint of Ejg
decomposes into SO(16) as

248 = 120 + 128 (11.59)
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where the 128 is the spinor representation and the 120 the adjoint repre-
sentation of SO(16).

Now consider direct products of Lie algebra lattices like D, ® D,
Apn ® Am,Dn ® An etc. These contain of course the root system of the
corresponding semi-simple Lie algebras. Furthermore, the Lie algebra lattice
is specified by the so-called glue vectors which generate upon addition all
other conjugacy classes. Take e.g. Dy ® D3 with glue vector (V,S). Then
we obtain, according table 11.1, a Lie algebra lattice with the following
conjugacy classes: (0,0), (V,S), (0,V), (V,C). Since Dy ® D3 contains 16
conjugacy classes, the above specified Lie algebra lattice is unimodular. It
is however not self-dual. A different example is Fg ® Ag with glue vector
(1,1). The conjugacy classes are now (0,0), (1,1) and (I,2). We now get
additional (length)? = 2 vectors, and in fact this lattice is again the even
self-dual Eg root lattice which can be also seen by decomposition of Eg to
Eg x SU(3):

248 = (18,1) + (1,8) + (27, 3) + (27,

()

). (11.60)

Let us now come to the classification of Euclidean even self-dual lattices.
They only exist in dimensions which are a multiple of 8. In eight dimensions
the only Euclidean even self-dual lattice is the root lattice of Eg. In 16
dimensions there are two even self-dual lattices, namely the root lattice of
Eg ® Eg and the Lie algebra lattice of D¢ with (0) and (S) conjugacy
classes, called Spin(32)/Zy. These two lattices arise in the construction of
the 10-dimensional heterotic string theory. They are the only ones satisfying
the constraint of one-loop modular invariance, as discussed at the end of
Chapter 10.

In 24 dimensions there are 24 even self-dual lattices called Niemeier
lattices. 23 of them are Lie algebra lattices of semi-simple Lie groups. The
following table, taken from ref. [7], summarizes them together with the

relevant glue vectors.

218



Table 11.3: The 23 Euclidean self-dual semi-simple Lie algebra lattices in 24 dimensions
(Conjugacy classes in square brackets should be cyclically permuted)

Lie algebra

glue vector

D24 (S)
DygEg (5,0)
E} (0,0,0)
Aoy (5)
D, (8,V),(V,S)
A7 En (3,1)
D1 E? (S,1,0),(C,0,1)
A15Dq (2,5)
D} (S,V,V),(V,S,V),(V,V,S)
A}, (1,5)
A11D7E6 (l,s,l)
E§ (1,0,1,1),(1,1,0,1),(1,1,1,0)
AlDg (2,4,0),(5,0,5),(0,5,C)
D¢ even permutations of (0,5,V,C)
A} (1,1,4),(4,1,1),(1,4,1)
AZD? (1,1,5,V),(1,17,V,S)
A} (1,2,1,6),(1,6,2,1),(1,1,6,2)
AiD, (2,10,2,4],0),(3,3,0,0,5),(3,0,3,0,V),(3,0,0,3,C)
D§ s,s,5s,5,8,5),(0,[0,V,C,C,V])
A§ (1,[0,1,4,4,1])
AS (2,[2,0,0,1,0,1,1])
Al? 2,01,1,2,1,1,1,2,2,2,1,2])
A

(1,(0,0,0,0,0,1,0,1,0,0,1,1,0,0,1,1,0,1,0,1,1,1,1})

The 24th even self-dual lattice is the so-called Leech lattice. It contains
no vectors of (length)? = 2. Its shortest vectors have (length)? = 4.

Above 24 dimensions the number of even self-dual lattices increases
rapidly and most of them are not known explicitly.
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So far we have considered only Euclidean Lie algebra lattices. However

there exis two types of Lorentzian “Lie algebra” lattices. First consider
I'nm = I'ny @ I'mp in R"0™R where Iy, and I, are semi-simple Lie
algebra lattices of dimensions ny, and npg respectively. Again Iy is com-
pletely specified by the knowledge of the relevant glue vectors. The second
type of Lorentzian Lie algebra lattice is obtained if the sign of the signature
of the metric changes within a given Lie algebra lattice. Dp m with (0) and
(S) conjugacy classes is a suitable example. Actually, Lorentzian lattices of
the second type are always also of the first type. For example, Dy m with 0
and S conjugacy classes is identical to Dyn; ® Dy with (0,0), (V,V), (S,S)
and (C,C) conjugacy classes.

Lorentzian even self-dual lattices Iy m exist for n —m = 0mod 8. They
are unique up to Lorentz transformations. For n = m + 8p they are Lorentz
transformations of (Eg)? ® Dm m where Dy, r, is defined by the (0) and (S)

conjugacy classes.

11.3 Frenkel-Kac-Segal construction

Let us now return to our original problem namely to provide an operator
construction of the level one Kac-Moody algebra from free chiral boson fields
moving on a n-dimensional torus. This construction is due to Frenkel and
Kac [8] and Segal [9]. An easily accessible discussion can be found in [5].

The level £ Kac-Moody algebra in the Cartan-Weyl basis for a simply
laced group G reads:

[HE, HI] = m&76min

[HL, ES) = ' ES 1y

f(a,ﬁ)Eﬁzﬁ fa-B=-1 (11.61)

0 fa->0
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with hermiticity properties
Hi=H, , EY=fg"2 (11.62)

Note that « - 8 = —1 implies that a + 8 is a root and a - 8 = —2 that
o+ 8 = 0. Let us now try to construct conformal fields H*(z) and E*(2)

from free bosons X*(z), (i = 1,...,rank G) with mode expansion
X'(z)=¢' —ip'lnz+1 ) ;;a;z“" (11.63)
n#0

and two-point function
(X)X (w)) = =6 In(z — w). (11.64)

(Cf. Chapter 4.) The moments of H!(z) and E%(z) are the Kac-Moody
generators Hi,, ES (cf. eq.(11.15)):

dz

a __ B mpa

™ Joy 91 (2),
. (11.65)

T _{ mrrt

Hm - -%Co 27TZZ H (Z)
Consider the conformal field
E%(z) =: et X(2), (11.66)

where o is a root vector of G with (length)? = 2. This implies that E%(z)
has conformal dimension A = 1. We will now show that £E%(z) is already

almost the desired field E%(z). The operator product expansion of E%(z)
and E%(w) has the form (see eq.(4.89b):

Ea(z)E‘ﬂ(w) = (z = w)*PE*B(w)+
(11.67)
+(z = w)¥P o iax (W) EP(w) + ...

Since « - 3 is an integer one derives that
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E%(2)EP(w) = (-1)*PEP(w)E*(2). (11.68)

This implies that with the contour integration trick of Chapter 4 we can
only calculate E2 BB - (=1)xB EB, ES. We get

BefB _ (—1)*BEBGe

- {fco 2mi ?%'0 27 fco 21 ?{Co 27rz} ™EX(2)wEP (w)

2> w| [w|>|z]

_ dw aﬂ m, n pat+f
- fCo 2 ?{w 27rz Ttk (w)

x [1+i(z — w)a - 0X (w) +.. ] (11.69)

E’g{:ﬁ a-f=-1

m5m+n+z’a-fc du ymingx (w) o= -2
0

0 otherwise

Comparing this with eq.(11.61) we recognize that, the unwanted factor
(-1)®P and the structure constants €(c,3) aside, we have reached our
goal if we identify H(z) with the derivative of the free bosons X i(z):

Hi(z) = i6X'(z). (11.70)

This is in fact the correct identification; 8X*(z) are conformal fields of

dimension one and are the [U(1)]” Cartan-subalgebra currents. They satisfy

the operator algebra
54

0X*(2)0X7 (w) = Gy

+... (11.71)

which immediately leads to the correct commutator eq.(11.61) between HE,
and HJ. We can also check that, using

H'(z)E*(w) =

E*(w)+ ..., (11.72)
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the correct algebra between the H:, and E2 is obtained. Finally, we have to
compensate the factor (—~1)®# in eq.(11.69). This is done by introducing
so-called cocycle factors (also called Klein factors). We define E%(z) as:

E%(2) = ca B*(2). (11.73)
The cocycles cq have to satisfy:

ca g =(=1)*Pcg-c
*p p e (11.74)
ca - g = €(a, B)ca -
They can be explicitly constructed from the boson zero modes. We omit to

present this construction.

In conclusion, the level one Kac-Moody algebra of a simply laced group

G with rank n possesses an explicit operator construction from n free

bosonic fields X*(z):

", =?{ S mE),  Hi(z) =i0Xi(2),
" | (11.75)
Ef =?{ — 2" E%(z), E%(2) = cq 1 X(2)

The generators Hi, ES obviously form a finite dimensional subalgebra iso-
morphic to the Lie algebra g of eq.(11.37). In this case the Cartan sub-
algebra generators Hg are simply given by the momentum operators pi in
eq.(11.63). The non-commuting E§’s are characterized by the momentum
eigenvalues which are the roots a of the Lie algebra. It means that the al-
lowed momentum eigenvalues of the bosons X i(z) are quantized, or, equiv-
alently, the bosons X i(z) live on a (right-moving) n-dimensional torus.
Now we can also give an explicit construction of the vertex operators
of the gauge boson states which results from the compactification of the
bosonic coordinates. The vertex operators of the Cartan subalgebra [U(1)]®
gauge bosons are just the currents X i(z). The corresponding asymptotic

states are given by
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=4 42 1 5 xi(2)|0) = i [0) (11.76)

0 271 Z

which is nothing but an internal oscillator excitation in agreement with our

considerations in Chapter 10.

The vertex operators of the non-Abelian gauge bosons are again given
by the corresponding currents E%(z) = cq ;e X(2) . Since o = 2 this
vertex operator has conformal dimension A = %2— = 1 as required for a
physical state. The gauge boson state corresponding to the soliton vacuum

has the form
o) = 7{ L1 e XG), ) (11.77)
Co 2miz & ' '
This state carries quantized internal momentum corresponding to the roots
of G. It is a winding state on the maximal torus of G defined by R/AR.
The allowed quantized momenta of the X*(z) are however not restricted to
lie in the root lattice of G but can a priori be any weight vector. So we

consider vertex operators
Va(z) = cy 1A X(2); (11.78)

where the A’s are weight vectors of some (irreducible) representation R of
G and cy, is again a cocycle factor. Then this operator creates states which

transform under the representation R. The operator product algebra is
BY
Va(2)Vyr(w) = (2 = w) Vo yi(w) + ... (11.79)

The full operator algebra is completely determined by the addition rules
of the different conjugacy classes. The requirement for a closed operator
algebra implies that the quantized momenta A are vectors of a Lie algebra
lattice of G. Additional requirements from string theory, like locality and
modular invariance, imply that the lattice is integral and self-dual. This

will be discussed further in these lectures.
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11.4 Fermionic construction of the current algebra —
Bosonization

In the previous section we presented the bosonic construction of the level one
[Kac-Moody algebra of a simply laced group G of rank n. It was motivated
by the fact that both n free bosons and also the level one Kac-Moody algebra
provide a Virasoro algebra with central charge ¢ = n. On the other hand,
a two-dimensional “real” chiral (Majorana-Weyl) fermion corresponds to a
conformal field theory with ¢ = % Thus we expect that one can realize
the level one Kac-Moody algebra by 2n fermions. Furthermore, we want
to establish that the conformal field theory of 2n fermions with specific
boundary conditions is equivalent to a conformal field theory of n bosons
compactified on a torus. The quantum equivalence between fermions and
bosons in two dimensions was discovered by Coleman [10] and Mandelstam
[11].

Consider a system of 2n two-dimensional real fermions ¥'(z) (i =
1,...,2n) all having either periodic or antiperiodic boundary conditions
and transforming as a vector of SO(2n). The operator products are

) . &t
P2 (w) = — + ... (11.80)

zZ—w

The fields ¢*(z) transform as a vector of SO(2n). We can then build the

fermion bilinears
1 . .
Jz) = 3 1 (2) T 97 (=), a=1,...,2n% = n (11.81)

where the antisymmetric 2n X 2n matrices Tz‘; are the generators of SO(2n)
in the fundamental representation. An explicit representation of the SO(2n)
generators in the vector representation is (Tkl)ij = 6f5§ - 6;5’55 and the
currents become J¥(z) =: ¢¥*yl(z): . Using eq.(11.80) it is not difficult
to show that the fermionic currents J%(z) in eq.(11.81) obey the level one
Kac-Moody algebra of D, ~ SO(2n) as given in eq.(11.19).
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This suggests that the bilinears of 2n free fermions are identical to the
currents eq.(11.75) constructed from n free bosons with momentum vectors
being root vectors of D,. This is basically the statement of bosonization.
It means that the conformal field theories of n free bosons and 2n free
fermions are equivalent in the sense that the conformal properties of their
operators and all correlation functions are identical. However, this is only
true if the bosons are compactified on a special torus. E.g. a single boson
is only equivalent to two free fermions if the radius of the circle the boson
is compactified on takes special values.

Let us work out the bosonization prescription in more detail. For this
purpose it is useful to convert the real basis for the fermions ¥* to a complex
basis. Define

oE(7) = —\}—5(¢2i_1 +ip¥)(z), i=1,...,n (11.82)

The Cartan subalgebra currents of Dy are then given by
TJh7(2) =0 (2)0 7 (2) ! (11.83)
and the non-commuting D,, currents are
JEE () =P ()0t (2): (i <j). (11.84)

Bosonization then consists of identifying J i”i(z) with the derivative of the
bosons X*(z)

()W Hz2) = i8X;(2) (11.85)
and the non-commuting currents with the operators E%(z)
(I (2) = gy 1 FXENE) (1<), (11.86)

We recognize that the corresponding root vector of Dy is given by o =

te; k.
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One can also give a bosonic representation of the fermion ¥*(z) itself.
Since the fermions transform as a vector of D, they are bosonized according

to
E(2) = oy, 1T Xi(2) (11.87)

where the quantized bosonic momentum is now a vector weight of D, :
A = *e;. This gives the correct conformal dimension A = 1\22— = % for the
fermions sl'/ii(z).

As already discussed in Chapter 8, the Hilbert space of the fermionic
theory splits into two sectors, namely the NS and R sector. In the NS
sector, the fermions have antiperiodic boundary conditions on the cylinder
which means that they are periodic on the complex plane. For R states
the situation is reversed. This change of boundary conditions is due to the
Jacobian factor in eq.(4.10) for h = %

All states in the NS sector are (even or odd rank) tensors of SO(2n).

Therefore, in bosonic language, the corresponding vertex operators are of

the form

Va(z) = cy, 16N X (), (11.88)

where A is either in the (0) or (V) conjugacy class of D,. The currents
eq.(11.86) or the fermions eq.(11.87) are of this type. Since the mutual
scalar products between the (0) and (V) conjugacy classes are integer (see
table 11.2), the operator algebra eq.(11.79) in the NS sector is local, i.e.

contains no branch cuts.

On the other hand, states in the R sector are build from the vacua
|S%) (|S%)) which transform as spinors (anti-spinors) of Dp. Thus the
vertex operators in the R sector are of the form eq.(11.88) but now with
X being a weight either in the (S) or (C) conjugacy class of D,. We can
also give an explicit construction for the spinorial vacuum |S%) (|S%)). It

is created by an operator eq.(11.88) with Ay (Ag) being an (anti) spinor
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weight of Dy, as displayed in eqs.(11.54,55). This operator has conformal
dimension h = %3 = 3.

Now, inspection of table 11.2 shows that the operator algebra eq.(11.79)
in the R sector is non-local. Furthermore, states in the NS sector corre-
sponding to the (V) conjugacy class of D, are non-local with respect to the

R sector. The corresponding operator algebra contains branch cuts.

In conclusion, it is evident that using the techniques of bosonization the
vertex operators of the fermionic conformal field theory become extremely
simple. This is of great help in string theory as we will discuss in more

detail later.

11.5 Unitary representations and characters of Kac-Moody
algebras

Let us now return to the discussion at the beginning of this chapter about
the representations of the combined chiral algebra A = ¢ @& g. Following
Chapter 4 we define primary or highest weight states of A by

|¢:) = ¢:(0)|0) (11.89)

where 7 is a representation index of G and ¢;(z) is primary according to
eq.(11.21). The vacuum is SL(2,C) and G invariant. The highest weight

states satisfy

Lalé;) =0, n>0,

Jal#i) =0, n>0, (11.90)
L0I¢z) = h; | )

J81b:) = (T)i|#;) .

Alternatively, one could also write the highest weight condition in terms
of the modes of H!(z) and E%(z). To each primary field there exists an

infinite number of descendant fields of the form
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L_g, - L_,chfll1 I8 1), ki l; > 0. (11.91)

The conformal dimensions of the descendant states are h;+37% | k;+3 7, 1;.
We denote the totality of fields in a given highest weight representation by
[#;] 4. The [¢;] 4 are also called current algebra families.

The conformal dimension of the primary field is given by
__ 9
- Co + 2k

(11.92)

where C£ is the second Casimir of the representation R under which |¢)
transforms:

(T*):(T%);* = cték. (11.93)
Eq.(11.92) is easily derived using the explicit expression for Ly given in
eq.(11.22D).

Let us now determine the restrictions on & following from unitarity. To
do this consider the SU(2) subalgebra of § generated by E; ¢, E% and
(k — a- Hy) where « is any root. Again, if we identify these generators with
Jy, J_ and 2J; we have the angular momentum algebra and know that
unitarity requires that the eigenvalues of (k — a - Hy) have to be integer.

Acting on a primary state |m) with weight m we find k—a -m € Z or, since

a-mel
kel (11.94)

Since |m) is primary, EJ*|m) = 0 and
1B |m)||? = (m|BT *E% |m) = (k = o - m)|[|m)]|%. (11.95)

Positivity of the Hilbert space then gives k > « - m. The right hand side of
this inequality is maximized if we chose a to be the highest root 4 and m

to be the highest weight mg of the given representation. We then have
k> -mg. (11.96)
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Clearly, for a given k only a finite number of highest weights satisfies this
criterion.’ For k = 1 they are those belonging to the lowest dimensional
representation in each conjugacy class. So, in spite of the fact that we are
considering conformal field theories with ¢ larger than one, the combined
Kac-Moody and Virasoro algebra has only a finite number of primary fields
or current algebra families. Therefore, we call them also rational conformal
field theories. Of course, the irreducible representations of the combined
algebra are highly reducible under the Virasoro algebra. A current algebra
family contains an infinite number of conformal fields which all transform
under some representation of G. On the other hand, any current algebra
family is generated from a specific lowest dimensional representation; states

in all other representations are obtained by acting with the F< .

As usual, the operator product algebra between the primary fields is

determined by the conformal dimensions and the fusion rules among the
fields:

¢: x ¢; = N;;'¢;. (11.97)

For arbitrary level & the fusion coefficients Nijl are quite difficult to deter-
mine. Of course, the fusion rules obey the decomposition rules of the tensor
products between two irreducible representations. Therefore, the Nijl are
necesssarily zero if the corresponding Clebsch-Gordon coeflicients vanish.
However, the converse is not true which makes a systematic discussion un-

feasable.

For this reason we will concentrate on the simplest case £ = 1. We
have already seen that one can explicitly construct the level one currents
and also the states transforming under a specific representation by n free

bosons compactified on the weight lattice of G. Now, eq.(11.96) which

5The corresponding highest weight representations are also called integrable repre-

sentations.
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provides the number of current algebra families is satisfied only for the
lowest dimensional representation in each conjugacy class of G. Therefore,
the number of primary fields is identical to the number of conjugacy classes.
The highest weight state has the form:

' dz 1 x.X(2)

16;) = 7400 e . [0). (11.98)

A; is the highest weight vector of the lowest representation in the ith con-

jugacy class. The fusion rules eq.(11.97) are simply determined by the ad-
dition rules for the different conjugacy classes resp. highest weight vectors.
All non-vanishing coeflicients Nijl are one.

Let us finally discuss the generalized characters of A. Recall that the

characters are defined by
Chi(r) = Try qlo—e/?4 (11.99)

where the trace is over all states of the current algebra family ¢;. This

definition holds for all k. Again, for £ = 1 these characters have a rather

simple form. Since the L, eigenvalue of the field ¢(z) = e'XX(2) is given
A2
by h = 5, the level one characters are
Chi(r) = — ! (11.100)

eierz — ().
T 2, )

The sum P;(7) is over all lattice vectors within the conjugacy class (7). The
factor [p(7)] ™™, where n is the rank of G, takes into account the contribution
of the L_;’s and g—c/% (c =n).

For the D, algebras at level one we can give a closed expression for
the lattice sums. From the explicit expressions for the simple roots and
the representative weights, one can construct all weights in each of the four
conjugacy classes. Omne then finds that the lattice sums corresponding to

the 0,V,S,C conjugacy classes of Dy, are given by:
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Po(7) = 3{[63017)1"+04(0})"
Po(r) = 5 {6501~ 601"
1 (11.101)
Ps(7) = {[62001m)1"+i"(61. (0[]}
Po(r) = 5 {62001 ~"162(0}7 )"}

The 6-functions were defined in Chapter 9. It is illustrative to compare
these expressions with the partition functions of the fermionic string theory
(cf. Chapter 9). Again, the equivalence between n bosons compactified on
a D, lattice and 2n periodic resp. antiperiodic fermions becomes mani-
fest. Explicitly we obtain the following identities between the bosonic and

fermionic partition functions®

xpp(1) = (i)*(Chs(r) = Che(T))

xpa(T) = Chs(t) + Che(T) (11.102)
xaa(T) = Cho(T) + Chy(1)

xap(T) = Cho(r) = Chy(T)

With the help of eq.(11.101) the partition function for the SO(32) string,

given at the end of the previous chapter, follows immediately.

Similarly, one can also express the level one characters of Eg, E7 and
Eg by theta functions; this requires again the explicit forms of the simple
roots and the representative weights. For Eg they have been given in this

chapter. For Fg and E%; we refer to the literature. One then finds for the

characters

6 These identities remain also true for higher genus partitition functions
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1

P = 1oy {22007 (0] + 8400 [aaoim)] + aa(opem) ncoir)] )

=3

P = U2 08 [sa(om)]” + 01 ol [os o)

+ e~ 2mi/3 6[:;2](0]37) [04(0[7‘)] 5}
P = w0 ea0in)]” + o0 [asc0ir)]

— e=¥/3g(1/2 ) (0]3r) [94(0|T)]5}
P = =7 { a0t a0+ otz [eacoin))” + [oaoi)] )}
Pi) = mr { a0tz [oa(0m)]” + axtoien)([asto1n) - oucorn)] )}
e LG e LY IR (X

(11.103)
Let us conclude this chapter by discussing some of the modular properties
of the level one Kac-Moody characters. This is important because they
appear in string theory as one-loop partition functions of n bosonic coordi-
nates compactified on a specific Lie algebra lattice. The Hilbert space then
contains, in general, several current algebra families (or conjugacy classes)
including the identity family which of course corresponds to the (0) conju-

gacy class.

The level one characters of the Kac-Moody algebra § build a finite
dimensional representation of the modular group, i.e. the characters trans-
form under under the generators of the modular group T’ (7 — 7 + 1) and

S(r— —%) like (¢ = 1,..., No¢ = number of conjugacy classes):

Chi(r+1) = Ti]‘Ch]‘(T) ,
1 (11.104)

Chi( ) =52]Ch](T)

-
The matrix T is easy to determine. From eq.(11.99) we immediately derive
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Ty; = e ™G ~Mg,; (11.105)

where A; is some vector in the conjugacy class (¢). The S transformation,
on the other hand, is more involved. We obtain for the level one characters

the following result:

1 1 X o
) = —= > e Chy(T). (11.106)

N, &

This is actually not difficult to derive. The weights in the :-th conjugacy

S: Chy

T

class can be written as
{2} =X 4 AR (11.107)

where 3@ is some representative weight and Ag the root lattice. We then

write

1 1 in ¥ (3) 2
SV SO R 10 (LB
{0 = 5\,

— 1 1 e2vri/\-;\(i) ei-lrv-/\2
nn(T) \% NC AeAw

where we have used eq.(10.53) and the fact that A, = (Ag)*. With A .
26 = A0).A6) mod 1 we get eq.(11.106). It shows that the S transformation

(11.108)

acts as a Fourier transformation on the characters Ch;(7): For the Dy

algebra we obtain, using table 11.2, the following matrix:

1 1 1 1
1 -1 -1

1
1 -1 ez'-lrn/2 __eivrn/2 (11'109)
1

Sij =

[ SR

-1 —et™/2 /2

(¢ = 1 corresponds to (0), 2 =2 to (V), i =3 to (S) and 7 = 4 to (C)). One
can verify that S2 = 1 for n even. For n odd, acting with S? interchanges
the S and C conjugacy classes. This is a general feature: if complex repre-
sentations are present, S2 # 1 but S% = 1. For the Ay, series Si; is given
by (k,l=1,...,n+1)
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_ 1 _amg gya-q)
Skl—me 1 . (11.110)

Finally the Eg characters transform like Ay (Eg and A9 have the same
fusion rules), the E; characters like the A characters and for Eg S and T
are one. The Fg character is a modular invariant in agreement with our
result of Chapter 10 that the partition function of an even self-dual lattice

is modular invariant.
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Chapter 12

Conformal Field Theory III: Superconformal Field
Theory

In Chapter 4 we have demonstrated the usefulness of conformal field theory
as a tool for the bosonic string. In the same way as conformal symmetry
was a remnant of the reparametrization invariance of the bosonic string in
conformal gauge, super-conformal invariance is a remnant of local super-
symmetry of the fermionic string in super-conformal gauge. This leads us
to consider super-conformal field theory. In many aspects our discussion of
super-conformal field theory parallels that of conformal field theory and we
will treat those rather briefly. There are, however, new features which we

will present in more detail.

The n = 1 superconformal algebra is due to Ramond [1] and Neveu
and Schwarz [2]. The models with extended n = 2, n = 4 superconformal
symmetry were formulated by Ademollo et al. [3]. An introduction to the
subject and also a more complete list of references can be found in the

reviews listed in Chapter 4 and in refs. [4, 5).

The generators of super-conformal transformations are the conserved

energy-momentum tensor T'(z) and the conserved world-sheet supercurrent

TF(z)l.

 psin Chapter 4 we will only consider the holomorphic part of the theory. Note that
whereas both sectors of the theory are conformally invariant, it is possibie that only
one of them, say the holomorphic one, exhibits superconformal invariance. This is
for instance the case in the heterotic string theory. We should, however, mention
that superconformal invariance can also appear in the internal sector of the bosonic

string.
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The basic objects of super-conformal field theory are conformal (or pri-

mary) superfields
D(z,0) = ¢o(z) + 061(2) (12.1)

where 0 is a constant anticommuting Grassmann variable and ¢ and ¢,
are conformal fields of opposite statistics.2 If & is of weight A, ¢ and ¢
have conformal weights A and (h + %) respectively; i.e. under infinitesimal

conformal transformations we get

bgo(z) = [ROE + £0]¢o(2),
bed1(z) = [(h + $)OE + £0)81(2) -

Under two-dimensional supersymmetry transformations the two compo-

(12.2)

nents of a superfield are transformed into each other according to

bedo(z) = %5(2)%(2),
: (12.3)
5E¢I(Z) = 56(2)8¢0(Z) + haG(Z)¢o(Z)

where the anticommuting analytic function ¢(z) parametrizes infinitesimal

holomorphic supersymmetry transformations. We have used the notation

6e(2) = [T, 4(2)] (124)
where
Ty, = ;%_e(z)TF(z) (12.5)

are an infinity of conserved charges. T’z is the anticommuting generator of
the superconformal algebra. Note that the supersymmetry transformation
eq.(12.3) is the “square root” of conformal transformations eq.(12.2) in the

sense that

20ne can formulate the following discussion in terms of superfields and super-space
variables which makes two-dimensional supersymmetry manifest. We will however

use the component formalism.
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[8e15 6] b0(2) = [hOE + £0] 4,
s, bealdn(2) = [(h+ 1)0€ +€0] 1 (129
where
£ = leaeq.
We can again translate the transformation rules for conformal superfields to

operator product expansions. Using the techniques of Chapter 4 we easily

find

hdo(w) + iC) +...

(z—-w)2 " z-w

h+d 1(w A1 (w
et Pito) 26,
¢1(w)

1
Tr(z)do(w) ~ Zz{"?*"

T(z)go(w) ~

T(z)p1(w) ~ +...

(12.7)

hgo(w) , 30¢0(w)

(z —w)? zZ—w

Tr(2)p1(w) ~ T

The superconformal algebra is specified by the operator products of the

generators of superconformal transformations:

3.
G 2T (w) +8T(w)+”'

T(z)T(w) ~ PEPAT I ety Rl (12.8a)
3
T(2)Tp(w) ~ (ZTfE;“))z + ajf(z) F.. (12.8b)
ls L7 (w
Tp(z)Tp(w) ~ e f w)3 + zjl( w) + ... (12.8¢)

This is the n = 1 superconformal algebra. (It is n = 1 because we have
only one supercurrent. We will encounter extended superconformal algebras
below.) The operator products can again be verified by commuting various
combinations of conformal and superconformal transformations. Eq.(12.8b)
simply states that T is a primary field of the Virasoro algebra of weight
h = 3/2. Eq.(12.8c) reflects eq.(12.6). Note that the central charges in
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egs.(12.8a) and (12.8c) are related. The reason for this will be given below.
A central extension of eq.(12.8b) is forbidden by scale invariance and the
Grassmann properties of T’ (even) and Tr (odd). We have normalized the
central charge such that a free superfield X'(z,0) = X(z) + 6¢(z), where
X(z) and 9(z) are free world-sheet bosons and fermions respectively, has
¢ = 1. (The central charge ¢ in eq.(4.26) and ¢é are related by ¢ = %é) We
will explicitly verify the algebra for this case below. Comparing eqs.(12.7)
and (12.8) we find that, apart from the central charge terms, Tr and T are
the two components of a A = 3/2 superfield.

As in the bosonic case we now expand 7" and Tr in modes and derive
their algebra from the operator products. This will of course give the super-

Virasoro algebra. The modes of T'(z) are defined as in Chapter 4. We
expand Tp as

1
Tp(z) = 3 > 732 rg, (12.9)
r€Z+a
or
Gr =2 j{ ;%Tp(z)zr'*'lﬂ. (12.10)

We have introduced the parameter a to distinguish NS and R sectors. In-
teger modings (a = 0) correspond to the R sector and half-integer modings
(a = %) to the NS sector. From the reality of Tp we get the hermiticity

condition

Gl=G_,. (12.11)

Notice that Tp(z) is single-valued on the complex plane in the NS sec-
tor and double-valued in the R sector. In general, the fermionic (anti-
commuting) components of NS superfields are single-valued on the plane
whereas the fermionic components of R superfields are double-valued. That
is ¢1J\¢Is(ez’riz) = +¢1J\§S(z) and ¢§§(e2"iz) = —d)?(z). This is the reversed
situation we had on the cylinder. The reason is that when we map a field
of dimension A from the cylinder to the complex plane we have the Jaco-

bian factor (1/ z)h which changes the analyticity properties of world-sheet
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fermions which have half-integer conformal weights. This discussion will
especially apply to the world-sheet fermions +(z). Using the contour defor-
mation trick of Chapter 4 we easily show that the operator algebra eq.(12.8)

is equivalent to

-

[Lim, L] = (m = 1) Lingn + g(m3 — )bt

¢
{Gr,Gs} =2Lrqs + 5[7'2 — $lor+s.

Note that since Ty is an anti-commuting field the operator product
Tp(z)Tp(w) leads to an anti-commutator of the modes. Only for a = %
(i.e. in the NS sector) exists a finite dimensional subalgebra, generated by
Ly, Ly, and G:i:%' This is the super-algebra SL(2) ~ OSp(1]2). From the
Jacobi identity [{Gr,Gs}, Ln] + {[Ln,Gr],Gs} — {[Gs, Ln], G} = 0 we get
that the central charge parameters ¢ in egs.(12.8a) and (12.8¢c) have to be
the same.

We can now also easily work out the commutation relations of the L,

and G, with the modes of the primary fields. Define
(,250(2) = Z z—n—h¢0,n )
$1(z) = Z_n—h—1/2¢1,n .

Fields with integer conformal weight always have integer mode numbers and

(12.13)

fields with half-integer weights have integer mode numbers if they are in the
R sector and half-integer mode numbers if they are in the NS sector. We

then get
[Lma ¢0,n] = [m(h - 1) - n]¢0,m+n>

[Lm, $1,n] = [m(h — }) — n]d1,m4n,
[GGT; ¢0,n] = 6(1251,7‘4—71 )
[GGT; ¢1,n] = f[(Qh - 1)7' - n]¢0,r+n )

(12.14)
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where we have introduced a constant anti-commuting parameter ¢ to make

¢Gm a commuting quantity.

Let us now turn to the Hilbert space of the superconformal field theory.

From the commutation relations

[LO) Lm] = “mLm )

12.15
[Lo,Gr] = =G> ( )

we conclude that L,;,Gm, m > 0 are lowering operators. Ground states
are the highest weight states |h) of the superconformal algebra; they are

annihilated by all the lowering operators and have conformal weight h:

Lo|h) = hlh)
L|h) =0 for m >0 (12.16)
Gr|h) =0 for » > 0.

We will treat the action of G in the R sector below.

We have already seen in Chapter 4 that unitarity requires ¢ > 0 and
h > 0. This can be refined for the superconformal case by considering
(r>0)
(h|GrG—r|h) = (R{Gr, G-+ }| )
1.
= 2(h|Lo|h) + 50(7‘2 ~ 1)(hlR) (12.17)
é

= {2h + 5(7‘2 ~ 1)}(hlr) 2 0

from which we find that

v

h2>0 (NS), (12.18a)

h>— (R). (12.18b)
16

For é > 1 these are indeed the only restrictions imposed by unitarity (cf.

¢ > 1 in the conformal case). For é < 1 one gets again only a discrete set

of allowed ¢ and h values, namely [6]
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8

c=1-—

m(m + 2)
[(m+2)p—mg]*—4 1 - 12.1
fpa = 8m(m +2) +§§(1— (=177 (12.19)
m=2,3,..., 1<p<m,1<g<m+2

where p — ¢ € 2Z in the NS sector and p — ¢ € 2Z + 1 in the R sector.

Let us now look at the two sectors separately starting with the NS
sector. In analogy with the conformal case we define the S/'T}(2, C) invariant
in- and out-vacua |0) and (0] to be the states annihilated by the generators
of SL(2, C). Clearly this vacuum is in the NS sector as it satisfies Ly|0) = 0.
Regularity of T and T’y at the origin and infinity requires

Ln|0) =0 n> -1, (0|lL, =0 n<l1
1 1 (12.20)
Gr[0)=0 TZ"—E, <OIG1‘=0 TS ’2—.
The correspondence between highest weight states and conformal superfields

&(z,0) of conformal weight A is made as follows:

0)[0) = |h
$0(0)]0) = | ? (12.21)
$1(0)[0) = (G—1/2¢0) (0)|0) = G_1/2|h)
where the second equation follows from [eG_1/2, ¢o(2)] = €¢1(2) and we
have defined (cf. Chapter 4)
R d
Gro(z) =2 }{ Q—:F%Tp(w)qﬁo(z)(w — z)" 172, (12.22)

It is straightforward to show that |A) satisfies the highest weight conditions
eq.(12.16) and for ¢,(0)|0) we easily find

Lo(Garalt) = (b4 ) (Gopalh),  Lm(Goapli)) =0 m>0,
G1y2(G-12|h)) = 2hlh), Gm(Go1plh)) =0 m> L

Note that the relation
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G*, =1L_, (12.24)

is the global supersymmetry algebra on the complex plane. It is the global
algebra since G_% =2 j{ %%Tp(z) and L_; = j{ %T(z) and it is the su-
persymmetry algebra since L_; is the translation operator on the plane (cf.
Chapter 4). Since the vacuum satisfies G~%IO) = 0, NS supersymmetry is

unbroken.

In the R sector we can define a global supersymmetry charge on the
cylinder; it 1s simply Gy as can be most easily seen by referring to Chapter
7. Then the global supersymmetry algebra on the cylinder is
é
T

Using the transformation law of the energy-momentum tensor under finite

G: =1, - (12.25)

transformations, we find, for the map from the cylinder to the plane (cf.
eq.(4.41))

-

C
(Lo)cyl. = (Lo)plane - ig (12'26)

and (LO)cyl. is the translation operator on the cylinder. Note that this shift
in Lo in the R sector is the one described in Chapter 8 which was necessary
to bring the NS and R super-Virasoro algebras into identical form. This is
automatic here as the operator products in eq.(12.8) are the same for the
two sectors.

Clearly, R supersymmetry can only be unbroken if there exists a ground
state which satisfies Golh) = 0, implying that Lo|h) = 1%|h).3 This is
in agreement with eq.(12.18b) if we take into account eq.(12.26). Since
[Go, Lo} = 0, highest weight states come in orthogonal pairs

|hT) and |h™) = Go|hT). (12.27)

(It is easy to see that if |h*) is a highest weight state then so is [A™).)
If |ht) is the R ground state with A = 1% then |h™) is a null state:

3Note that in the n = 1 discrete series R supersymmetry is unbroken for even m only.
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(h=|h™) = (R*|GEh*) = 0. It decouples since it is perpendicular to all
descendants of [AT). So we can formally set ™) = 0 in the case of unbro-

ken supersymmetry.

Since the Virasoro algebra is a subalgebra of the R-algebra, above high-
est weight states must be created from the vacuum by ordinary conformal

fields, the so-called spin fields Si(z); ie.
[pt) = ST(0)]0) and |h™) = S7(0)0). (12.28)

This, together with eq.(12.27) implies that GoS*(z) = S~(z) from which

we derive

1 1
Vo 2T - -
Tp(w)ST(z) 2w 2)3/25' (z) + less singular. (12.29)
Likewise GoS™(2) = (h — 5)S*(2) leads to
_ 1 ¢ 1 . .
Trp(w)S™(z) ~ —2~(h - E)ms (z) + less singular.  (12.30)

We see that the spin fields introduce branch cuts into the operator algebra.
Also, since they transform the NS ground state into the R ground state
they interpolate between the two sectors. This means that if we take a
NS fermion and carry it around the spin field it feels the branch cut and

changes sign; 1.e.

#13 (2e7™)5%(0) = ~}S(2) 5% (0) (12.31)
which means that ¢‘1;IS(Z)S‘E(O) has an expansion in half-integer powers of z
and zl/2¢¥s(z)5i(0) is single valued on the plane. We define the operators

dw

$£,5%(2) = $Y5(w)(w — 2)"hIS%(2), n+heZ+ % (12.32)

where h is the conformal weight of d)?s(w). The ¢?n are the modes of the

fermionic components of a R superfield. Thus one should not think of the

271

NS and R superfields as two separate sets of superfields but rather as one

superfield whose fermionic component gets modified in the presence of a
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spin field. The superfields themselves act diagonally on states in the two

sectors of the Hilbert space, i.e.

(-0 e

whereas spin fields act off-diagonally

-G O0R) e

In both sectors the descendants of a given ground state are obtained by
acting with the lowering operators of the superconformal algebra. The n-th
level of an irreducible representation is spanned by the following vectors

with L, eigenvalue h +n

Gor1Garg... Lo L_p,...|R) (12.35)
where
0<ri<ry... and 0 <m; <my...
n=>Y 1+ m, ri€Z+-21- (NS), r; € Z (R).

The condition on the fermionic oscillators takes into account that G2, =
Lop,.
Let us now return to string theory. The world-sheet bosons and fermions
form two-dimensional superfields of dimension 1/2:
DXH(z,0) = PH*(2) + 00 XH(z). (12.36)
with action?

= ;1; [ d22(ox#xH — By — JrogH) (12.37)

In the NS sector ¥* has the mode expansion

4This is the same action as given in eq.(7.32) after going to Euclidean coordinates.

8X and 9 are now anti-hermitian.
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wWh(z)= S0 bR (12.38)
n€Z+%
with (bﬁ)Jf = b” . Their basic operator product is

uv

YA (2 (w) ~ —

+ finite (12.39)

z—w
which, by now familiar arguments, is equivalent to
{0, bn} = bmsng"” . (12.40)
We can also calculate the propagator. Using b5]0) = 0 for » > 1/2, we get
(H()9  (w)ns = = . 2 Tw (O b 110

myn€Z +% e
1 w
- go —)e (12.41)
n
gt
= — for |z| > |w]|.
z—w

The propagator is also easily derived from the free field action eq.(12.37)
using standard field theory arguments. We should note that this is the
propagator on the Riemann sphere. On higher genus Riemann surfaces the
propagator is more complicated due to the global structure of the surfaces.
The short distance limit will however be the same as in eq.(12.41). Using

the relation

——a- = 62(z — w) (12.42)

z—w

we find that the propagator satisfies
O (W ()" (w)) = ~2m6% (2 — w)g"”. (12.43)

In the R sector the fields ¥#(z) have integer modings (cf. eq.(12.32)) and
one can readily show that they also satisfy the anti-commutation relations
eq.(12.40). This also follows from the fact that the short distance expansion
for NS and R fermions should be the same since the branch cut in the R

case cannot be felt locally. Of particular interest is the relation
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{oh,60} = g (12.44)

which is just the Dirac algebra and allows us to identify the 1 zero modes
with Dirac matrices. Since [Lo,b)] = 0, the b5 act on the R ground state
which has to be degenerate. The spin ﬁelds that create them are spinors of
S0(9,1) with conformal weight h = % = g (¢ = d = 10, see below). The
fact that spinors of SO(9,1) have conforma.l weight % can be easily seen
by going to the Wick-rotated Lorentz group SO(10) and bosonize them (cf.
Chapter 11). The R ground states are then labeled by a spinor index of
S0O(9,1):

la) = Sq(0)|0) (12.45)
and the by act as
Bhle) = —=(I*)A1) (12.46)

where I'* are the SO(9,1) Dirac matrices which satisfy {I'¥, 'V} = 2¢H".

We can now also calculate the propagator of ¥# in the R sector. Using
bhla) =0 for n > 0 and eq.(12.44) we get

WH (Y (w))r=— 3 (B )z " Tw ™d

mneZ

> (Bhb p)r2 W™ + (b6 )R |
(12.47)
1 x

\/——{ Z(w) + }glw

AlY z

D) e, 2> Juwl.

Note that this is just the four-point function (0|Sq(00)¥*(2)¥¥ (w)S4(0)|0)
(no sum over «). The propagators in the NS and the R sectors have the

l

same short distance behaviour, as they should.

We still have to discuss the question of locality. As we have seen, the
spin fields introduce branch cuts into the theory. A suitable string theory
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Liowever has to have local correlation functions to give well defined S-matrix
elements. To arrive at a local string theory one performs a generalized
GSO projection. This is a consistent truncation of the spectrum such that
the resulting superconformal field theory is local. In fact, not only is the

truncation consistent but also required by modular invariance.

The energy-momentum tensor and supercurrent for the fermionic string
are ) )
T(z) = —iaX'“aX“(z) - anﬂwp(z)
) (12.48)
Tp(z) = —51/1#8)('“(2).
T(z) follows from eq.(12.2) and (4.82). T is computed in a similar way.
Under infinitesimal supersymmetry transformations eq.(12.3), the action
changes as

1 ~
65 = == /dzzaeTF. (12.49)

Since X and % are free fields, we can use Wick’s theorem to evaluate op-
erator products of composite operators such as T and Tp. (We have again
dropped normal ordering symbols.) One easily verifies the algebra eq.(12.8)
with é = %c = d where d is the range of the index p.

The ghost system of the fermionic string is another example of a n =1
superconformal field theory. It consists of the (anti-commuting) conformal
ghosts b, c and the (commuting) superconformal ghosts 3,v. Together they
form two conformal superfields B = 3+ 60b and C = ¢+ 8y with conformal
weights h = 3/2 and h = —1 respectively. The action is (cf. Chapters 3
and 8)

- 51}. [ %2 (vdc + o). (12.50)

We can generalize the ghost system by considering superfields B and C' with
conformal weights A—1/2 and 1— X (A € Z) respectively. The action is still
given by eq.(12.50). (We will consider these generalized b, ¢ systems in great
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detail in Chapter 13.) The energy momentum tensor and supercurrent are

calculated as before; one finds

T = —Abde + (1 = A)(8b)c — (A = $)BO7 + (3 = \)(9P)7,

\ (12.51)
T = Lby+ (1= A)(8)c ~ (A~ })Bdc.
We now use the operator products
1
(2)b(w) ~ (2)Bw) ~ (12.52)

to show that above system generates a n = 1 superconformal algebra with
central charge ¢ = —c’\+c’\“%. Here c* = 12A%2—12)+2. The first contribu-
tion, —-c’\, is that of the anti-commuting b, ¢ system and the second, c)\—%,
that of the commuting 3,7 system. For the fermionic string (A = 2) we
then find the ghost contribution to the anomaly 829t = —26 + 11 = —15.
The matter fields come in chiral multiplets of the n = 1 superconformal
symmetry. Each of them contributes ¢ = 3/2 to the conformal anomaly.
This means that we need ten of them for anomaly cancellation. Hence
d = 10 as the critical dimension of the fermionic string. It is however by no
means necessary to represent the ¢ = 10 algebra in terms of free superfields
eq.(12.36). For a d-dimensional space-time interpretation it suffices to rep-
resent d of them as free superfields and have a ¢ = 10 — d internal n = 1

superconformal theory (cf. Chapter 14).

One may now ask whether extended superconformal algebras play a role
in string theory. The answer is that indeed they do. Let us begin with the
case n = 2. The n = 2 gravity multiplet is (gog, Xa, Aa) Where besides
the graviton we have a gravitino which is, in contrast to the n = 1 case,
a complex Dirac fermion, and a U(1l) gauge current. Since we have now
gauge fields of spin 2,3/2 and 1, Faddeev-Popov quantization will give b, c
systems with A = 2, 3/2 and A = 1 where the A = 3/2 system is doubled,
since a Dirac spinor is equivalent to two Majorana spinors. Their combined

contribution to the conformal anomaly is c889%* = —26 + 2 x 11 — 2 =
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—6. This has to be cancelled by the matter fields. The n = 2 matter
multiplets are (X,1) where X is a complex scalar and ¥ a spin 1/2 Dirac-
Weyl fermion, which is equivalent to two real scalars and two Majorana-
Weyl fermions, thus contributing ¢ = 3 to the conformal anomaly. We
then conclude that the critical dimension of the theory with local n = 2
superconformal invariance is d = 2. The situation becomes even worse if
we consider the n = 4 case®. The n = 4 gravity multiplet is (9ap: X Aij).
i is a SU(2) index. The four gravitini form a complex doublet of SU(2)
and the SU(2) currents transform in the adjoint. The ghost contribution
to the anomaly is therefore Bhost = 96 +4x11—-3x2 =12 n =4
matter multiplets (4X,%) contain four real scalars and a complex doublet
of spinors which gives a ¢ = 6 contribution to the conformal anomaly. This
leads to a critical dimension d = —2. This is clearly unacceptable for our

purposes.

Nevertheless, extended superconformal algebras do play an important
role in string theory, however only as global symmetries. The maximal
gauged symmetries is n = 1. There does exist a deep connection between
space-time symmetries and world-sheet symmetries. In particular, N =
1 space-time supersymmetry in four dimensions requires (global) n = 2
superconformal invariance on the world-sheet. We will show this in Chapter
14. Here we will only present a brief discussion of the extended n = 2

superconformal algebra.

The local symmetries for n = 2 are reparametrization invariance,
supersymmetry and U(1) invariance; they are generated by the energy-
momentum tensor T'(z), the supercharge Tp(z) and a U(1) current J(z).
(Again, we only discuss the holomorphic sector of the theory.) The su-
percharge splits into two parts with U{(1) charges %1 respectively: Tp =

5The case n = 3 does not seem to be of interest for string theory.
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T l—«t + T . These generators satisfy the following operator algebra:

TENT(w) ~ - _%éw)4 N (Zﬂ;(z;z 0N
T(2)TE (w) (Tffu)’z Y
T(2)J(w) (f_('j’j)z oW , .
J(2)J (w) ~ E fw)2 n (12.53)
J(2)Tg(w) ~ in_f‘;) +..
TH()TR(w) ~ - ff;)s ; (j:J <Z§2 N %T(w: iaJ(w .

Tg(2)Tx(w) ~ finite.

It is easy to see that T and Tp = T¢ + Ty form a n = 1 superconformal
algebra. Above operator algebra can be converted to (anti)commutators of

the modes of the generators defined by

T(z) = Z 272 dz .1
neZ Ln= 271'1, z" T( )
- 2
Tf(z): Z n—3/ $GG$: ta = Gr:*z::ta fdz n+1:taT:t( 2)
neZ
= 2Ly - dz o
n%:z i In o /(2)
(12.54)
with hermiticity conditions
=L, ., GH,=¢T,.. ., J=Jn. (12.55)

The operator algebra is then equivalent to
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[Ln, Lm] = (n — m)Lnym + E"( n? ~1)bn+tm ,

n
[Lm G;tn+a] = (5 —m+ a)Gi%-m:i:a’

[Ln, Jm] = —'m']n+m )
[Jn, Jm] n5m+n 3
[JTH Gmia] = iGi%—mia’ (12'56)

1
{Gn+a7 a.} - Lm+n +zn—-m+ 2a)']TTH'Tl + [(n + a) - ‘] n+m ;

5l
{Gn+a’ m+a} ={Gn-0)Gm—a} =0.

The relation between the central charges in the T'(z)T(w), T3(z)Tp(w) and
J(z)J(w) operator products are again fixed by Jacobi identities.
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Note that we have introduced the real parameter a. From the mode

expansion of T ; we find
T (2™ z) = —eT2maTE(5), (12.57)

i.e. a labels the boundary conditions of the fermionic operators Tf. For
a € Z we are in the R sector whereas ¢ € Z + % corresponds to the NS
sector. The algebras for a and a + 1 are clearly isomorphic and we can
restrict a to a € [0,1). Note that only fora =0 and a = % can we form a
real Tp = T4 + Ty with definite boundary conditions. In the n = 1 case
we had only two sectors since there the supercurrent was real which allows
only for periodic or anti-periodic boundary conditions. In the n = 2 case

we can interpolate between the two sectors by varying a from 0 to %

For a = %, i.e. in the NS sector, there exists again a finite dimensional
subalgebra generated by Lg 41, Gﬁx/za Gfl/2 and Jo. This is the algebra
0S5p(2,2).

For different values of a the corresponding representation spaces are

obviously different. From an algebraic point of view the algebras are however
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equivalent for all values of a. To see this let us write the {G*,G~} anti-

commutator in the following form

- - 1 c
{Gn+a+n’Gm—~a—n} =1 [Ln+m +nJntm + ‘6"7725n+m]

1 1 c 1
+ g(n —m+ 2a) [Jn+m + §n5n+m] + -2—4'{(7‘& + a)2 - Z} On+m-
(12.58)
One now verifies that the generators
L7 = Lp +7nJn + %nzén ,
Nt _
Grie = Gn:t(a+7]) , (12.59)

1
TR = Jn+ 5nén

satisfy the n = 2 superconformal algebra. Therefore the algebras are equiv-
alent for all a. Under the change of a the conformal weights A and U(1)
charges ¢ of any state change by

ho—hT=h+ng+ 217,
. B (12.60)

L/ -
9 —q" =g+ 57

This is called the spectral flow [7]. For instance, the OSp(2,2) invariant
vacuum |0) with (k,g) = (0,0) is always in the NS sector. Now the spectral
flow takes it to a state (7 = 1/2) with (k,q) = (57, §)-
As usual, we now define highest weight states by the conditions
GFle) =0 r>0,
Lyp|¢) = Jn|¢p) =0 n>0, (12.61)
Lolg) =hlg) ,  Jold) =qlé).

Here ¢ is the U(1) charge of the state. Actually, the conditions for L, and
Jn (n > 0) already follow from G¥|¢) = 0 and the use of the algebra. Let

us consider the constraints from unitarity. In the NS sector we have
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0 S(¢|Gf/2Gf1/2|¢>
= (¢|{Gf1/2,Gf1/2}|¢)
1
= (010 £ 150l9)

= 1(hE Ja)(8l9),

ie. h > %[q| in the NS sector. When the bound is satisfied, there are two

(12.62)

states which satisfy

GE Ik F 1g) = 0. (12.63)
To each highest weight state there corresponds a primary field ¢(Ma) of the
n = 2 algebra. For the fields with A = }|q|, eq.(12.63) is equivalent to

T (2)$(F299 (w) ~ finite. (12.64)

These fields are called chiral (auti-chiral) primary fields. For a (anti-)chiral
primary field the action of only one of the two supercharges results in a new
field. It is not hard to show that any state with A = 1|g| is (anti-) chiral
primary and satisfies & < §.

In the R sector we find, as in the n = 1 case, that h > 57 and states
with h = 57 satisfy GE|¢) = 0. Also, states that follow from chiral primary
fields through the spectral flow, satisfy G:El]qb) = 0.

Since the spectral flow connects the NS with the R sector, and states
in these sectors of the fermionic string are space-time bosons and fermions
respectively, we have here an indication of the connection between n = 2
world-sheet and N = 1 space-time supersymmetry. We will elaborate on

this in more detail in Chapter 14.

To close this discussion of the n = 2 algebra, let us give two sim-
ple realizations. The first one consists of two free real n = 1 superfields
XV%(z,0) = X1%(z) + 691?(z). Let us define the complex fields

1

X*= =(X'4iX? and y*= ! (P! £ 49?). (12.65)

S
S

2
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The energy momentum tensor and supercurrent are then

T(z) = -0XTOX ™ (z) — -;-(aww-(z) +0v 9t (2)),

(12.66)
Tp(z) = TE(z) + Tp(z)
where
T = ———;—¢+<9X’(z) and Ty = ——-;—¢"3X+(z). (12.67)
We can now define a U(1) current
J(z) =¥yt (z). (12.68)

It is then straightforward to verify that T Tt—,i« and J generateac =3, n =2
superconformal algebra. This example is easily generalized to the case of
2k free superfields from which we can build £ complex ones. This leads to
a ¢ = 3k, n = 2 algebra. In the string context this example arises in 2k-
dimensional torus compactifications. The second example consists of only

one real free boson:

T(:) = ~50606(2),

1 .
TE(z) = 57—gei“/~°7¢(z>, (12.69)

I(z) = 2=09(2),

which generate a ¢ = 1, n = 2 superconformal algebra.

In a similar way one can discuss the n = 4 algebra which is relevant for
N = 2 space-time supersymmetric string theories. We will however not do

it here and refer instead to the literature.
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Chapter 13

Bosonization of the Fermionic String — Covariant
Lattices

We will now reexamine the 10-dimensional fermionic (spinning) string us-
ing the bosonic language. The aim of this bosonic formulation is the con-
struction of the covariant fermion emission vertex operators, as they were
discovered by Friedan, Martinec and Shenker [1] and by Knizhnik [2]. This

will in turn lead to the introduction of the so-called covariant lattices [3~6].

Recall the action of the fermionic string in superconformal gauge:
1 - _ -
§ =1 [ @2(0X45X, - y#by, - 3493, ) (13.1)

where we have only written the matter (X#,¢*) part. We will turn to
the ghost part below. These fields generate a superconformal field theory
with é = 10 (¢ = 15) where from now on we discuss only the right-moving,
holomorphic part of the theory. The two-dimensional supercharge, also

called supercurrent, is given by:
1
Tp(z) = =50Xu(2)9#(2). (13.2)

Now, applying the techniques of bosonization as introduced in the previous
chapter, we replace the ten real fermions ¥#(2) (u = 1,...,10) by five chiral
bosons ¢*(z) (i = 1,...,5) with momentum eigenvalues being lattice vectors
of the Dy weight lattice. The bosonization is performed by converting the

ten real fermions ¥#(z) to the complex Cartan-Weyl basis:

oEi(2) %(1/;22'—-1 +i¥)(z) i=1,...,5. (13.3)

The action for the complex fermions is
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1 L
§=—r / A2z (@O0~ 4+ giguti), (13.4)

The part of the generators of the Wick rotated Lorentz group SO(10) which

are built from the world-sheet fermions are bosonized according to

JHTHz) = U TY(2) = 104 (2)

L L Y 13.5
J:’cz,:{:](z) —. gEgEr .. pTidtTig? (2): (i< 7) ( )

where the complex fermions themselves are expressed as
E () =: i (2) . (13.6)

The states of the spinning string theory are created by vertex operators
which contain the five bosons ¢*(z). Let us concentrate on expressions built
by exponentials of these bosons; possible derivative terms 8¢i(z) play only
a trivial role in the following. Also, we will not discuss the X#-dependent

part of the vertex operators.

In the NS sector the states are space-time bosons. The ground state is
the NS vacuum |0) which is a tachyon as discussed in Chapter 8. The first
excited state is the massless ten-dimensional vector |¢#) = b, ,|0) with the
corresponding vertex operator ¥*(z). Thus, the vector vertex operator in
the bosonized version of the theory is simply given by eq.(13.6). In general,

states in the NS sector are described by vertex operators?

Va(z) =12 4(2), (13.7)
where X are Dj lattice vectors in the 0 or V conjugacy class. E.g. for the

tachyon A = 0 and for the SO(10) vector A = (0,...,£1,...,0).

On the other hand, states in the R sector of the theory have fermionic
statistics. They are created again by vertex operators of the form eq.(13.7)

but now with X being a lattice vector of the S or C conjugacy classes

1 Here and in the following we will drop cocycle factors. They are however necessary

to produce manifestly covariant results, as e.g. in eq.(13.8) below.
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of Ds. As ground states there are the two massless spinors of oppo-
site chirality denoted by |S®) and |S%) with corresponding D5 weights
A= (ﬂ:%,ﬂ:%,ﬂ:%,ﬂ:l,ﬂ:%—) with an even and odd number of minus signs
respectively.

The vertex operator of the massless vector has conformal dimension
h = —2— = § Remember on the other hand that vertex operators of physi-
cal massless states must have h = 1. Similarly, the massless spinors belong
to vertex operators with conformal dimension A% = g in contradiction to
the physical state condition. (Note that for massless states e*X has van-
ishing conformal weight.) This discrepancy clearly indicates that the vertex
operators of eq.(13.7) with A € 0,V,S,C of D5 are not the full vertex op-
erators of the fermionic string theory and have to be complemented by an

additional piece.

The incorrect conformal dimension is however not the only serious draw-
back. Consider the operator algebra between the vector ¥* and the spinor
fields S, S in a SO(10) covariant basis:

(#)*s
WS (W) = S w) +
of

—_—
~—
ot
~
=
/\
v

Here C®P is the SO(10) charge conjugation matrix and (Fﬂ)aﬂ are ten-
dimensional Dirac matrices. There are several ways to derive these operator
products. One uses bosonization and an explicit form for the cocycle factors.

Another is to use SO(10) invariance.
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These equations show that S%(z) (S%(z)) creates a branch cut which
renders the theory non-local. (Locality of the operator product algebra is
however necessary e.g. to get well-defined scattering amplitudes.) This is
due to the Dy inner-product rule (V) - (S) = 3 +n, n € Z (cf. table 11.2).
Furthermore, S* does not anticommute with itself since (S)-(S) = 5/4 +n.
Also note the branch cut in the operator product between S® and S'B due
to (S)-(C)=3/4+n.

In summary, without further modifications the fermionic string theory
is non-local and therefore ill-defined. This is simply a reflection of the prop-
erties of the Dy weight lattice. Therefore one can expect that the complete
vertex operators of the fermionic string requires a modification of the Ds
lattice. The missing piece will be provided by the superconformal ghost
system. Before demonstrating this, let us first present a general discus-
sion of first order systems such as the b,c and 3,7 ghost systems. Their

bosonization will be of particular importance [1, 7].

13.1 First order systems

We introduce a common notation and consider b and ¢ being conjugate fields

with first order action

=L (425
S = /d 2bde. (13.9)

The field b has conformal weight A and ¢ has weight 1 — A. The action is
then conformally invariant. The statistics of b and ¢ is parametrized by e:
€ = 1 for Fermi statistics and € = —1 for Bose statistics. The equations of

motion and their solutions are

(13.10)

The propagator is
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{c(z)b(w)) = (13.11)

and the basic operator products are

c(z)b(w) =

—— ..
. (13.12)

b(z)e(w) =

z—w
The bb and cc products are non-singular. We have the mode expansions

bz)= S 2",

nef—-A+2

(13.13
o(z) = Z z—n—(1—~/\)cn )
neé+A+2Z
with the following hermiticity conditions
and (anti) commutator
[Cm, bn]e = 5m+n. (13.15)

For the case of half-integer A, there are two sectors, the R sector specified
by 6 = % and the NS sector with § = 0.2 The action of the modes on the

SL9 invariant vacuum is

bpl0) =0 forn>1-2A

(13.16)
cnl0) =0  forn> A
The energy-momentum tensor is
T = —Ab0c + (1 — A)O3bc =
1 1 (13.17)
= E(abc + bac) + EGQ@([)C)
where we have introduced

Q =¢€(1-2X). (13.18)

2We can also have § = 1 for integer A corresponding to a twisted sector.
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The significance of @ as a background charge will become clear below. The

Virasoro operators are
Ln = Z(m - (1 — A)n)bn_mCm. (13.19)
m

The central charge is easily found by computing the operator product be-
tween T'(z) and T'(w):

c=—€¢(12)2 = 12X +2) = ¢(1 — 3Q?) (13.20)

and it is straightforward to verify that
Ab(w) + ob(w)

T(z)b(w) = R — + finite, (13.21)
and
T(2)c(w) = (1(; _A)uf ;'2”) + fc_fwig + finite. (13.22)

as expected. In table 13.1 we collect the values of the various parameters
for the conformal and super-conformal ghost systems and complex NSR

fermions.

Table 13.1 Familiar first order systems

€ A Q c
be| 1] 2 | =3 [-26
Byl -1 | % 2 11
gl 1| 4 0| 1

The action eq.(13.9) is invariant under a chiral U(1) with current

j(2) = =b(2)e(z) = ;z‘"“ljn (13.23)
where
Jn = Z €¢n—mbm. (13.24)

The operator products of b and ¢ with j reflect the fact that they have U(1)
charges —1 and +1 respectively:
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S (13.25)

The operator product of the chiral current and the energy-momentum

tensor is anomalous:

T(z)j(w) = z fzw)s + (zjﬁwu))) )

+.. (13.26)

and only for @ = 0, (A = %) is j a true conformal field with A = 1. This
implies that the U(1) current itself is not conserved. One can show that
the anomalous conservation law is 07 (z) = ——%Qé@a where o is the Weyl
degree of freedom of the metric ds? = 2e°dzdz. With R = —2¢~?880 we

find

5i(e) = ;

where A is the determinant of the two-dimensional metric and R is the

QVhR, (13.27)

corresponding curvature scalar. The anomaly in the U(1) current is related
to the existence of b,c zero modes, their number being determined by the

Riemann-Roch theorem:
Ne— Ny=eQ(g—1) = (1= 2X)(g ~ 1) (13.28)

where g is the genus of the Riemann surface. The right hand side is the
amount by which the ghost charge is not conserved. This can be seen by
integrating eq.(13.27). Note that the situation is very similar to the U(1)
anomaly in gauge theory. There the anomalous divergence of the chiral U(1)
current is also given by a topological quantity which measures the difference
between the number of massless left- and right-handed fermions, i.e. the

zero modes of the chiral Dirac operator.

The operator product eq.(13.26) is equivalent to the anomalous com-

mutators
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[Ln,3(2)] = %Qn(n +1)z7 4 (n+1)2"j(2) + z2"185(2) (13.29)
and

) 1 )
[Ln)]m] = EQn(n + 1)5n+m — MIm+n. (13.30)

From eq.(13.29) it is appareant that j{z) transforms covariantly under trans-
lations {L_;) and dilatations (L) but not under the transformations gen-
erated by L,,; i.e. j(z) is not quasi-primary. It is easy to show using the
hermiticity conditions eq.(13.14) that j,TL = —j_n, Yn#0. The casen =0
is delicate because of normal ordering ambiguities. We can use eq.(13.30)
to find jg :

jg = —[L—-l,jl]T = —=[L1,j-1] = —jo — Q. (13.31)
Then, if Op is an operator with U(1) charge p, i.e. [jo,Op] = pOp and |g)
a state with U(1) charge g, we find p(¢'|Oplg) = (¢'|ljo, Opllg) = —(¢' +
g + Q){q'|Oplq); i.e. we have to insert an operator with U(1) charge p =
~(gq+ ¢+ Q) in order to get a non-vanishing result. We then normalize the
states such that

(—~¢—Qlg) =1 (13.32)

for the non-vanishing inner products.

The b, c system is bosonized by defining a chiral scalar field ¢(z) =
z
e/ j(2)d2!, or

j(z) = €d¢(z) (13.33)
with
¢(z)p(w) ~ eln(z — w). (13.34)
In terms of ¢ the action is
S= —i f d?z(e0pd¢ + %\/Ech) (13.35)

from which the anomalous current conservation law eq.(13.27) follows as
the equation of motion for ¢. The energy momentum tensor derived from

above action is
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7)) = e(% 2 - %Q@j). (13.36)

As a check we can reproduce eq.(13.26).
Conformal fields V' (z) are given by exponentials of ¢(z):

V(z) =:e99(2); (13.37)

where ¢ is (half-) integer for the NS (R) sector. This will become clear
below. (We again suppress possible derivative terms and will drop normal
ordering symbols from now on.) Therefore, the allowed bosonic momenta
are points in a D; lattice where integer lattice point belong to the 0 or V
conjugacy classes and half-integer elements to the S and C conjugacy classes
of D;. The U(1) charge of e9%() is easily determined

j(z)etd®) = L _ad(w) 4 (13.38)

zZ—w

and its conformal dimension follows directly from

1
T(z2)e?(®) = [26"(" *9), 9 Jer?) 4 . (13.39)

(z — w)? z—w
The contribution to the conformal weight which is linear in ¢ has its origin

in the ghost number anomaly. The operator e9%(2) shifts the ghost charge

of the vacuum by ¢ units. It is the vertex operator for a state |g):

g) = }{C 42 1 ad(2)|0) = €290 ) (13.40)

0 21 2z

which satisfies jo|q) = ¢g|q). E.g according to eq.(13.32) one obtains
(0le=9¢(2)|0) = 1. (13.41)

So far we have bosonized only the U(1) current j(z) which is a bilinear
in the b, ¢ fields. In the case of Fermi statistics (¢ = +1), the fields b,¢
themselves can be bosonized in a straightforward way — they are given by

the exponentials of ¢(z) (compare also with eq.(13.6)):

266



b(z) = e o) c(z) = e#(2)
€=+1: (13.42)
¢(2)p(w) ~ In(z — w).

On the other hand, in case of Bose statistics the “bosonization” of &(z),
¢(z) is more complicated. In fact, the energy-momentum tensor T(7) is not
complete for € = —1. If we calculate the anomaly in the T()T() operator
product we find

() = (1 — 3¢02 ={C ¢=+1 13.43
c ( €Q”) ch2 em -1 ( )

where c refers to the value of the anomaly given in eq.(13.20). This means
that in the bosonic case the field ¢ does not give a complete description
of the system. This can already be deduced from the fact the solitons etd
are always fermions and cannot accommodate Bose statistics. One requires
extra fields for the “bosonization” of b,¢. What is needed is a fermionic
system with ¢ = —2. Let us therefore define two conjugate free fermions
n(z), £(2) of conformal weight 1 and O respectively which constitute a first
order system with ¢ = 1, M = 1, Q"E = -1, ¢ = —2. Their operator

product is
T(2)E(w) = E(2)n(w) = —— + ... (13.44)

zZ—=W

Then the Bose fields b, ¢ can be “bosonized” as

b(z) = e 2)og(z) | c(2) = e?In(z)
€= —~1: (13.45)
$(2)p(w) ~ —In(z — w).

The correct operator products eq.(13.12) between b and c are easily verified
using eq.(13.45).

The 7,& system contains its own chiral U(1) current which provides a
second scalar field x(z):
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(13.46)
n(z) = e X(2) | g(z) = ex(2),
Thus in terms of ¢ and X, b and ¢ are expressed as:
b(z) = e P TX(@)ay(2) | o(z) = ?(2)~x(2), (13.47)

It is important to note that the irreducible representations of the b, ¢ algebra
are built only from ¢, 7 and 0¢; the zero mode field £; never appears in the
b,c algebra. As long as we do not include &, we do not have to neutralize

the background charge of the 7, system.

Let us now address the question of vacuum states. A hint that the SLq
invariant vacuum |0) might not be the only possible one came already from
our discussion of the conformal ghost system. We know that locality requires
that c,|0) = 0 for n > A. From [Lo,cn] = —ncn we find that Locgp|0) =
~ncp|0) # 0 for n < A. In particular, for 0 < n < A, ¢, lowers the energy
of the vacuum |0). If cp is a bosonic operator, we can apply it to |0) an
arbitrary number of times thus lowering the vacuum energy by an arbitrary
amount. We find that in the bosonic case the spectrum is unbounded from
below. It is clearly also unbounded from above. Consequently, the question
of the vacuum is ambiguous. In the Fermi case we can also build states
with negative energy, but not without lower bound. Here the situation
is familiar from Dirac theory; we can define different vacua depending on
to what level the states are filled, and these vacua are stable due to the
exclusion principle. In the Bose case the situation is unfamiliar and would
be a disaster were it not for the fact that we are dealing with a free i.e.
non-interacting theory which does not allow transitions from one vacuum

to another.

We can now define an infinite number of vacua |g), which can be viewed

as Bose/Fermi seas, by requiring
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bulg) =0, n>eq— A
" (13.48)
cnlg) =0, n> —eqg+ A

where q € Z for the NS sector and ¢ € Z + % for the R sector. Since in the
fermi case the different vacua are distinguished by the occupation of a finite
number of states, we can go from one vacuum to another by application of a
finite number of creation or annihilation operators. This is not so in the bose
case. Here a finite number of operators will never bring us from one vacuum
to another. The g-vacua are in fact identical to the states |g) = e9%(0)|0)
we have encountered before. It is straightforward to show that they satisfy
eq.(13.48). For instance, for bose statistics (¢ = —1) we have bylg) =
§ 2Q"%Zn%-)\-—16—-<15(z)8£(Z)eq¢(0)I()) = ¢ %{Zn-*_A-*_q_l:€~¢(Z)8£(Z)6q¢(0) :10).
Eq.(13.48) then follows from regularity of the normal ordered product at
2z = 0. We also see that when acting with an operator in the NS sector
(n 4+ A=integer) on a state with half-integer ¢ we get a branch cut. Hence
these states belong to the R sector. From the expressions of j, and L in

terms of modes of b and c it follows that
Jnlg) = Lrlg) =0 , n>0. (13.49)

The propagator receives a finite correction from the vacuum charge:

(—q — Qle(z)b(w)lg)

lit

(b))
2. (=a=Qlle—n, bn)elg)z (1 Ny A

n<eg—A

= (2o

w zZ—w

i

(13.50)
The conformal properties of the current j(z) and the energy momentum

tensor are also modified. Using above propagator we find
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(1(2)j(w))g = Gow?

T = s + ey (13.51)
cbe €

ool = iy + 959,

Comparing this with eq.(13.26) and the T'T operator product gives

((Na = lio)a = 2,
] ) (13.52)
(T(2))q = z—z‘(LO)q = 5“1(‘1 + Q);i )
- Jolg) = qla),
(13.53)

1
Lolg) = 5eq(g + Q)lg) -
Eq.(13.53) also follows directly from egs.(13.39) and (13.40). We see that

the Ly eigenvalue is bounded from below for fermions (¢+1) and unbounded

for bosons (e = —1), in agreement with our discussion above.

The SLo invariant vacuum has 2 = 0. There are two states which
satisfy this condition, namely |0) and | — Q). However it is easy to show
that L_,|q) # 0 for ¢ # 0; i.e. |0) is the unique SL9 invariant state.

13.2 Covariant vertex operators, BRST and picture changing

Let us now apply the bosonization of the superconformal ghosts 3,y to the
construction of the vertex operators of the fermionic string theory. As al-
ready mentioned, the conformal fields of the NSR (*) part of the fermionic
string have to be completed by conformal fields of the 3,y system. This is
in analogy to the bosonic string where physical states contain also ghost ex-
citations. The fundamental reason for including the superconformal ghosts
is again the requirement of BRST invariance of the physical states. We will
see this in the following.
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Let us consider states of the form |A)¢®[q)ﬂ,7 with corresponding vertex

operators in bosonized form:
Vael2) = A #(2) 96(2) (13.54)

where X is a weight vector of D5 and the ghost charge ¢ is a Dy “lattice
vector”. The conformal dimension of (13.54) is given by

1 1
h = -2~A2 - §q2 —g+N. (13.55)

(N counts possible oscillator excitations which we neglected in eq.(13.54).)
The superghosts 3, v satisfy the same periodicity conditions as the world-
sheet gravitino and therefore, due to the coupling of the gravitino to the
supercurrent, the same boundary conditions as the NSR fermions ¥#. This
implies that we must couple the R (NS) sector of the ¥* system to the R
(NS) sector of the superconformal ghost system. This is to say that for
A € S,C of Ds, ¢ must be half-integer, and for A € 0,V of Ds, ¢ is integer.

Let us first look at the NS sector of the theory. Here, massless vectors
are characterized by Dy lattice vectors A = (0,...,%1,0,...,0) and the
corresponding vertex operators have conformal dimension % Using formula
eq.(13.55) we see that the full vertex operator eq.(13.54) describes a massless
vector with A = 1 if the ghost charge of this state is chosen to be

g=-1 (13.56)

We will call this the canonical choice for the ghost number and NS vertex
operators with ¢ = —1 are said to be in the canonical ghost picture. Thus,
a general NS state in the canonical ghost picture is created by a vertex

operator

Va,_1(z) = €2 ¥(2)e=¢z) A c0,v of Ds (13.57)

and has mass

SRR

m? = 232 _ lq2 —g—-1= %,\2 —~ (13.58)
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Here we have again neglected oscillator contributions. The —1 contribution
to the zero point energy is due to the requirement that physical vertex
operators have conformal dimension & = +1 or, from the point of view of
Chapter 5, due to the reparametrization ghosts. Together with the % mass
unit from the superconformal ghosts 3,7 one obtains the correct normal
ordering constant, the tachyon mass in the NS sector. The ground state in
the NS sector is thus e~%¢(0)|0).

In the R sector massless spinors correspond to the weight vectors
A= (:t%,:t%,:i:%,:tl,:t%) with an even and odd number of minus signs
for Sy and S, respectively. We now derive that the ghost charge ¢ must be

¢=—3 (13.59)

for the vertex operator eq.(13.54) of the massless spinors to have conformal
dimension A = 1. Again, we call this the canonical ghost charge in the R

sector. All vertex operators in this ghost picture are of the form

Vy-1(e) = eX9(2)e=14(2) % €S C of Dy (13.60)
with mass
1 1 1 5
2 232 _ 22 _,_1=222_°
me = 2A 50 ~ 4 1 2A 5 (13.61)

Now consider operator products between two different vertex operators

as given in eq.(13.54):
AN —qq
VA,q(Z)VAI,ql('LU) = (Z - 'LU) VA—{-A’,q—!—q'(w) -+ ... (1362)

Since the ghost charges add, it is appareant that vertex operators in non-
canonical ghost pictures appear in the operator product expansion. So let
us discuss the meaning of states with arbitrary, non-canonical ghost charge
q which are needed for closure of the operator algebra eq.(13.62). We will
investigate this question using the BRST formalism. Thus, we have first
to construct the BRST charge @ of the fermionic string theory. It gets
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contribution from the fields X, b, ¢ as well as from their superpartners v,
3, v. Generalizing eq.(5.30) we get

Q= j{ {e(T %% 4 - Tb ©By — oy (TEY & T” c,ﬂn)}

(13.63)

=Qo+ Q1+ Q:

where
Qo = ;7:% (cT PP 4 bede),
d
Q=-p s = f e Xop, 0XH (13.64)
__fd1, 5 _ dz 1, 9¢_2y
@ = 2mi 4b - j{ 2me 4be '

The subscript on @ denotes the superconformal ghost charge. Qg is the
bosonic BRST operator if we treat 5,y as extra matter fields. @ generates
world-sheet supersymmetry transformations with parameter given by the
supersymmetry ghost 4. Finally, Q2 is needed for the closure of the BRST
algebra. One easily works out the BRST transformations of the various

fields. We find

[Q, X#(2)] = cdXH(2) - jryt(2),

{Q.9*(2)} = (30c¥(2) + cOyH(2)) — }70XH(=),
{Q,c(2)} = cde(z) - 1(2),
[@,7(2)] = —}8cx(2) + cDx(2),
{Q,5(2)} = T""(2),
[@.8(2)] = -TF'(2),

Q. T*(2)] = }(d—10)8%(z),

{Q,T§'(2)} = }(d—10)0%

(13.65)
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Here Tt and Tlt;?t are the energy-momentum tensor and the supercurrent
for all the fields involved. On the matter fields Q acts as a combined confor-
mal transformation with parameter ¢ and a superconformal transformation

with parameter —v. One can verify that Q2 = 0 for d = 10.

Now consider the vertex operator for a massless spinor in the canonical

qg= —% ghost picture:
V_%(z) = uaSa(z)e—%d’(z)eik"Xﬂ(z). (13.66)

Uq is the spinor wave function. Let us first show that V_; is BRST invariant
ie. [Q,V 1] vanishes up to a total derivative which is irrelevant upon
2

integration over z. First we have (cf. eq.(5.37))
[Qo, V_3] = 8(cV_y). (13.67)
Then, using eqs.(13.8) and (13.34) with e = —1, we obtain

e¢—XTF(z)V__%(w) ~ 2:;/—2-(2: — w)—l(]éu)ade%gﬁ—de(w)eik#Xﬂ(w).
(13.68)

Thus [@Q,,V_1] = 0 if we demand that u, satisfies the on-shell condition
2
fu = 0. Finally

e2¢"2xb(z)V_~%(w) ~ (z —w) e30—2x bugS%etknX” (y) (13.69)

shows that [Q;,V_1] = 0. Therefore V_; is a BRST invariant vertex opera-
2 2
tor. In general, BRST invariance of physical state vertex operators requires

that they satisfy on-shell conditions.

However we can create a second version of the fermion vertex operator
with different ghost number which is also BRST invariant. This operator is
defined as

V% = 2[Q,§V_%]. (13.70)

The subscript % denotes that this vertex operator now has ghost charge

%. V% is obviously BRST invariant. One might think that since V_ 1

18
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BRST invariant and £ has zero conformal dimension that £V i is itself
—2

BRST invariant. This is however not the case since the 3,v algebra and

consequently also @ only contain 9¢, but not the zero mode of £. We can

then compute?

= [Qo + Q1 + @2, QEV_%_] (13.71)
=20(cfV_1)+ ! ua{e2¢(<9X“+ (k Y)Y, )O‘-SB
-3’7 2 kg
L So—x o) tk-X

+ 282 nbS }e .
The derivative term is the contribution from ¢y and the term with ghost
charge % is generated by @,. Both of these terms will never contribute
to correlation functions (at least at tree level); the former vanishes upon
integration over z and the latter contains one b field which will not be

absorbed by a ¢ field. Also note that the zero mode of £ does not contribute
to V_*_l, so its ghost part is also in the 3,7 algebra. Therefore we define the
2

physical fermion vertex operator in the +% ghost picture as

Vi(z) = (@1, 26V_1(2)]

- }[ AW () ~X(w) Ty () X2y 1(2)

2 (13.72)
= -2 lim e?t) Tr(w)V_y(2)
= %ua{e%qﬁ(axu (k- ) (Tu)% 5 }
The operator
Pyi(z) = —2e*)Tp(2) = ePyFaX,(2) (13.73)

31n the derivation of €q.(13.71) we need the subleading term of the first of the operator

products in eq.(13.8). One can show that in d dimensions

kuuath (2)S%(w) ~ —\/—5(.-4-10)1/21 Fuaku bty (1) 5 L
2

for on-shell uq.
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is called picture changing operator. It carries one unit of ghost charge.
Apart from the ghost part it acts like a two-dimensional supersymmetry

transformation.

In summary, the picture changing operation provides a second version
of the fermion vertex operator, now in the ghost picture ¢ = +%. Moreover,
one can use Py to generate further, equivalent, and also BRST invariant

vertex operators like

V%(z) = u])l__I_I)lz P+1(w)V%_(z) (13.74)
or in general
Vq+1(2) = $1§z P.|.1(’U))Vq(2). (1375)

This equation states that vertex operators with ghost charges differing by
integral units represent the same physical state. The different copies are
said to be in different ghost pictures. The limit in eq.(13.75) always exists
for BRST invariant vertex operators. There is a copy of any canonical vertex
operator in every ghost sector. As a second example, picture changing of

the vertex operator of the massless vector in the —1 picture,
V_1(2) = Cuipt(2)e ™ 8(2)etheX?(2) (13.76)
leads to its copy in the O picture:
Vo(z) = —Cu(0XH + ipF(k - ) )etke X (2), (13.77)
For the tachyon we derive
Vo(z) = —ik - petknX*(2), (13.78)

One can immediately check that the mass formula eq.(13.55) gives the same
answer in any ghost picture. P,j, which has conformal weight 0, always
acts in a way that the effect of changing the ghost charge ¢ is compensated
e.g. by oscillators 0X,, or extra i) factors. Thus the mass spectrum of

the fermionic sting is in fact bounded from below unlike the spectrum of

276



the 3, v theory. The reason is that only BRST invariant combinations are
accepted as physical states. Also, the physical vertex operators, no matter
in what ghost picture, never contain the zero mode of £; i.e. they are always

in the G, algebra.

Note that it follows from eq.(12.7) that a NS field with zero supercon-
formal ghost charge is BRST invariant if it is the upper component of a
h = % superfield. The lower component is provided by the vertex operator

in the canonical ghost picture (apart from the factor e’“¢).

The picture changing operation is important for the evaluation of corre-
lation functions. We have seen that correlation functions in the SLy invari-
ant vacuum will only be non-vanishing if we insert an operator with ghost
charge ¢ = —Q = =2. This means that to get non-vanishing scattering
amplitudes we have to choose the ghost pictures for the vertex operators
such that the total superconformal ghost charge adds up to —2. This is
analogous to the situation we encountered when discussing the conformal
ghosts in Chapter 6. There the vacuum carried three units of ghost charge
and they had to be absorbed by ghost zero mode insertions. If we denote
by o the boson that arises from bosonizing the conformal ghosts b, ¢ and by
¢ the boson from the 3,7 system, we have?

(-@Qb = @%7|0) = (0> (0)-2¢(0)jg) = 1. (13.79)
BRST invariance of the states |0) and e37(0)=2¢(0)|0) is easy to verify. For
instance, since in the critical dimension @ commutes with the L;’s (cf.
eq.(13.65)), we find that Lo 11Q[0) = 0. Since the SL9 invariant vacuum
state is unique, we conclude Q|0) = 0. Invariance of 630(0)_245(0)[0) is shown

by computing [Q,e3"(0)’”2¢(0)]. Hence the vacuum expectation values of
BRST invariant operators will be BRST invariant.

41f we include the zero mode of the 7, ¢ system, we also have to neutralize its back-
ground charge and get (0]e37"2¢X|0) = 1. €37~29+tX|0) is however not BRST

invariant.
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It is now important that correlation functions of physical vertex opera-
tors are independent of how we distribute the ghost charges among them as
long as }>; ¢; = —2 (at tree level, say). The reason is the following. Since
none of the vertex operators depends on the zero mode &y, we can insert it in
the functional integral and integrate over it; i.e. we insert 1 = f doé,. Since
&o is a Grassmann variable, we can replace it by £(z) for arbitrary z. (This
follows from [ DE'dépéoF(E') = [DE'dE, €(2)F(¢') where ¢’ denotes the
non-zero mode part of {.) So we can attach {(z) to any of the vertex opera-
tors in the correlation function, say to Vg, (zl). Now rewrite any of the other
vertex operators, say Vg,(22), as Vg,(22) = 2f%%{(w)jBRST(w)qu_l(zz).
We deform the integration contour by pulling it off the back of the sphere.
Due to BRST invariance it passes through all vertex operators except for
£(21)Vg,(21) which becomes Vg;41(21). Then [déoé(w) = 1. In summary,
we have traded one unit of ghost charge between two vertex operators within

a BRST invariant correlation function without changing its value.

13.3 The covariant lattice

Let us now return to the operator product expansion eq.(13.62). It strongly
suggests to combine the D5 weight vectors A with the D; weights ¢ to a
six-dimensional vector w = (A,q). We can now write the operator algebra

as

Vi (2)Vay (w) = (2 w)wl'wsz1+w2 (w)+ ... (13.80)

Closure of the algebra implies that wy, w, are vectors of a six-dimensional
Lorentzian lattice D51 with metric signature (+ + + + +, —). The minus
sign is due to the ghost sector. This enlarged Lorentzian lattice is usually
called covariant lattice since it describes the covariant vertex operators of
the fermionic string. Since the only allowed vectors of Ds; decompose
under D5 ® D1 as w = (A;q), where A and ¢ both belong to either the

278



NS sector or both to the R sector, the lattice D5 1 contains four conjugacy
classes: 0, V, S and C.

Now consider the weights of D51 which correspond to the states of

lowest mass in the canonical ghost picture:

Wtachyon = (0,0,0,0,0; ~1) €V of D5,1

wvector:(o,...,il,o,... O;—l) 60 Of D51

minus signs

1 1 1 1 1

Wspinor — (i§’i§’i§’i§’ 2’ —"“) € Cof Ds odd number of
1 1 1 1 1
2’ T T e

1
; 2) €Sof D, even number of

Wantispinor — (i— minus signs

(13.81)
We recognize that for states in the canonical ghost picture, all vectors in
the V (S) conjugacy class of D5 belong to the 0 (C) conjugacy class of D5 3
and vice versa. The decomposition of the conjugacy classes of Djs 1 into
those of Ds ® Dy is given in table 13.2.

Table 13.2 Decomposition of Ds ; conjugacy classes

Ds 1 Ds® Dy
0 (V,V)&(0,0)
Vo (V,0)@(0,V)
s | (s,9@(C,C)
c | (¢8)e(s,0)

The mass of a state |w) can be written in terms of lattice vectors of Dj ;

as (remember the negative metric of this lattice)

1
m2 = é"wz + w - eg — 1 (1382)

where eg is the basis vector (0,0,0,0,0;1). From the discussion above we
understand the meaning of lattice vectors with different ghost charge q.
They all correspond to copies of the same physical state but in different

ghost pictures. However there is no one-to-one relation between Dj 1 lattice
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vectors and physical states. Only states in the canonical ghost picture are
directly related to lattice vectors of D5 1. In other ghost pictures there
is no clear relation between lattice vectors and physical vertex operators.
These are in general given by linear combinations of vertex operators of
the form eq.(13.54). E.g. the relevant Dy 1 lattice vectors for the massless
vector in the 0 picture are the null vector and the vectors («;0) where
is a root of D5. The picture changing operation does not change the Ds 1
conjugacy class of a state. This is so because the picture changing operator

P41 corresponds to the Ds 1 lattice vector
wpe = (0,,ﬂ:1,,0,+1) (1383)

which is a root of D5 ;. Picture changing acts on the lattice D5 ; by simply
adding wpc.

Let us return to the question of locality, i.e. absence of branch cuts
in the operator product algebra of the fermionic string. The exponents of
(z — w) are determined by the inner product rules of conjugacy classes of

the Lorentzian lattice D51 which are summarized in table 13.3.

Table 13.3 Mutual scalar products of Ds 1 conjugacy classes

oV s ¢
0|z 2 z Z
Vi ZZ+} Z+3%
S Z Z+1
C Z

We recognize that we have almost reached our aim to obtain a local theory
by extending Ds to Ds 1. The massless spinor (€ C of Ds 1) is now local
with respect to the massless vector (€ 0 of D5 1). The branch cut in the op-
erator product Y (=)S*(w) is cancelled by the branch cut in e=9(2)e=76(w),

However there are still some sources of non-locality. The tachyon (€ V of
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D5 1) is non-local with respect to the spinor (and also to the antispinor)
and also the spinor is non-local with respect to the antispinor (€ S of D5 1).
Thus a projection is needed which eliminates half of the conjugacy classes
of D5 1 and makes the theory local. We see that the NS sector with 0 and
V of D5 leads to a local, closed operator algebra as well as the projec-
tion onto the 0 and C (or equivalently S) conjugacy classes of D5 1. The
latter projection is identical to the GSO projection introduced within the
fermionic formulation of the spinning string. It leads to a space-time su-
persymmetric spectrum; the 0 and C conjugacy classes contain each others
supersymmetric partners.

We now show that this projection on the lattice D5 with 0 and C
(or S) conjugacy classes is enforced by modular invariance of the one loop
partition function of the fermionic string. This is in complete analogy to the
fact that in the fermionic language the GSO projection was necessary when

summing over a modular invariant combination of different spin structures.

The holomorphic part of the one loop partition function of the fermionic

string in Hamiltonian description has the form
x(7) ~ Tre?mi7(Lo~1)g, (13.84)

& is a phase factor which takes into account the correct space-time statistics,
i.e. @ is 1 for space-time bosons and —1 for space-time fermions. Let us
first discuss the non-trivial part of eq.(13.84), namely the contribution of
the zero modes of the bosons ¢ (: =1,...,5) and ¢. They just give the
sum over the lattice vectors of the Lorentzian lattice D5 1:
2(r) = D o2mir(3A2—3q%—g) ,—2mig (13.85)
w=(A,q)€Ds,1
The factor e~2™4 ensures just the correct space-time statistics using the
fact that ¢ is (half) integer for space-time bosons (fermions).
However this expression for X(7) cannot represent the physical parti-

tion function since the sum extends over arbitrarily high ghost numbers g.
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In other words, eq.(13.85) sums over all possible equivalent ghost pictures.
In addition we know also that the physical (light-cone) partition function
should only count the transverse degrees of freedom. In the covariant lattices
language these physical light-cone states in the canonical ghost picture can
be characterized by decomposing D5 1 to a part which describes the trans-
verse Lorentz group SO(8) and a two-dimensional part which describes the

longitudinal, timelike and ghost degrees of freedom of any state:

Ds1=Dy®D11 , w = (u,z),
(13.86)
we€Ds1, w€lDy, =z€Dq.

Then the physical state condition is to consider lattice vectors w = (u,z)

with fixed vector z¢ in the following way:

zo = (0,—1) NS sector,
1 1 (13.87)

zy = (5, —-—2—) R sector.
The trace in the partition function should then go only over those states
satisfying eq.(13.87). To realize this constraint let us write a general vector

w € D51 in a convenient form
w = (u,z9) + A =wy+ A (13.88)
where A is the sum of two light-like (picture changing) vectors:
A =ma| +nay,
A, =(0,0,0,0,1,1), (13.89)
A9 =(0,0,0,1,0,1).

Substituting eq.(13.88) into eq.(13.85) we are left with the following expres-

sion:
)2(7') — Z e27ri7'(%w%+wo-e5)e27riw0-e5 Z e7ri7'A2 (13.90)
wo A
where we have shifted A without affecting the infinite sum. The first part is

simply the trace over all physical states. Therefore, to obtain the physical
light-cone partition function, one has to divide ¥(7) by
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O11(r) = ¥ emiTA?, (13.91)
A

©,,1 is the partition function of the two-dimensional Lorentzian even self-
dual lattice Dy ;. Although the two functions @, ,(7) and X(7) are sepa-
rately ill defined because of the Lorentzian metric, their ratio is nevertheless
well defined and describes the physical partition function. Finally we also
have to take into account the contribution of the bosonic X and ¢ oscilla-
tors. Then the complete (purely holomorphic) result is:
N 1 (2miT S (weq)? 2miw-eq '
x(7) 2610 wgs,l e (13.92)
Let us now check the modular invariance of x(7). First consider the
transformation 7 — 7 + 1. Since 7(7)!2 changes sign under this transfor-
mation while ©; 1(7) remains invariant we require that the lattice sum also
changes sign. This implies that states with (half) integer g corresponding to
(R) NS states have to be associated with (odd) even points on the lattice:

1
sz ~q€Z. (13.93)

This is also what the spin statistics theorem demands. The operator product

between vertex operators in the NS (R) sector (& = (¢; —i¢) is
etwB(z)gmw-2(w) | (, _ w)"”’2 +... (13.94)
NS (R) states have to be (anti) commuting, i.e. w? = 2n (w? = 2n + 1),
n € Z. It 1s easily checked that all vectors in the S, C and V conjugacy
classes of D51 have odd (length)? whereas the vectors of the 0 conjugacy
class have even (length)z. Thus, requiring invariance under 7 — 7 + 1

discards the V conjugacy class.

For the second transformation, 7 — ——% we use that
- . - 1
7l (r) = (=) PN (=),
T (13.95)

_ o 1
@1,11(7') =7 91,11(”‘;) .

283



The second relation follows since @), ; is the lattice sum of the even self-dual
lattice D7 1. Using now the Poisson resummation formula of Chapter 10,
we find

— T4 1 —2mil w+eg)? —2miw-e
x(7) = vol(Ds 1) 7712(—%)91,1(—-—}) wez’;;,le 2l 6)°¢ 6.
(13.96)
Thus, apart from a factor €4™4, which is irrelevant for q only integer or
half-integer, x(7) is invariant under 7 — —-l— if the covariant lattice Ds 1
is self-dual. (The factor 7* will be compensated by the transformation of

(Im 7)™ (cf. eq.(10.44).)

In summary, modular invariance implies that D5 1 must be an odd self-
dual Lorentzian lattice which contains only the 0 and S (or 0 and C) con-
jugacy classes. Then the spinning string is automatically local as discussed
above. These two conjugacy classes contain as lowest states a massless
vector and massless spinor. They build the on-shell degrees of freedom of
a ten-dimensional supermultiplet and one can show that also the massive
states can be arranged into supermultiplets. Thus the requirement of self-

duality of the covariant lattice D51 is equivalent to the GSO projection.

The covariant lattice description also allows for a straightforward deriva-
tion of the light-cone partition function of the fermionic string in terms of
Jacobi theta functions. Since the lattice D5 1 contains the 0 and S conjugacy
classes, the light-cone partition function is given by the difference between
the lattice sums of the V and C conjugacy classes of the D4 weight lattice.
The V € D4 conjugacy class is obtained from the 0 € D5 by truncation
to light-cone states according to the physical state selection rule eq.(13.87).
Likewise this gives C € Dy from S € D5 ;. The relative minus sign takes
into account spin-statistics. Thus, using the expressions eq.(11.101) for the
sums over the lattice vectors of the Dy-weight lattice, the contribution of

the world-sheet fermions to the light-cone partition function becomes:
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X(r) ~ g0l — o0l — el (137)

This expression is identical to the one obtained from the sum over all
spin structures of the world-sheet fermions in the fermionic description (see
Chapter 9) and vanishes due to the triality relation among the V, C and S
conjugacy classes of Dy encoded in the first of the identities in eq.(9.11).
This reflects the underlying space-time supersymmetry: the contribution of

space-time bosons and space-time fermions cancels.

The covariant Lorentzian lattice D51 with 0 and S conjugacy classes is
very similar to the root lattice of Eg which can also be thought of being the
weight lattice of Dg, again with 0 and S conjugacy classes. In both cases
the restriction to these two conjugacy classes implies self-duality. There-
fore, due to this analogy, we may call the self-dual lattice D51 also Es 1.
Both, Eg and Ej 1, contain spinorial generators which, for Eg, correspond
to length2 = 2 vectors and commute; for F51 however they correspond to
length? = 1 vectors and therefore anticommute. They generate the space-
time supersymmetry algebra (cf. the discussion in the next chapter). In
fact, it turns out to be useful tc consider instead of the Lorentzian lattice
Es 1 the Euclidean covariant lattice Eg. This is equivalent to replacing the
superconformal ghoét lattice Dy by a Dg lattice while simultaneously chang-
ing the signature of the metric of the lattice.® In other words, we replace
the Lorentzian covariant lattice D5 1 by the Euclidean covariant lattice Dg.
The requirement of modular invariance implies in both cases that only the 0
and S conjugacy classes must be present such that we are dealing with the
lattices Ej5 1 resp. Eg. To describe the states in the canonical ghost picture
we are forced to decompose Fg (Dg) to Dg‘orent"‘@D%hOSt and consider only

vectors of DghOSt with fixed entries. Conventionally we choose them as

SThese lattice maps will be discussed in more detail in the next chapter.
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w = (u,v) € Dg , u € D%orentz , vE Dghost,

11 1
—=(Z = .2 13.98
vo (2,2, 2), R sector, (13.98)
vo = (0,0, -1), NS sector.

Note that %%2 is exactly the superconformal ghost contribution to the con-
formal weight in the canonical ghost picture. Furthermore, if we are only
interested in the physical light-cone states we have to decompose Dg to

D4 ® D4 and consider states which have fixed entries in second Dy:
111 1

g = (5, 35 ——2~) R sector, (13.99)

zo = (0,0,0,-1) NS sector.
This means that we have replaced the Lorentzian lattice D; ;, which de-
scribes the longitudinal, timelike and superconformal ghost degrees of free-
dom, by the Euclidean lattice Dy. The physical light-cone partition func-
tion can now be written as a lattice sum over the Dg (Eg) lattice counting
only those vectors satisfying eq.(13.99) and taking into account the correct
spin statistics assignment. Since under Dg — D4 the conjugacy classes
are interchanged according to V «— 0 and S « C, the truncation to phys-
ical light cone states acts on the theta functions as 03 — Gg‘, 02 — —02
and 03 — ——0%. Given the known expression for the Eg partition func-
tion, x gy (7) ~ %;(1—1_—)-3-[93(0|7’) + 68(0]7) + 68(0|7)] one immediately derives
eq.(13.97) as the physical light-cone partition function. (Note that one also
has to drop the contribution of four oscillators.) At this point it is impor-
tant to realize that the replacement of the Lorentzian lattice D5 ; by the
Euclidian lattice Dg does not mean that the non-unitary ghost Hilbert space
is contained in the positive definite Hilbert space of the Dg Kac-Moody al-
gebra. So far this procedure is just a convenient technical trick since the
Euclidean lattices are much nicer to handle. Both descriptions lead, with
the conditions eq.(13.87) and eq.(13.99) respectively, to the correct light-

cone degrees of freedom.
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Chapter 14

Heterotic Strings in Ten and Four Dimensions

In this chapter we present constructions which describe string theories in
four space-time dimensions. It should be clear from the beginning that
these are the only string theories consistent with our empirical observation
of living in four (almost) flat space-time dimensions and that only they have

a chance to make contact with low-energy phenomenology.

14.1 Ten-dimensional heterotic strings

As a warm-up exercise let us first study ten-dimensional heterotic strings in
the covariant lattice description. In Chapter 10 we have discussed the orig-
inal version of the heterotic string which has a space-time supersymmetric
spectrum and gauge groups Eg x Eg or SO(32). Subsequently, additional
heterotic string theories were discovered in [1,2] and reformulated in the

covariant lattice approach in (3, 4].

The holomorphic (right-moving) fermionic string in its bosonized ver-
sion is characterized by the lattice (D5 1)g corresponding to the world-
sheet fermions ¥#(z) and superconformal ghosts 3,v. The lattice vectors
wp = (Ag,q) € Ds1 describe the Lorentz transformation properties and
superconformal ghost charge of the right-moving part of any string state.
To obtain the heterotic string theory we have to combine the right-moving
fermionic string with the left-moving bosonic string. As discussed in Chap-
ter 10, it consists of ten bosonic space-time coordinates X*(Z) and, in ad-

dition, of 16 “compactified” bosonic variables X’(z) (I = 1,...,16). The
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corresponding quantized momenta build a 16-dimensional Euclidean lattice
(I'16)r whose lattice vectors we denote by w;. Thus the (soliton) vertex
operators of the heterotic string theory have the general form (neglecting

contributions from bosonic oscillators):
Viop Apiq(5 2) = e Wb X () irrd(2)ad(2), (14.1)

Here and in the following we have dropped normal ordering symbols and
cocycle factors. The operator product expansion of two such vertex opera-

tors

Vle?/\Rl a1 (%) Z)VsziARZ;QZ (D, w) (14.2)

WLy Ap, A, _
— (z_w)le sz(z_w) R1 RZ QIqZVwL1+wL2;AR1+AR27QI+92(w’w) + P

shows that the condition for locality, i.e. the absence of branch cuts, reads
—wp, wL, + AR, - AR, — 9192 € Z. (14.3)

This suggests to combine the 16-dimensional left-moving lattice 74 and the

six-dimensional right-moving lattice D51 to a Lorentzian lattice

Ies1 = (I16)L ® (Ds5,1)R (14.4)

(the semicolon separates left- from right-movers) with lattice vectors w =
(wr;Ar,q) where the inner product w; - w2 is defined with the metric
diag[(—1)*6, (+1)%,(~1)]. Locality demands that this lattice be integral
with respect to this Lorentzian metric.

Combining the left- and right-moving sectors, the partition function of
ten-dimensional heterotic string theories is essentially given by the sum over

all lattice vectors of Ig;51:

x(7,7)=Tr e~ (Lo=1)¢inT(Lo~1)g (14.5)

4
- (Irlr;r) > o~ 2inriwd 2irr(33h-}et-g-}) ~2mig.
7724(7-')77 (T)@l’l(T) welle;5,1

289



Again, as in the fermionic string theory, modular invariance forces Ig;51
to be an odd self-dual Lorentzian lattice. This can be proven by Poisson

resummation.
The requirement of self-duality can be trivially satisfied if both (I'1g)r,

and (Ds 1) R are self-dual separately, i.e. I'g;5,1 is a direct product of two
self-dual lattices of which (D5 1) g must be odd. Then (I76)f must be either
the root lattice of Eg x Eg or the weight lattice of Spin(32)/Zq implying
Egx Eg or SO(32) as the two possible gauge groups. On the other hand, self-
duality of (Ds 1) implies that the spectrum is space-time supersymmetric

in ten dimensions.
However this is by far not the most general case — it is possible to obtain

a self-dual lattice I'g,51 without selfdual sublattices (I'16)z and (Ds1)R-
Then eq.(14.4) does not represent a direct product decomposition. Instead,
I'g;5,1 is specified by non-trivial correlations between the various conjugacy
classes of (Ig)r and (Ds1)g given by the glue vectors as explained in
Chapter 11. Thus, in this case there is a non-trivial interplay between the
left- and right-moving degrees of freedom. This implies that in the fermionic
description of the right-moving spinning string the GSO projections have
to be modified. This destroys space-time supersymmetry. Analogously, the
left-moving gauge group will be different from Eg x Eg or SO(32).

Let us classify all possible odd self-dual lattices I'¢,51 which lead to a
sensible heterotic string theory in ten dimensions. In general, the classifi-
cation of Lorentzian self-dual lattices I 4 of a given dimension and metric
diag[(+1)?, (—1)9] is meaningless since they are unique up to Lorentz rota-
tions in RP9. However, if we add the requirement of having a sensible space-
time interpretation, a classification becomes possible. Because of Lorentz
invariance all states are classified (off-shell) according to SO(10) represen-
tations and we have to demand that (D5 1)g builds the right-moving part

of I'g;5,1. The non-trivial question is now how the four conjugacy classes
0,V, S and C € (Ds5,1)R are coupled to the conjugacy classes of I'jg.
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We analyze this problem by converting the Lorentzian lattices into Eu-
clidean ones. Any even self-dual lattice consisting of one or several D
factors can be replaced by another even self-dual lattice by changing the
dimension of any D factor by multiples of eight and keeping all conjugacy
classes the same, i.e. Dp — Dy p8 (p € Z). Such a transformation changes
the (length)? of all vectors only modulo 2 and all mutual scalar products
modulo 1, so that it does not affect self-duality. For example, the self-dual
lattice Dg with 0 and S conjugacy classes (i.e. the Eg root lattice) can be
mapped to the Dyg weight lattice with the same conjugacy classes which is,
as we know from Chapter 11, the self-dual weight lattice of Spin(32)/Zs.
On the other hand, changing the dimension by multiples of four, maps an
even self-dual lattice to an odd self-dual lattice and vice versa. Finally, one
may even subtract multiples of eight or four to make the dimension of a
D, factor negative. This can be interpreted as change of signature, i.e. as
a map of an Euclidean self-dual lattice to a Lorentzian self-dual lattice or
vice versa. This is what happened in the previous chapter; when we re-
placed D5 (Es1) by Dg (Eg) — we changed the dimension by minus four
units, thus converting an odd self-dual Lorentzian lattice to an even self-dual
Euclidean lattice. The reason for doing so is the possibility of classifying
Euclidean lattices as discussed in Chapter 11.

We are now ready to apply these techniques to the lattice ['6,5 1 which
describes the heterotic string theories in ten dimensions. First we map
(Ds,1)R to (Dg)g obtaining the Lorentzian even self-dual lattice I768 =
(I'ig) ,®(Dg) g. This lattice can in turn be mapped to those 24-dimensional

Euclidean even self-dual lattices /54 which can be decomposed as
Ing =T ® Dg. (14.6)

Thus, our aim is to find all even self-dual Euclidean 24-dimensional lat-
tices which allow for this decomposition. Each solution will be completely

specified by the Lie algebra lattice I7¢ together with the glue vectors to Dg.
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In table 11.3 we have listed all possible even self-dual lattices of di-
niension 24, the so-called Niemeier lattices. Seven of them contain Dg as
regular subalgebra and therefore lead to a heterotic string theory in ten
dimensions. These are displayed in the first column of table 14.1. They
lead to eight different heterotic string theories since Dg can be embedded
in two different ways in £g @ Djg. In all the other cases there is only one
possible regular embedding of Dg. The algebras which commute maximally
with Dg build the left lattice /g and are displayed in the third column of
the table. The appearing conjugacy classes of Ijg as well as their coupling

to the Dg conjugacy classes are shown in the last four columns.

The root vectors of Ig give rise to massless gauge bosons of the het-
erotic string theory and the corresponding gauge group, which is of course
always of rank 16, can be read off from the third column of the table. We
recognize that the first two models are the two original supersymmetric
heterotic string theories. Here I}g is self-dual and so is Dg which is thus
the root lattice of Eg. All other theories are not supersymmetric. Only
one other model, the last one in the table, is tachyon free and has gauge
group SO(16) x SO(16). In all models the tachyon, if present, comes from
the V conjugacy class of (Dg)g. For the SO(16) x SO(16) model, however,
the V conjugacy class is coupled to the (V,S) and (S,V) conjugacy classes
of (Dg ® Dg)r. The lowest states within these two conjugacy classes have
m2L = % such that the right-moving tachyonic state with m%z = ——% does
not satisfy the left-right level matching constraint. In the five remaining

non-supersymmetric models it does.

In summary, via bosonization one obtains eight different modular invari-
ant heterotic string theories in ten dimensions. There exists one additional
tachyonic model with rank eight gauge group Eg which cannot be described

within the covariant lattice formalism. The reason is that this model in-
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Table 14.1 Ten dimensional heterotic strings

Niemeier lattice Heterotic string
roots weights | algebra Dg-sector
(0) (V) (S) (C)

E3 (0,0,0) |Eg x Eg (0,0) - (0,0) -

Eg x D1 (0,5) D1 (0),(S) - (0),(S) -

Es x Dig (0,S) |EsxDs (0,00 (0,V) (0,5) (0,C)

Dy (5) D16 (0) (V) (S) (C)

D2, [V,S] |DgxDiz (0,0) (V,0) (S,V) (S,C)
(C,C) (v,S) (o,8) (C,C) (C,V)

Dy x E2  (S5,1,0) |Dy x E2 (0,0,0) (V,0,0) (S,1,0) (C,1,0)
(C,0,1) (v,1,1) (0,1,1) (C,0,1)  (S,0,1)
(V,1,1)

\Dg x A1 (S,4k +2) (D1 x A1s  (0,4k) (V,4k) (S,4k +2) (C,4k + 2)
(0, 4k)

D3 [S,V,V] |Dgx Dg (0,0) (S,V) (V,V) (C,0)
[C,0,C] (C,C) (V,S) (S,9) (0,C)
(S,S,9)

volves real fermions with different spin structures which however cannot
be bosonized with the methods described in Chapter 11 and therefore do

not lead to a covariant lattice. For lattice models, the Kac-Moody algebra

corresponding to the gauge group is always at level one. The theory with

gauge group Fg has a Eg Kac-Moody algebra at level two and can thus not

be represented by free bosons in the way described in Chapter 11.

14.2 Four-dimensional heterotic strings in the covariant lattice

approach

It is now straightforward to generalize this method of using bosonic covari-

ant lattices to construct chiral heterotic string theories also in four space-
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time dimensions. The covariant lattice comstruction of four-dimensional
heterotic strings was first discussed in {5]. A comprehensive review of this
construction scheme is given in reference [6]. We should emphasize, how-
ever, that this is not the only way to obtain four-dimensional heterotic string
theories. The first “realistic” proposal in the context of four-dimensional
string theories is the compactification of the ten-dimensional heterotic string
on Calabi-Yau manifolds [7]. This corresponds in general to a highly non-
trivial conformal field theory not immediately related to free fields. Soon
after the so-called orbifold construction [8] was considered where one uses
free bosons with twisted boundary conditions. Finally, in the fermionic con-
struction [9, 10] one uses only free world-sheet fermions. All these construc-
tion schemes have in common that they can lead to chiral fermions unlike
the simple toroidal compactification. An overview and further references
about four-dimensional string theories can be found in [11]. In the next
section we will discuss some general features of four-dimensional heterotic

strings which are independent of the way they are constructed.

Going from ten to d dimensions only d bosonic fields X#(Z,2) (¢ =
1,...,d) play the role of space-time coordinates. The d-dimensional center-
of-mass momenta k#, which are canonically conjugate to the center-of-mass
positions, have continuous eigenvalues. We are left with 26 — d left-moving
bosonic fields X?(z) (I =1,...26—d) and 10 —d right-moving fields X ”(2)
(J =1,...10—d). For these variables we assume that the holomorphic and
antiholomorphic fields move independently on a (26 — d)-dimensional left
and a (10 — d)-dimensional right torus respectively. This implies that the
corresponding momentum eigenvalues wy, wg are quantized and generate
a 26 — d dimensional lattice (Ihg_4)r and a 10 — d dimensional lattice
(IMp—q)R- (For general choice of background values of the underlying torus
the left- and right-moving momenta do not necessarily build a lattice. We

will however discard this case for simplicity.)
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Following our strategy of “maximal bosonization” we replace the ten
right-moving world-sheet fermions ¢/ (z) (I = 1,...,10) by five free bosonic
fields. However only d (d even) of these fermions are the two-dimensional
world-sheet superpartners of the bosonic coordinates X#(z). These d
fermionic fields generate a level one SO(d) Kac-Moody algebra which cor-
responds to the Wick rotated Lorentz group SO(d - 1,1). Via bosonization
these d fermions ¥#(z) are replaced by %l bosons ¢i(z) (t=1,..., %) To
obtain a sensible space-time interpretation we have to insist that the corre-
sponding zero mode momentum vectors are elements of the weight lattice
of the Lorentz group SO(d): Ag € Dg4. Then, just like in ten dimensions,
states 1n the R sector are characterizgd by Ar € S,C of D4. These states
are d-dimensional fermions. The NS sector with d-dimensiénal space-time

bosons is obtained from Ar € 0,V of Dy.
2

As before, we also bosonize the superconformal ghosts by introduc-
ing a free boson ¢(z). The ghost charge is either half-integer or integer.
The canonical choice for space-time fermions is ¢ = -% and for space-time
bosons ¢ = —1. Again, we combine the D; ghost lattice with the SO(d)

weight lattice Dy to form the covariant lattice Dy 1 with lattice vectors
2 4
d
(AR, q) and signature ((+1)2, ~1).

Thus we are now left with 10 — d additional, internal world-sheet
fermions %7 (z) (/ = 1,...,10 — d) which we replace by (10 — d) bosons
qsi(z) =1,..., %—(10 —d)). Now, for these bosons it is not necessary that
the corresponding bosonic momenta X are vectors of a DS-% lattice since
we have given up the notion of ten-dimensional space-time. We are treating
these fields, just like the bosons X /(z), as internal degrees of freedom which
are needed to ensure conformal invariance, i.e. the vanishing of the central
charge of the Virasoro algebra. So let us denote the lattice with vectors A by
I e In fact, there is no reason to treat X”’(z) and qgi(z) differently. The

5
distinction between compactified bosons and bosonized internal fermions is
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meaningless. Let us therefore combine the internal right-moving bosonic de-

grees of freedom to X g(2) = (X(2),..., X1974(2), ¢}(2),... ,J)s"%(z)) with
corresponding momentum vectors wg = (Wk,. .. ,w}zo'd, AL 5\5"%); they
build a (15 — %d)-dimensional lattice (F15_%d)R =110-4® F5__%.

We would like to emphasize that the d-dimensional heterotic string con-
structed in this way cannot, in general, be regarded as a compactification
of the 10-dimensional heterotic string in the sense that the string is mov-
ing on a (10 — d)-dimensional internal compact manifold, even when taking
into account possible background fields. This is due to the asymmetric
treatment of the left- and right-moving fields and also to the fact that we
did not treat the internal bosonized world-sheet fermions and compacti-
fied bosons in any different way. On the contrary, these theories provide,
in general, truly four-dimensional string theories where only d bosons and
world-sheet fermions play the role of (flat) space-time coordinates and their
two-dimensional superpartners. The other bosonic fields are only needed
to cancel the conformal anomaly and could be replaced by a more general

internal conformal field theory (see next section).

The covariant vertex operators of the d-dimensional string states can
be written as (neglecting bosonic oscillators and space-time momentum de-

pendence):

Vo pwpdga(52) = WL X 1(2)iw X p(2) AR 8(2)98(2)  (14.7)

wr, € (I26-4)L, wr € (F15_%d)R’ (Ar,q) € D%,l'

The conformal dimension of this operator is given by

. 1
h=hL=§w%,

1 1 1
hth=§2 2 2

It follows that the mass of a d-dimensional string state created by this vertex

(14.8)

operator is given by the following expressions where N and Ng count the
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number of left-and right-moving space-time as well as internal oscillators:

1
m% = §w%+NL -1,
1 1 1
mp = swp+ oAy —2¢° g+ Ne—1, (14.9)
2 2 2
2 2 2

m~ =mj +mg.

Physical states have to satisfy m% = m%. The operator product expansion

between two vertex operators eq.(14.7) reads:

Viop swry Argoai (52 Vwpiwp,y Ar, 2 (B,w) (14.10)

™y

— @)1l (7 — w)" R “WRy+AR ARy ~ 9102

X Ve 4wy, wr, +wpy Ar; +AR, i+ (@ W) + -

It follows, in complete analogy with the heterotic string theories in ten
dimensions, that it is convenient to combine (wy; wg, Ar,q) to form vectors
of a (42 — 2d)-dimensional Lorentzian lattice I'hg_g15-41 = (126-d)L ®
(r
forces Ipg_g;15-4,1 to be an odd self-dual Lorentzian lattice.

5-3d ® D%,l) Rr- Again, modular invariance of the partition function

For an odd self-dual lattice I'yg_g.15_4,1 to represent a physically sensi-
ble heterotic string theory additional constraints have to be imposed. One
requirement, namely that all states are classified according to representa-
tions of the Lorentz group SO(d), is already satisfied if we demand that
(D%’l) g is part of I'yg_g.15-4,1- This requirement was essentially sufficient
to classify all heterotic string theories in ten dimensions. However in lower
dimensions this is not the end of the story. Remember that for decoupling
of ghosts the right-moving fermionic string must possess a two-dimensional
(local) world-sheet supersymmetry. However this is lost in lower dimen-
sions when we treat the internal bosons and the internal fermions on the

same footing. In other words, having bosonized all right-moving internal
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degrees of freedom, which leads to the lattice (1 )R, we have to find

3
a way to realize the right-moving world-sheet suf)erzs‘;mmetry entirely in
terms of 15 — % internal bosonic fields. In contrast to the ten-dimensional
string theory, the world-sheet supersymmetry will now be manifest only in
a more complicated, in general non-linearly realized way. Since the realiza-
tion of the two-dimensional supersymmetry is one of the key points in the

construction of the lower dimensional string theories, let us be more precise.
The supercurrent of the fermionic string theory has to satisfy the fol-

lowing operator algebra:

3

3Tr(w) | 0Tp(w)

2
(z —w) zZ—w
5 IT w
4 2T(w)

Tr()Tr(w) = o2 om + iy

T(z)Tp(w) =

o
(14.11)

+ ...

Eq.(14.11) shows that Tr(z) belongs to a superconformal field theory with
central charge ¢ = 15 which can be realized in the simplest case by 10 free
bosons plus 10 free fermions. This kind of linear realization of world-sheet
supersymmetry appears in the fermionic string theory in 10 dimensions.
However in lower dimensional theories there are only d free bosons X#(z)
together with their superpartners 1#(z). These fields contribute %—d units
to the central charge of the superconformal algebra. The corresponding

space-time supercurrent takes it standard form:
4 1
T;Pace tlme(z) = ——2—¢“(z)8X#(z). (14.12)

The missing 15 — %d units to the central charge are provided by the internal
fields X g(z). The corresponding internal supercurrent 7’ li;?t(z) must be built
entirely from the bosons X p(z) and it must satisfy

-3 i)

TR TR W = s

+.. (14.13)
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where Tint(w) is the internal energy momentum tensor. The most general
ansatz for Tli;rv’t, which is a conformal field of dimension 3/2 and built entirely

from the 15 — %d free bosons X g(z), is

Tlnt Z A ‘Lt Xn(z + i Z B ‘Ll XR(Z) (1414)

with

The coefficients A and B have to be determined such that eq.(14.13) is
satisfied. One can show that a necessary condition to arrive at theories
with chiral fermions is B = 0. Since these are the most interesting theories
from a phenomenological point of view, we will limit our discussion to this
case.

The (length)2 = 3 vectors t play a very important role in the construc-
tion of lower dimensional heterotic string theories. This becomes clear if
we consider the picture changing operator Pi;(z) which is itself a sum of a

space-time and internal part:
Pia(2) = Pit(2) + PiH(z) = —2(efTH% (2) + THY(2)).  (1415)

Because of BRST invariance, Pint(z) must act properly on all states, i.e. it
maps a physical state to its picture changed image. Thus consider a state
of the form eq.(14.7) characterized by a lattice vector (wp;wg,Ar,q) €
(Io6_q)L @ (F15~%d ® D%,l)R- The operator product with Pi%(z) then
reads:

Pmt( 2) Vao psw p, A rsa (05 W)

. ) (14.16)
= _2ZA R quL;wR+t,/\R,q+1(w7w)+

We find that the picture changed state is characterized by lattice vectors
(wp;wp+ ¢, Ag, g+ 1) (fwg -t =—-1(— ) in the NS (R) sector for states
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in the canonical ghost picture). Furthermore, because of the requirement
of locality we have to demand that every lattice vector wg € (Fls—%d)R
satisfies wg -t € Z (NS) and wg -t € Z + % (R). Since we know on the
other hand that I'5g_g.15—41 15 a self-dual lattice, it immediately follows
that (0;¢,0,1) € (Iy6-a)2 ® (I15_34)R ® (D¢ )R-

The upshot of this discussion is that the vectors ¢ must themselves
be lattice vectors of the right-moving internal lattice (Fls—%d)R‘ They
always appear in connection with the V conjugacy class of (DQ’I)R, since
Pj:}t(z) has ghost charge 1. The vectors t are called constraint v:ctors. Any
sensible heterotic string theory, whose right-moving part possesses world-

sheet supersymmetry, requires the existence of these constraint vectors.

In summary, the classification of d-dimensional heterotic strings within
the covariant lattice construction amounts to determine all Lorentzian odd
self-dual lattices IH_g:15—4,1 Which contain (D%,l)R and allow for a proper
realization of the internmal supercurrent. For theories with chiral fermions
the internal supercurrent must have the form of eq.(14.14) with constraint
vectors ¢, 2 = 3. Only a finite but huge number of Lorentzian lattices sat-
isfies this constraint and these lattices can be shown to possess only a finite
number of conjugacy classes, i.e. they correspond to rational conformal field
theories.

Let us now discuss some general features of the spectrum of lower di-
mensional heterotic string theories. We restrict the discussion to the most
interesting case, namely the four-dimensional theories. Generalization to
other even dimensions is straightforward. In four dimensions, the covariant

lattice has the structure
Io2a1,1 = (I22) L ® (I9® D21)R (14.17)

In the following we are using the mass formula eq.(14.9). In the canonical

ghost pictures ¢ = —1 (NS) and ¢ = —% (R) massless states must satisfy
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%w%-i—NL =land A3 +whk =1 Ng =0 (NS) or A% + w% = 5/4,
Ngr = 0 (R). Let us first concentrate on the left sector. One possibility to
obtain massless states is if w? = 0 and Ny = 1. There are two different
kinds of oscillator contributions. First, a space-time oscillator 9.X*(Z), from
which the corresponding state will inherit a four-dimensional vector index
. Second, we have 22 internal oscillators 0X’(z) (I = 1,...,22) which
correspond to the commuting Cartan subalgebra generators of [U(l)]%z.
These two types of oscillator excitations are present in any covariant lattice
model such that the rank of the gauge group is always 22. However the
gauge symmetry can be extended to a non-Abelian group G via the Frenkel-
Kac mechanism if the covariant lattice contains vectors (wr;0z), w% = 2.
These vectors are called roots of the left lattice and the corresponding vertex
operators generate, together with the internal oscillators, a level one Kac-
Moody algebra §g. Thus G appears as non-Abelian gauge group in four

dimensions.

Comnsider now the right-moving part of the theory. For space-time
bosons (NS sector) the superconformal ghosts contribute already % unit
to m%. It follows that Ag can be either 0 or a vector weight of D9y to obtain
a massless state. In the former case the corresponding right-moving state
is a Lorentz scalar and the internal lattice vector wg must obey w% =1 for
masslessness. If both Ap = wgr = 0 we obtain a right-moving tachyon of
m2 = —~%—. If Ap is a vector weight of Dy, i.e. Ag = (£1,0),(0,+£1), and
wg = 0 we have a massless four-dimensional vector. For space-time fermions
(R sector) the superconformal ghosts contribute 3/8 units to the right mass.

Now massless spinors of positive chirality are obtained if Ap = i(%, %) and

the internal lattice vector satisfies w% = % Analogously, spinors of negative
chirality have Ag = :i:(%—, —%—) and again w% = %

Now let us combine the left- and right-moving sectors to discuss the

possible massless states in a four-dimensional heterotic string theory. It
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is important to note that the occurrence of most of these states is model
dependent, i.e. depends on whether the various combinations of conjugacy
classes, discussed in the following, are present in an explicit covariant lattice
I9.11,1- Also note that to every lattice vector its negative lattice vector is
also present. This lattice automorphism corresponds in four dimensions to
CPT conjugation. It changes the chirality of every spinor if we reexpress it
in the canonical ghost picture. So any fermion in the representation R of
the gauge group G is automatically accompanied by its CPT conjugate i